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The direct correlation functions, of generally short-range charac 
ter over most of the liquid temperature interval, have been ob 
tained with the liquid He‘ x-ray scattering data of Reekie, using 
the 701 IBM Electronic Calculator. The geometrical simplicity of 
these functions when compared with the indirect correlation func 
more intuitive physical significance, is automatically 
They closely satisfy two types of integral test 


tions, of 
demonstrated. 
relations, and 


the internal consistency of the numerical analysis 
The previously obtained ind 


this fact proves their over-all correct character and 





irect correlation functions will be 
used here in studying the interference properties of the liquid in 
slow-neutron scattering processes, in the limiting static approxi- 
mation. At temperatures not 

static interference integrals are always negative as a result of the 


too close to the critical region, the 


preponderant destructive interference effects arising from the local 
density defects from the mean density, outweighing the local 


density excesses. At short and moderate neutron wavelengths, 


1. INTRODUCTION 


N a recent work, Reekie and the writer! have given an 

extensive analysis of the liquid helium indirect 
correlations described by the space- and temperature- 
dependent functions g(r,7). The latter define the local 
positive or negative deviations of the atomic concen- 
tration from its mean value n(T) in a liquid in thermo- 
dynamic equilibrium. The indirect correlations result 
from the ever present concentration fluctuations of the 
liquid under isothermal conditions. For physical proc- 
esses of short duration in comparison with the finite 
time needed by the liquid to establish the local concen- 
tration deviations from the mean, the functions g(r,7) 
may be considered to express a permanent or static 
feature of the atomic distribution in a liquid viewed 
from an origin atom, all surface effects being neglected. 
The functions g(r,7) enter into the static two-atom or 
pair distribution functions n(r,7), which define the 
probability per unit volume of finding an atom at some 


1L. Goldstein and J. Reekie, Phys. Rev. 98, 857 (1955). This 
paper will be referred to in the text by S.D. 
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where the use of the static interference integrals is better justified, 
the total slow-neutron scattering cross sections in liquid He‘, and 
in liquids in general, always increase with increasing temperature. 
rhe static interference integrals will be shown to provide an 
additional integral test on the indirect correlation functions. The 
latter were found to satisfy this test relation with good accuracy. 

Part of this paper is devoted to a numerical evaluation of mean 
kinetic energies per liquid He* atom as a function of the tempera- 
The existence of a large zero-point kinetic energy of the liquid 
as compared with the kinetic energy of thermal origin is demon 
strated. Furthermore, the previously given qualitative proof of the 
kinetic energy origin of the lambda transition could be made semi 
quantitative. Finally, root-mean-square forces acting on a liquid 
atom are evaluated, this physical quantity of elementary character 


ture 


having become, in principle at least, acc essible through the ex veri 
' ? 
mental investigation of slow-neutron scattering properties of 


liquids 


specified distance r from the origin atom. These func- 
tions are isotropic. 

In addition to the functions 
g(r,T), one also defines a direct correlation function 
f(r,7 
neighbor correlations. The functions f and g are con- 
nected by an unique relation given by Ornstein and 


indirect correlation 


which is indicative, so to speak, of the first- 


Zernike,? who were also the first to introduce the con- 
cepts of these two types of spatial correlation functions 
in statistical systems. We shall henceforth refer to f and 
g as interaction and correlation functions, and shall, 
occasionally, abbreviate them as if. and c.f., respec- 
tively. While the c.f.’s have a more intuitive physical 
interpretation, the i.f.’s are generally of shorter range, 
above all in the region of the critical temperature. The 
i.f.’s are expected to be analytically more regular than 
the c.f.’s at all temperatures. This property may thus 
make them preferable to handle in the critical region 
where the c.f.’s become of very long-range character. 

Using the liquid helium x-ray scattering structure 


* L. S. Ornstein and F. Zernike, Proc. Acad. Sci. Amsterdam 17, 
793 (1914 
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interaction 


paration 


factors of Reekie,’ , over a wide 


temperature interval and distance range, the functions 
f(r.7 The expected m wed character of 
functions, over most of the temperature interval, 

y if | ir geometrical simplicity, 


: | 
npared witl functions, is also 


demonstrated. To our k: f(r,T7) functions 


,0t been derived for other liquids, in spite of the 


ive X-ray available for some of 
i.f.’s here obtained 
types of integral checks. In 

Z 1 | , 
integrals have been calculated. 
determined by some of the 
macroscopi the liquid, 


properties ol 


and the calcula- 
tions verify witl ted values. In 
i heck, they reproduced 
1.€., the x-ray scat- 


These studies prove the over-all 


typ 


their ge ing Tunctions 


the secon 
closely 


tering structure 


1 


tness of the numerical lysis. They also tend to 
ity that the f(r,7) functions 


most of their 


corres 


support tl e likely possibil 
here derived are fair approximations, ove 


to their presently unknown rigorous form. 


{ major part ol the present work is devoted to the 


investigation of t interference integrals 
appearing in the total w-neutron scattering cross 
the c.f.’s or 


sections in liquid nl hese involve 


helium, the results derived 


g(r,T) funct 
should have general significance and be valid, quali- 
liquids. In these numerical 
} 


So-called 


tatively, it 


calculations. generalized indirect 


London 


Rev. 92, 


C.F 
A228, 363 


827 (1953 


A. Beaumont and J. Reekie, Proc. Roy. Sox 
1955); J. Reekie and T. S. Hutchison, Phys 
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interference integrals can be obtained. These integrals 
depend not only on the liquid temperature and the de 
Broglie wavelength of the neutrons, but also on the 
upper limit of the radial integration through which they 
are defined. These limits determine the radii of spheres 
centered at the origin atom, the atoms of which con- 
tributed to the static interference term of the scattered 
intensity of the waves. The temperature effect on the 
interference integral will be shown to correspond to the 
competition of the constructive interference effects of 
the local positive density deviations from the mean, and 
the destructive interference effects arising from the local 
negative deviations from the mean density. The charac- 
teristic temperature 7’; or Ty defined previously" will be 
shown to divide approximately the liquid temperature 
interval, for not too short wavelengths, in such a way 
that for 7 <7 the interference term is completely de- 
structive, while for T><7T<T., T. being the critical 
temperature, it becomes positive. This forecasts, in the 
static approximation, the large increase in the total 
slow-neutron scattering cross section at medium or 
longer wavelengths, at the approach of the critical tem- 
perature, i.e., the occurrence of the slow-neutron critical 
opalescence effect.* 

The interference integral 
validity with increasing neutron wavelength, because of 
the increasingly important liquid relaxation type of 
time effects.* Stated in other terms, the static interfer- 
ence integral, which depends only on the momentum 
assumed rigid atomic 
neutrons, an in- 


static tends to lose its 


change on scattering by the 
distribution, for 
creasingly worse approximation to the actual interfer- 
ence term which is associated with a nonrigid distribu- 
tion and which depends also on the relatively large 
energy change of the slower neutrons on scattering. 


becomes, slower 


Should one consider the long-wavelength static interfer- 
ence integrals as only crude approximations, even of 
quite limited physical significance, their study and com- 
parison with the direct interference integrals, defined by ° 
the x-ray scattering structure factors, may be looked 
upon as providing a new integral test for the g(r,T) 
functions. In view of the latter fact that they are 
involved in the evaluation of various elementary physical 
properties of liquids, such an additional test of these 
functions is of evident importance 

Asa further application of the mean potential energies 
per liquid He* atom obtained in S.D., we have evaluated, 
using the empirically determined latent heat values, the 
mean kinetic energies at various liquid temperatures. 
The results of these calculations may be said to be of 
twofold interest. On the one hand, they provide a proof 
for the large zero-point kinetic energy of the liquid Het 
atoms over the whole temperature range investigated. 
On the other hand, a semiquantitative sharpening of the 
, Phys. Rev. 84, 466 (1951 
.. Goldstein, Bull. Am. Phys. Soc. 25, 38 (1950); Phys. Rev. 
89 (1951 
.. Van Hove, Phys. Rev. 95, 249 (1954 
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proof given in S.D. of the kinetic energy origin of the 
lambda transition has been achieved. 

The paper ends with an evaluation of the root mean 
square forces per liquid He‘ atom, using the pair distri- 
bution functions derived in S.D. This elementary 
physical quantity is, in principle at least, experimentally 
accessible in liquids through their slow-neutron scat- 
tering properties, as shown recently by Placzek.’ 


2. THE DIRECT CORRELATION OR INTERACTION 
FUNCTION IN LIQUID He* 


The interaction function f(r,7) may be defined either 
in terms of the indirect correlation function g(r,T), or 
with the help of the scattering intensity structure factor 
for radiation. With the latter, one finds* 


x 


f(r,T)=(1 ann) f (1—F ,-*(Ak,T) | 


X (sinrAk) (Ak)d (AR) 


2.1) 
Here, Ak or 2|k! sin@, or (4x sin@/X), is the momentum 
change on scattering into the direction forming the 
angle 26 with the direction of incidence of the radiation, 
and F,?(Ak,T) is structure 
factor, per atom, of the monatomic system. It is seen 
that 


the scattering intensity 


lim f(r,7 


Ak,T)](Ak)*d(Ak),  ( 


he 
tro 


} 


showing that the finite limit /(0,7) at the origin is fully 
determined by structure factor. In contrast, however, 
with the c.f.’s, there is no elementary physical signifi- 
cance attached to f(0,7 f(r,7) at 
small separations results at once from (2.1). Expanding 
sinrAk)/(rAk), and keeping the first two terms, 


one finds 


The behavior of 


there 


f(r,7 


lim 
Ak)*d(Ak), (2.3) 


showing the parabo! iracter of f(r7,T at small r. 


The structure factors are available in such a form! as 


the decomposition of the Fourier integral 


to suggest 


2.1) into two 1 


ntegrais, namely, 


f(r,7 fi(r,T)+ folr,7 


x (sinrAk)(Ak)d a+ f coef, (2.4 


7G. Placzek, Phys. Rev. $6, 377 (1952 Wick, 


Phys. Rev. 94, 1228 (1954 


- see also G. ( 
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where the integrand of the second integral is identical 
with and where AK is the 
limiting value of Ak beyond which the experimental 
structure factor reduces approximately to unity, i.e., the 


the integrand of the first, 


integrand vanishes. As in the analysis of the c.f.’s given 
in §.D., the functions f,; and f, have been obtained by 
numerical integration in intervals of 0.025 A™ in Ak. 
These functions have been obtained at every 0.05 A in s, 
from vanishing r out to 20 A. The numerical integra- 
tions have been performed on the “701” IBM Electronic 
Calculator. 

We give in Figs. 1 and 2, the functions f;(r,T), 
f.(r,7), and their resultant, the actual interaction func- 
tion f(r,7), at 2.06°K and 4.20°K liquid temperatures, 
respectively. The graphs extend only to 8 A separation. 
At larger separations, these functions are only very 
small fractions of their values at closer separations, at 
2 A, for instance. These functions, as representative of 
the low- and high-temperature functions, exhibit both 
qualitative and quantitative differences. At low tem- 
peratures, the f(r,7)’s have a deep and sharp minimum. 
At the higher temperatures, the principal minimum is 
less deep and less sharp. At larger separations, the low 
temperature i.f.’s remain negative, becoming quite small 
though; at the higher temperatures, they become posi- 
tive at medium separations. It will be observed that the 
component remain, numerically, 
relatively close at most distances r. This result is similar 
to the one obtained with the g(r,7) functions' and 
underlines the importance of the small Ak-value struc- 
ture factors in the determination of the {(r,7') functions. 
The relatively short-range character of the f{(r,T7) func- 
tions is apparent on the graphs. 

It should be remembered here that, in contrast with 
the c.f.’s, which have to satisfy a physical condition at 


functions f/f; and fs 
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vanishing 7, the i.f.’s do no ive as pret is¢ a 
meaning at r— 0. Since the experimental stn 


te, above all a 





fac tors are necessarily only 





large Ak-values, they were found to lead! to g(r,T 
functions which did not satisfy the physical condition 
imposed on them at the origi They thus had to be 


modified at close separations (Jn the basis of this result, 


f(r,7 


ations to their actual unknown 


it is also expected that the functions here ob- 


tained be cruder approxir 





1 : 1 ‘ 
values at the origin and at smal 
at medium and 


two methods 


| distances than they are 
large distances. There are, in principle, 


‘ mmnrnt 
10T 1 rovi 


ng the functions f(r,7) some- 
n using in (2.1) the structure 


the physically correct form of the 


wha One of these consists 


factors compute 


r,7) functions. In the other method, one might use the 
| ent re t t evTal exte de 1 over 
t f rie t ft wt i 





r ry] 

1 | ybta ‘ ‘?* 
in the folding eg 
r ifior i sO ¢ 
proving the interaction functions ! is been made use of 
here, and, hence, only their zero-order approximation 
na bee lerive ere 

At large separations the functions f(r,T), while be- 
coming very small, are oscillatory. At 2.06°K, and 


: 9.60, 14.70, 


. = ss 7 . ) 
15.05, 15.65, and 1 range 8-20 A, 
at 4.2°K, are 11.05, 14.50, 14.95, 15.55, and 18.50 A. 
I f il t ¢ i o ed separations 
assures the ana i t ese | tions wher 
om red to the « ~ Art i er separat ~ also. the 
umber of zeros o eif.’s ess in t the c_f.’s 
[heir analvt al s . vithsta ry the if.’s 
i be sf Lone é i porta T ) r tT I 
10 is the I mental reia 2.5) ex 
y 

es f pie tio Oo J € mir 
/ trib ; ’ e } r.] 

Taase I. The space egrals F(20 A,T) of t eractior 

funct) sat 2 s temperalt > 
ri 
Le x 

1.25 19.6 03 

1S 15.8 15.7 

1.75 13.1 13.3 

2.06 11.1 11.2 

2.25 903 9.20 

2.50 7.55 7.62 

2.75 6.08 6.14 

,O1 499 5.02 

3.25 415 4.02 

+50 309 3.12 

375 2.33 23 

3.97 1.68 1069 

4.20 1.17 1.18 
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As in the investigation of the c.f.’s in S.D., it was im- 
portant to submit the i.f.’s obtained here to the impor- 
tant integral checks available for these functions. In 
spite of their probable crude character at small separa- 
tions, it will be seen that they satisfy with good accuracy 
these integral tests. One of these concerns their space 
integral defined statistical 
thermodynamic relation?*: 


which is by a general 


f(r,T)4ar*dr=F (T) 

=1—[(AN*),/N 

Here, 
AN*)y/N=n(T)kTxr (2.7) 


is the isothermal mean square fluctuation of the number 
j 


is for the mean atomic 





of atoms, \, per atom, (7 


Stan 
concentration and xr is the isothermal compressibility 
liquid T. The 


° . : . ss 
ot the interaction functions Is essentially, by 


at the temperature generating func- 


2.8) 
With the rigorous formula‘ 


9) 


one obtains 
10) 





} 


in some analogy with tl 1 


e corresponding relation valid 
for the space integral G(7 of the c.f.’ 
S.D.'4 The functions F(T) and G(T 


both been graphed 


f s discussed in 
of liquid He* have 
previously. These functions are 
complementary to each other, to some extent, as far as 
their qualitative behavior is concerned. They are both 
negative at low temperatures, defined by the charac- 
:mperature!* JT) or T,, or at T<To. They 
anish the high tempera- 
tures Tp>< TST... In normal liquids, F(T 


with decreas ure down to the normal melt- 


and become positive at 


decreases 


ng tempe rat 


2.11 


In liquid He* a unique situation is realized, because 


when it 1s In equ! 


ts vapor, this liquid phase 
to all evidence available at 
As a result 
negative values as the 
Both 


y increasing functions 





seems 


to exten 


the present t lown to absolute 


ZeTo 
larger 
toward very 


r 1} 
Sma 


I values. 
F(7 und G(T) are 
of the temperature. In, liquid He* 


expressed by the re 


monotonica 
, their complementary 


aspect is clearly 


lations 


nF(T)—— « F(T 1 2.12 
limG (7 >—] lim G(7 =x 2.13 
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zero is at 7». The preceding relations 
tions {(r,7) may be expected to be 

g r,T)’s in the interval 7)><T 
ions of these functions, the use 
might become necessary in 


Their common 
indicate that the 
more regular then the 
¢T.. In certain applicat 
of the f(r,T ’s, when alone, 
functions. 

tions are only 


preference to the g(r,7 
Since the f(r,7) fun: available in tabu- 
lar form over a necessarily finite separation range r, the 
space integrals F(T) cannot be obtained with 
One has to calculate the generalized integrals 


complete 


them. 


F(r,7 r’f(r,T)dr (2.14) 


various 
temperatures over most of the r range over wh 
f(r,T)’s are available. We Table I, the 
of F(20 A,7T) together with their experimental 
{1—[n(T)kTxr]}°}. » at the 


the /f(r,T) functions satisfy rather well 


These have been liquid 


ich the 


computed at the 
give in values 
values or 
table shows that 
their space 
integral test. Clearly, since this is an integral test, it is 


not justified to infer from it the | correct character 


of tl On the other 


likelihood 


> fur ictional bel ivior of the 7 a Ss 


these results lend some ort to th 


that the f(r,7) fur 


} ar SUP] 


t 





ns represent, at the wee ti 





1oOWN rigorous inter- 
action functions. Clearly, if the space integral checks do 
[ any rigorous justifice ition of the lo« ally 


’ 





correct character ¢ e derived if. s, ither do they 
allow the drawing of the PI site conclusion. It seems to 
us that the results I justify at least the not 
unreasonable conjecture on the fair degree of approxi- 
mation to the unknown rigorous interaction functions 
achieved locally, by the results of the present analysis. 
As mentioned above, the functions derived here are 
probably worse at close separations. 

A second type of integral test applied to the f(r,T) 
functions consisted in the inversion of the Fourier 
integrals (2.1), or the calculation of [1—(Ak,7) ] or 


F -?(Ak,7 generalized 


\ 
integrais 


b(r,Ak 


were obtained at intervals of 
0.25 A in Ak, from 0.25 to 6.0 A 
2.06 and 4.20°K.. ’ 
roca! structure factors are given by [1 


Ak,7T,20 A), 


the integrals (2.15). Table 


at the two liquid 





calculated re« ip- 
$(20 A,Ak,T) }, 
20 A being the 
II gives the 
id ca uted reciprocal structure factors. 
used in S.D. It 


they are denoted by / 
upper limit of 


experimental ; 





fror those will be 


The former result 
reproduce 


tal structure factors, demon- 


observed that the intera functions f(r,T 


fairly well the experimer 


strating the internal consistency and good accuracy of 


the numerical calculations. 
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Taste II. Experimental Fz, exp *(At,T) and calculated 
F,~*(Ak,T,20 A) reciprocal structure factors at 2.06 and 
4.20°K 
J } s»? A ? Poss ? FF, 

\ Mk ,2.06°K Ve, 2.06.20 A 4¢,4.20°K Ak,4.20,20 A 
0.25 11.4 11.4 2.62 2.62 
0.50 & 62 & 59 3.33 3.32 
0.75 5.81 5.81 3.77 3.78 
1.00 3.92 3.94 3.19 3.18 
1.25 2.61 2.62 2.23 2.24 
1.50 1.74 1.75 1.50 1.50 
1.75 1.10 1.06 0.980 0.975 
2.00 0.758 0.770 781 0.780 
2.25 0.787 0.785 0.813 0.813 
2.50 0.885 0.879 0.917 0.924 
2.75 0.962 0.962 0.990 0.993 
3.00 1.00 1.00 1.03 1.03 
3.25 1.02 1.02 1.04 1.04 
3.50 1.02 1.02 1.03 1.03 
3.75 1.00 0,998 1.01 1.01 
4.00 0.962 0.957 0.990 0.999 
4.25 0.917 0.920 0.952 0.957 
4.50 0.901 0.901 0.935 0.934 
475 0.909 0.907 0.926 0.926 
500 0.926 0.922 0.926 0.927 
525 0.943 0.943 0.935 0.930 
550 0.962 0.966 0.943 0.946 
5.75 0.980 0.984 0.980 0.980 
6.00 1.000 0.995 1.01 1.01 

Some additional properties of the interaction func- 


tions Wu 


| be given in the next section. 


INTERFERENCE PROPERTIES OF STATIC 
ATOMIC DISTRIBUTIONS IN LIQUID He‘ 


Neglecting all effects arising from the relative motion 


of the atoms of the scattering medium and the incident 
neutrons, as well as all specific atomic binding effects, 


the total slow-neutron scattering cross section per liquid 


atom, in units of the isolated stationary free-atom total 


scattering cross section ay, may be written as’ 


Ak] 1 |2x sin(20)d( 26) 


1+ (1+p7')*74(k,T) (3.1) 


Iz, the static direct interference integral written in 


terms of the correlation function g(r,7'), becomes the 


indirect static interference integral, or 


* 


T(k,T) f sinkr/kr)*¢(r,.T)4ar%dr 


T(A,T) (3.2) 


Here yw is the mass of the 


neutron mass. For not too light atoms, w>1, 


spinless scattering atom in 
units of the 
secuuon ¢, or 


scattering cross 


reduces to the form con 


total 
2~ay, and (3.1) 


he bound-atom 
os (1+ Me 
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1 


its mean value of 3, one obtains with (3.2 


lim J(\,T)=A*re T)/8x?, (3.3) 
d small 
where 


rg? (1 r~*g(r,T )4ar*dr (3.4) 


is the second negative moment of the correlation func- 
tion. The interference integral vanishes parabolically 
with neutron wavelengt! 

We have discussed on various occasions!‘ the positive 


tion. With the 


known details of g(r,7), it may be expected that rg (T 


even moments of the correlation tun 


be negative over most of the temperature range, both in 
liquid He* and in normal liquids. However, the possi- 
bility that re T) vanishes at some temperature T_2 


h that 7 T_2<T,., and becomes positive in the 








_cannot be ruled out. There might thus 
be a small though finite and accessible temperature 
where [(\.T) would be positive at 





interval (7 1 


short wavelengths, leading thus to a total scattering 


cross section per liquid atom larger than the isolated 
free-atom cross section. Such an effect, if observed, 
would be a manifestation of the longer-wavelength 


ritical neutron opalescence phenomenon discussed by 
I meu i } il ik } , 


} 


us some time ago.® Using the prev iously obtained! g(r,T) 
functions, we have calculated the sec ond negative mo- 


ments ro‘ (T) at a series of liquid temperatures. These 
ire given in Table I 


II. They all correspond to the 
integrals (3.4) extended to the upper limit of 20 A. 


These integrals converge rapidly so that their limiting 
values are already achieved at about 10 A. The slight 
the values of these moments between 2.75 and 
3.01°K is associ ited with the approximate character of 
the correlation functions in passing from the low-temper- 
iture region, 7<2.75°K, to the high-temperature 
region, 7>3.01°K, as discussed in S.D., where the 


preceding division of the explored temperature interval 


is fully defined 
Replacing (3.3 3.1). one obtains 
\7 1 1+ Nor? \A*r 1 3.5 
the asvmptotic short-wavelength total scattering cross 
section. It is. of course, of evident interest to compare 


ymptotic cross-section formula with the mgorous 





one, Eq. (3.1), where the interference term is ¢ omputed 


hose det uils need not be 


exactly. This comparison, ¥ 

given here, shows that the asymptotic formula is quite 
ucceptable out to \ equal to about 4 A at all the liquid 
temperatures here investigs ted, or at 1.25< T< 4.20°K. 





is, where u 





ecomes small, the asymptotic formula may become 
valid out to somewhat longer wavelengths 


We give in Fig. 3 two indirect interference integrals as 
a function of the wavelength at the two representative 
ures of 2.06 and 4.20°K. The interference 
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integral vanishes, of course, in the limit of vanishing 
wavelength. It decreases from this limit slowly at first, 
in the range of about A< 2 A, and at an increasing rate 
for somewhat larger A. The slight wiggles at short 
wavelengths can be traced essentially to the approxi- 
mate angular shape of the g(r,7) functions, at small 
separations, which was discussed in detail in S.D. It will 
be seen that in the range 5<\A<9A there is a rather 
rapid drop in the value of the integral, reminiscent of the 
Bragg edge anomaly. It is connected, of course, to the 
main peak of the structure factor curves, which were 
given in $.D. The characteristic rapid drop of I(A,T) 
will be seen to be sharper at the low rather than at the 
higher temperature as might have been expected. 
Beyond the sharp drop, the interference integrals flatten 
out and reach their asymptotic long wavelength range. 
We will return below to the discussion of this range of 
large X. 

We give in the same Fig. 3, the direct interference 
integrals Ig, beyond about 4A. These two integrals 
coincide to about 8-9 A, and deviate slightly from each 
other at longer wavelengths. 

From Eq. (3.1), the direct interference integral is, 
changing the integration variable, 


Ta(k,T)=(1 24°) f [ F ,?(Ak,T)—1](Ak)d(Ak). (3.6) 


Identifying this with /(&,7), Eq. (3.2), 


to the limit \0 or k=, one obtains the theorem 


and going over 


on 


rg-?(T) f [F12(Ak,T)—1](Ak)d(Ak), (3.7) 


which is an expression of the second negative moment of 
the correlation function g(r,7) in terms of its generating 
function which is F,?(Ak,T). A more direct proof of 
(3.7) can be obtained at once by replacing in the defini- 
tion (3.4) the c.f., or g(r,7) by its expression in terms of 
the Ak Fourier integral of the structure factor,‘' and 
integrating over r. Also, the definition of the second 
negative moment of the interaction function 


rp? (T) -f r~* f(r,T )4er*dr, (3.8) 
0 


with Eq. (2.1), yields in this way the rigorous relation 
rp r)= f [1—F ,-*(Ak,T) }(Ak)d(Ak). (3.9) 
0 


The knowledge of the second negative moment 
rg” (T), Eq. (3.7), directly through the structure 
factor is, in principle, a great advantage for the use of 
the asymptotic short wavelength limit (3.5) of the 
interference integral. Actually, the problem is more 
complicated. The complication arises from the empirical 





LIQUID Het 987 


TABLE III. Second negative moments re“ (20 A,T) of the 
correlation functions g(r,7') at various temperatures. 


—rg@ (20 A,T) 
A‘? 





T°K 
1.25 0.633 
1.50 0.633 
1.75 0.633 
2.06 0.634 
2.25 0.634 
2.50 0.629 
2.75 0.620 
3.01 0.625 
3.25 0.613 
3.50 0.597 
3.75 , 0.577 
3.97. 0.559 
4.20 0.539 


character of the structure factor, the precision of which 
decreases with increasing Ak values. With the physical 
condition'* imposed upon the g(r,7) functions at small 
separations r, and above all at r-0, one, indirectly, 
modifies the empirical structure factors at large Ak 
values. Hence, the second negative moments obtained 
with carefully derived correlation functions should be, 
under these conditions, more satisfactory than those 
calculated directly with the uncorrected structure fac- 
tors using (3.7). If the experimental structure factors 
had been obtained with precision over a large Ak 
interval, one might have expected to verify with them 
the correct limit of g(r,7) as r-+0, and also to derive 
with them the fairly well approximated second negative 
moments rg (T) or rp (T). At the present time, the 
indirectly obtained moments given in Table III are 
more accurate than those which result from the theorems 
expressed by (3.7) or (3.9). 

In comparing now the direct interference integral 
I 4(k,T), Eq. (3.6) and the indirect interference integral 
I(k,T), Eq. (3.2), the former is, evidently, to be pre- 
ferred to the latter, with the exception of the region of 
the short wavelengths or large k values, as we have just 
shown. Since /4(k,7) is preferable, with the above ex- 
ception, to /(k,7)), the question arises as to the usefulness 
of the latter. It is, however, easy to see that the studies 
of [(k,T) lead to two different types of results concern- 
ing the correlation function. One of these concerns an 
additional integral check on g(r,7) as expressed by (3.2). 
In Fig. 3 we have a graphical illustration, at two liquid 
temperatures, of the over-all correct character of the 
c.f.’s. It will be seen that at the longer wavelengths, the 
largest deviations between J, and / amount to at most 
five percent. Below 4 A, 74 becomes unreliable as dis- 
cussed above. In view of the multiple uses' of the 
g(r,T)’s in the evaluation of various properties of the 
liquid, such an additional check on the correlation func- 
tion is of evident interest. It will be noted that the 
indirect interference integrals tend to approximate (but 
to be somewhat greater than) the more correct direct 
interference integrals at the longer wavelengths. 

Another type of result included in the indirect inter- 
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expand (3.17) and write 


lim J4(k,T) 
TT, k small 


=n(T)kTxr[1—4n(T)RT x rk (T)] 


=n(T)kTxr—}k*rg (7), (3.18) 
which is identical to what one obtains directly with 
(3.15), provided one uses the rigorous relation, 
rg (T)=re (T)n(T)kRT x1, (3.19) 

between the second positive moments‘ *® of the cor- 
relation and interaction functions. In the limit, 
k[1/re (T)}+-90, (3.18) reduces to n(T)kT xr, which 
may be called the optical or radiation limit. Hence, as 
far as the static interference integral is concerned, its 
approach toward the limit k—0 is strictly parabolic at 
all temperatures. At the approach of the critical temper- 
ature the slope d//dk at k—+0 becomes very large be- 
cause rg (T)—+~ at T-—T,. To the approximation of 
the static interference integral, the critical opalescence 
of very slow neutrons® is expressed essentially by the 
first term on the righthand side of Eq. (3.18) or the 
isothermal mean square fluctuation per atom of the 
total number of atoms of the system, that is, (AN*),/N. 
We have to discuss finally the limitations on the 
validity of the static interference integral at decreasing 
wave numbers & or increasing wavelengths of the slow 
neutrons. As far as the collective portion of the slow- 
neutron scattering process is concerned, the assumption 
of the frozen or static atomic concentration deviations 
from the mean (7), defined by g(r,7), is equivalent to 
neglecting completely the energy exchange between the 
neutron and the collection of the scattering atoms 
forming the scattering system. For short collective 
interaction times of the neutron and the liquid 7, which 
might be estimated to be of the order of l/», | being some 
length over which g(r,7) is appreciable, the use of a 
frozen or static correlation function is equivalent to 
assuming the existence of a group of rigidly connected 
atoms. Hence, in the collective part of the scattering 
process, the energy transferred to this massive system is 
indeed negligible. With decreasing neutron velocities, r 
increases and when it becomes of the same order of 
magnitude or larger than some characteristic time of the 
liquid which is a measure for the time needed for the 
concentration deviations to be built up or to disappear, 
the apparent “rigidity” of the interatomic correlations 
loses its significance. As a result, the energy change of 
the neutrons in the collision becomes more and more 
significant and affects now the collective or interference 
part of the scattering cross section. The effect of the 
energy change of the neutrons on the interference 
integral may be expected to decrease the numerical 


~ *L. S. Omstein and F. Zernike, Physik. Z. 19, 134 (1918). The 
relation between the even positive moments rg®") and rr” is 
given in reference 4. 


INTERATOMIC CORRELATIONS IN 


LIQUID Het 989 
value of the static interference integral. At liquid tem- 
peratures such that T7< 7», the static interference inte- 
gral is likely to be negative, at not too short neutron 
wavelengths, and will tend to underestimate the col- 
lective part of the total scattering cross section. At 
T>To, at the same neutron wavelengths, the opposite 
situation might be expected to prevail. At any rate, 
slower and slower neutron scattering processes, in liquids 
for instance, involve relaxation type of time effects in 
their formal description, as first pointed out by Van 
Hove.* A method of evaluating the generalized dynamic 
or time dependent correlation function g(r,7,t) has also 
been given. However, a correct evaluation of the charac- 
teristic liquid times, which are expected to be tempera- 
ture dependent, presents a problem as yet unsolved. 
Hence to find, for a given liquid at a given temperature, 
that critical neutron velocity below which the static 
approximation to the interference integral starts to lose 
its validity, is itself a problem whose correct solution is 
closely tied to the liquid characteristic relaxation time 
problem. The length / mentioned above may be taken 
approximately to be the square root of the second posi- 
tive moment [rg (7) }! of the static correlation func- 
tion, at least at those liquid temperatures where this 
quantity is reasonably well defined. We have seen that 
this is not the case in the vicinity of the characteristic 
temperature 7. In a temperature interval containing 
T:, the approximate definition of the length / is to be 
completed possibly with the help of some other moments 
of g(r,7), such as re (T) or re (T), for instance. 

A particularly interesting situation arises at the ap- 
proach of the critical temperature. Here, the order of 
magnitude of the momentum change of the neutron on 
scattering arising from the collective effect of the liquid 
atoms is defined essentially by the characteristic struc- 
tural length [rg®(7)}!, through Afrg®(T)}* or, in 
virtue of (3.19), by ALre® (T)n(T)kT xr}, which quan- 
tity is small and tends to vanish as T—+7’,. As a result 
the neutron energy change on scattering is considerably 
reduced, which circumstance reestablishes the validity of 
the static approximation to the interference integrals at 
all wavelengths. However, this situation is claimed® to 
be valid only in an extremely small temperature interval 
near the critical temperature. Hence the static interfer- 
ence integral coincides with the dynamic one at short 
and medium wavelengths, it deviates from the latter at 
longer wavelengths, at all temperatures, with the ex- 
ception of the point-like interval near 7, where the two 
expressions are always identical. This result suggests 
that the static interference integral might be at least a 
crude approximation to the dynamic one at those 
wavelengths and temperatures where the latter is the 
only one which is physically justified. 

4. AVERAGE KINETIC ENERGIES AND ROOT MEAN 
SQUARE FORCES PER ATOM IN LIQUID Het 


We should like now to further exploit the results ob- 
tained in S.D. on the approximate evaluations of the 








* 


Fic. 4 Mean kinetic energies Ear(T) R and Ey w(T R, 
(°K/atom), as a function of the liquid temperature (“K). 


average potential energies per atom at the various liquid 
temperatures. With the rather well founded expression 
of the total energy per atom, 


E(T)=E,(T)+9(T), (4.1) 


where ©(7) is the ensemble average of the potential 
energy per atom, exchange energy included, based on 
the pair approximation, it becomes possible to compute 
kinetic energies E,(7T). Here, the liquid 
, or the binding energies taken with the 


the mean 
energies E.(7 
negative sign, are available experimentally, omitting the 
small pressure-liquid volume product, through 


E(T)=—L(T)+¢(T), (4.2) 


where L(T) is the latent heat per atom and ¢(7) the 
total enthalpy, per atom, of the saturated vapor in 
equilibrium with the liquid at the temperature 7. 
Keeping only the second virial coefficient in the thermal 
equation of state of the He* vapor, a procedure largely 
justified by Keller'® at least below about 4°K, one ob- 
tains therefrom the vapor volume V (7), with 


pV =RT{1+ (B(T)/V)], (4.3) 
which volume is then introduced into the enthalpy 
equation 


e(T)=kT(5/2—(T/\ 


[ (dB/dT)+(B/V)]}. (44 
In (4.3) and (4.4) the second virial coefficients measured 
recently by Keller’ in this Laboratory, as well as the 
empirical function B(T) and its extrapolation" below 
2°K have been used. In contrast with the vapor energies 
per atom ¢(7), the latent heats at T¢2.50°K are of 
questionable accuracy, above all around the lambda 
point. In this low-temperature range the calculated 
latent heats’ have been made use of. These calculated 
latent heats seem to reproduce well the experimental 
ones." Above 2.75°K, more accurate latent heats be- 

” W. E. Keller, Phys. Rev. 90, 1 (1955) 

“ Kilpatrick, Keller, and Hammel, Phys. Rev. 97, 9 (1955). 

J. Kistemaker, Physica 12, 281 (1946) F 

“W. H. Keesom, Helium (Elsevier Publishing Company, 
Amsterdam, 1942), pp. 229-232 
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came available recently.“ The energies (7) depend on 
the analytical approximation of the mutual potential 
energy of a pair of isolated stationary He‘ atoms as well 
as on the pair distribution functions n(r,7) derived in 
S.D. In the vicinity of the lambda point, both the latent 
heats and the energies (7) correspond to interpolated 
values. The kinetic energies thus calculated are quite 
approximate and carry automatically the uncertainties 
in the energies (7) and L(T). We give in Fig. 4 these 
average kinetic energies in the interval 1.50-2.75°K. 
The energies Ex 1(T) and Ex (7) are associated with 
the two approximations to the mean potential energies 
,(7T) and &,;(T) which were discussed in detail in $.D. 

It will be observed that these approximate kinetic 
energies per atom of the saturated liquid exhibit the 
expected angular point at the normal lambda tempera- 
ture. This provides a quantitative sharpening of the 
qualitative proof given previously,’ for the kinetic 
energy origin of the lambda transition in liquid He*. The 
crude lambda discontinuities of both kinetic heat ca- 
pacities (dE,.1/dT) and (dE;,,.1/dT) amount to about 
5.5—6.0R. It seems reasonable to expect that while the 
kinetic energies themselves, for a given potential energy 
set (7), are quite approximate, their temperature 
derivatives be cruder approximations to the correct 
kinetic heat capacities. It turns out that the two types 
(I) and (II), of kinetic heat capacities are quite close to 
each other below the lambda point; their differences 
above 7) are larger, as was to be expected from the 
previously’ calculated potential heat capacities at these 
temperatures. 

The very large values of both approximate kinetic 
energies [£4.1(7)/RJ and [Ex 1(T)/R) in comparison 
with the liquid temperatures 7 prove that they are 
essentially zero-point kinetic energies. Only a relatively 
small fraction of these kinetic energies appears to be of 
thermal excitation origin, in agreement with the values 
of the small empirical thermal energies f? c(T)dT, 
evaluated with the total heat capacity c(7). Although 
only semiquantitative and indirect, the kinetic energies 
here obtained provide an interesting demonstration of 
the existence of a large zero-point kinetic energy at all 
the liquid temperatures investigated 1.25< T< 4.20°K. 
Improved values of pair distribution functions, a deci- 
sion on the best pair potential energy approximation as 
well as better latent heat values should lead, of course, 
to a unique and closer approximation of liquid Het 
kinetic energies. 

The estimated zero-point kinetic energies per atom, 
resulting from extrapolating the kinetic energy curves 
toward low temperatures, are about 13 and 18°K, as- 
sociated, respectively, with the potential energies $,;(T) 
and #1;(T). 

In analogy with the calculation of the mean potential 
energies per atom in terms of the pair distribution 
functions n(r,7), it appears interesting to evaluate the 


“ R. Berman and J. Poulter, Phil. Mag. [7], 43, 1047 (1952). 
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mean forces per atom. This will be done here through 
the calculation of the mean square force, yielding the 
root mean square force.'® Beside being of: intrinsic 
interest, this quantity is of some importance in a direct 
analysis of slow-neutron scattering processes in liquids 
in general, and in liquid He‘ in particular. 

Let f(r) be the force acting on an atom of a pair of 
isolated stationary atoms separated by the distance r. 
Assuming that this force originates in the pair potential 
energy g(r), of purely central character, we have, by 
definition, 

f(r) = —grad¢g(r) 


—dg/dr. (4.5) 


ll 


The differential mean square force in the liquid due to 
the distribution existing at a distance r from the origin 
atom is, omitting the cross term depending on the 
unknown three-atom distribution function n(r,r’,T), 


dF?(r,T) (4.6) 


der? f?(r)n(r,T)dr, 


and the total mean square force, in the pair representa- 
tion approximation, is 


F?(T) arf r)n(r,7 )r°dr, 


the integral being extended over the whole volume of the 


(4.7) 


system. Since the pair distribution functions n(r,7) in- 
clude exchange effects, the mean square forces F*(7) 
also include these effects. With the n(r,7) functions 
available in tabular form, out to the extreme separation 
of r= 20 A, only the generalized square force integrals 
F*(r,T) can be obtained. These are functions of the 
upper limit r in the integrals (4.7). Using the two 
analytical approximations to the pair potential energies 
gi(r) and gi;(r), defined previously,' we have obtained 
the mean square forces F*(20 A,7) at a series of liquid 
temperatures. The effective ranges of the square forces 
f(r) and fi*(r) being moderate, the integrals (4.7) 
converge very rapidly, indicating that these mean 
square forces are determined, for all practical purposes, 
by the details of their fields extending over separations 
of the first We give in 
Table IV, the root mean square forces [F;*(20 A,7) }! 
and [ Fy°(20 A,7 mean 
square forces differ from each other as expected from the 
and 


neighbor atoms, at most. 


These two series of root 


shapes of the potential energy functions ¢(r) 
gu(r). The former, being higher than the latter, gives 
rise to steeper gradients than the latter. The origin of 
the slight jumps in the values of these forces in passing 
from the low, T7<2.75°K, to the high temperature 


15 These calculations originated in the discussions with Dr. H. S 
Sommers, Jr., of the Los Alamos slow-neutron scattering data in 
liquid He*. See Sommers, Dash, and Goldstein, Phys. Rev. 97, 855 
(1955 
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TaBLeE IV. Root mean square forces in liquid He‘ at 
various temperatures. * 


T Fy*(20 A,T))* F*(20 A,T))* 
K cal/mole XA cal/mole XA 
1.25 115.0 &3.3 
1.50 115.2 83.6 
1.75 115.2 83.6 
2.06 117.3 85.1 
2.25 117.3 85.1 
2.50 115.5 83.8 
2.75 113.4 82.3 
3.01 125.4 89.8 
3.25 122.2 87.6 
3.50 118.8 85.2 
3.75 115.0 82.5 
3.97 111.0 79.5 
4.20 105.3 75.6 
* These are evidently approximate because of the omission of the cross 
term / fir) f(r’)nie ys’, T)dvir)de(r’) in Lack of information on 
ne prevents one from estimating the value of the cross term, at the 
present e 





group, 7 >3.01°K, has been discussed in $.D., and was 
already referred to above. Over the temperature range 
1.25-4.20°K, the forces (F;*)! and (F1;*)! first increase 
up to the lambda point, and then decrease beyond it 
with increasing temperatures, if the jump at 2.75-3.01°K 
is disregarded as it should be. The forces (F;")! are close 
to about 110 cal/moleXA, and the (/1;*)! forces are 
grouped around 80 cal/moleXA. 

The problem of the closeness of either series of forces 
to the actual root mean square forces is of course similar 
to the corresponding problem of the potential energies 
(7) and y;(7). At the present time, no well-justified 
decision is available on the degree of fitness of the 
original analytical approximations to the pair potential 
energies of two isolated He‘ atoms, g(r) and gy(r). 
There appear to be indications," as far as the helium 
vapor second virial coefficient is con¢ erned, that gu(r) 
tends to overestimate, in absolute value, the pair 
potential energy. The problem of the degree of ap- 
proximation achieved on the pair forces, [ ~gradg;(r) ] 
and [—gradgm(r) ], was not raised so far, because the 
intervention of the forces, in the rather fragmentary 
status of the theory of liquids, seemed to be remote. 
However, as first shown by Placzek,’ the investigation 
of slow neutron scattering phenomena in liquids may 
put the force problem to the fore, adding thus a new 
elementary physical quantity to be probed in liquids. 

In concluding, I should like to thank Mr. Max 
Goldstein for his kind cooperation in coordinating the 
various numerical calculations. Thanks are due to Mr. 
P. E. Harper for his work on the “701” IBM Electronic 
Calculator, to Miss M. L. Johnson and Mrs. J. E. 
Powers for the many hand calculations, to Mrs. A. M. 
Snowden and Mrs. L. E. Moss for the preparation of the 
graphs. 
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ribed using a generalized Ritz method, which gives 





nas-Fermi, Weizicker, and Gombds, and which 


as an easy calculation shows. Under the special assump- 
(2), the first two 
nergy terms de- 

Regarding the 


tions made with the definition of 
terms of (3) represent the statistical 
rived by Fermi? and Weizsicker.’ 
density of particles, 
1 ~ 
p o° > Grn , (4) 
\ 


one sees that p goes over into a in the limit, for V very 


large, The sum in (4) contains only the fluctuations of 
the density, arising from the occupation of special 
states, whereas a is a slowly varying function. 

under the 
assumptions made for ¢,(y), gives the well-known 


Fermi energy, for the ground state, 


The treatment of the first term of (3 


© 2m 5\8r 


if one replaces the sum over the states by an integral. 
In the limit for increasing V, the p appearing in the 


other terms of the kinetic ar 


d potential energy, can be 


replaced by o. This shows, that in this limit the energy 
is no longer a function of the transformation (1) itself, 


but only of its functional determinant @/.\. The calcula- 





tion of ¢ is now made in the usual way by variation of 
the energy with respect to o and gives the Thomas- 
Fermi equation in its most developed form. 

The physical meaning of the approximation (2) is 
easy to understand. All wave functions appear as de- 
pending on the three arbitrary functions y, only. They 
all have the same general form (a, .\ whereas ¢» 


describes only a fluctuation part with a different number 


of nodes, which makes all the different functions or- 






thogonal to each other. Under variation of the energy, 
the ¥, no longer have the possibility of building their 
own individual form. There is only one general form for 


¢ 


all the wave functions together, which is so varied as 
to make the energy a minimum. The underlying physi- 
cal idea of the trial functions (2) consists therefore in 
the assumption of an equal distribution for all particles, 
if one disregards the special fluctuations of each par- 
ticle. Such an assumption is best fulfilled when the 
Fermi gas contains many particles and when there is a 


which localizes the different particle 





*C. F. v. Weizicker, Z. Physik 96, 431 (1934 
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This treatment of the Fermi gas shows that the 
statistical model can be derived from much better 
assumptions than the former ones (classical limit and 
free particles in the interior of the atom). The good 
results of this theory with respect to many general 
properties of the atom can now be understood on the 
basis of this more general wave mechanical treatment. 
The further advantage of this method is that it can be 
improved in many directions. First, if the potential V 
has a spherical symmetry, one can treat the angular 
part of the wave functions exactly, using the approxi- 
mation method only for the radial part of ¥,. Secondly, 
one can easily find the corrections which appear when 
N is not large, these corrections of the type discussed 
by Gombas.* 

Further, one can repeat after a first and rough calcu- 
lation of o the calculation of Ey in (5), by using the 
summation instead of the integration as is required in 
(3). A general discussion reveals the shell-structure of 


«P. Gombas, Acta Phys. Acad. Sci. Hung. IIT, 105, 127 (1953) 
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the Fermi gas. A density ¢ of the type e~*’, a mono- 
tonically decreasing function of r, gives the well-known 
magic numbers of the atomic shells. On the other hand, 
a density which is nearly constant and then drops 
within a small region gives rise to the magic numbers of 
the nucleus, as far as the kinetic energy contributes to 
it. (It needs the well-known, further assumption of a 
strong spin orbit coupling.) Finally, one can regard 
these calculations as a zero and first approximation for 
go and ¢,. The higher approximations then can be 
calculated by an iteration of the treatment, starting 
with the solutions of zero order. By these higher approxi- 
mations the hypothesis of equal distribution of the 
particles has been overcome and one can go on to 
calculate the energy as well as the ¥, up to any desired 
degree of accuracy. A paper in which the new theory is 
outlined in more detail, will appear soon,® and further 
work on its applications is in preparation. 


*W. Macke, Ann, Physik (to be published). 
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Improved Value of the Velocity of Light Derived from a Band Spectrum Method* 


D. H. Rank, H. E. Bennett, anv J. M. BENNETT 
Department of Physics, The Pennsyloania State University, University Park, Pennsyloania 


(Received August 1, 1955) 


The previously reported value of the velocity of light as obtained from B” of the 002 band of HCN has 


been in proved ¢ 


1 as a result of an absolute interferometric wavelength determination of the band origin. The 


new value, 299 791.9+2.2 km/sec, is in good agreement with that obtained from all other modern methods. 


HE recent determination of the velocity of light 

by Rank, Shearer, and Wiggins' by means of the 
band spectrum method was subject to a small error 
occasioned by the inaccuracy of knowledge of the 
absolute value of the wavelength of the band origin. 
The experiment of Rank ef al. was performed by using 
the P(1) line of the 002 band of HCN as the calibration 
standard for the interferometer. This procedure had 
been adopted so that in the event of improved knowl- 
edge of the absolute wavelength of the band origin it 
would be possible to correct the velocity of light without 
a complete remeasurement of the band. 

We have succeeded in measuring absolute wave- 
lengths in vacuo in the 1 to 1.54 region by means of the 
Fabry-Perot interferometer. The measurements have 
been made using the Hg"* green line as the standard 
for calibration of the interferometer. Mercury-198 lines 
at A10 140 A, 413 570 A, and A15 295 A were measured 
with the interferometer. The line at A10140 A, 
6s7s 'So—6s6p 'P,° arises from energy levels which have 

* This research was assisted by support from the Office of Naval 


Research 
' Rank, Shearer, and Wiggins, Phys. Rev. 94, 575 (1954). 


been measured in the photographic region of the spec- 
trum. Our direct measurements of this line agree with 
the value calculated from the Combination Principle 
within 0.003 cm™'. We believe that our determinations 
at 1.54 have comparable accuracy. 

We have measured six absorption lines of the 002 
band of HCN by essentially the same interferometric 
technique employed on the Hg™* lines. A full description 
of the interferometric techniques employed in these 
wavelength measurements will appear elsewhere. 

The HCN lines which we have measured absolutely 
arise from low-J levels, which allow us to calculate the 
absolute frequency of the band origin using the molecu- 
lar constants previously determined.' We obtain a value 
of vp= 6519.6148+0.003 cm™ for the 002 band of HCN. 
The result of our new absolute calibration is to give 
slightly different values to B’ and B” than previously 
quoted. We obtain B’ = 1.45706, cm™ and B’”’ = 1.47822, 
cm~'. The new value of B” yields a value for c, the 
velocity of light, of 299 791.942.2 km/sec. The de- 
crease in the probable error over that quoted previously! 
is due solely to lessened uncertainty in the absolute 
calibration of the interferometer. 
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Atomic Distribution in Liquid Helium by Neutron Diffraction 
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1.04 A neutrons scattered by liquid helium has been measured for a series 


een 1.6°K and 5.04°K over the angular range 3° to 70°. The scattering patterns are 
principal maximum at an angle of 19.6+-0.5° over a large range in liquid density. No 














scatte g attern accompanies the A transitior It is shown that for large angle 
ha a ree 1 atoms. Scattering intensities normalized to the 
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At large angles a total neutron scattering 


pec ted to be largely inelastic diffuse scattering, 


nid ith YT sir gle t} that due he 
atomic arrangement in a rapid wi Ce reasing angle than that d to the atomic 
m x-ra r eutro structure facto Ping a result, the advantage of neutrons 
aa ia > } if 
, , eP is not so great with helium as with other liquids. 
e «ae i c nec i 


is ex- 
with an 


vith 154A a average energy loss about the same as the recoil energy 
| t x Lys " ° 





Phys. Rev. 77, 319 (1950 
Phys. Rev. 91. 490 (1953 *D. G. Henshaw and D. G. Hurst, Phys 
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ring a . ingle of 28 of a free helium atom for the same angular deflection 
e po in of the peak of the = To confirm this energy loss the trans- 
e pattern. No difference ™ssion of scattered neutrons through a filter containing 
The x-ray scattering gadolinium, an element whose cross section varies 
studi i d has been rapid ) wit! energy, was measured at two angles. The 
; onention e measured energy eg agreed with the predictions. 
Evelstaff® has n o- Preliminary measurements’ of the scattering of 
= ssh) eteteene & 1.08-A neutrons showed a peak characteristic of liquid 
sl search for extra scat utterns. This work has been resumed and the present 
Bose-Einstein conden- P@Pet reports results and analysis of measurements of 
» iiimaenrtlen Celia the angular distribution of 1.04 A neutrons scattered by 
ilies ul lamusnidls , iquid helium at several temperatures between 1.65°K 
d fo “ viAsare » i and 5.04°K. The atomic arrangement was deduced by 
the usual Fourier integral transformation of the scat- 
oaene over u-cave tor tl tered intensity, which gives the average atomic density 
Nil ensities do not 4S @ function of distance from an atom. Our results 
" fa a mee Compto ate an atomi shell at a distance which, depending 
eI Eg ‘588 on the temperature, varies between 3.79 and 3.9, A. 
* a ie te “e ai. X-ray measurements’ have been interpreted as showing 
a ee _ atomic shells at distances of 3.15 A, 4.24 A, and 5.40 A 
ee ee eee rhe present results are not consistent with this com- 
rium positions. The zero plicated picture, but suggests a simple structure in 
1 OS Poe keeping with the symmetry of the atoms of inert gases. 
s, Physica 5, 270 (1938 
Soc. 36, 236 (1940 APPARATUS 
Phys. R 92, 827 (1953 
PI 5 The angular distribution of the scattered neutrons 
I Reekie. Proc. Ro; was measured on one of the Chalk River neutron spec- 
Rev. 96, 1444 (1954 trometers,” with the NaCl mono hr romating crystal set 
19o4 to diffract neutrons of wavelength 1.04 A. 
+ K) The cryostat, which was mounte 4 on the table of the 














ATOMIC 


spectrometer, is shown in Fig. 1. It is of all-metal con- 
struction and consists of a scattering chamber sur- 
rounded by four jackets containing liquid nitrogen" 
arranged in three concentric sets, the assembly being 
contained in an outer vacuum jacket. The jackets are 
hung from the top plates by 0.010-in. wall stainless steel 
tubing. For additional thermal] protection, the central 
liquid nitrogen jacket and the “liquid helium’ jacket 
were maintained at the temperature of solid nitrogen 
by pumping. This arrangement allowed scattering 
measurements to be made for periods up to 24 hours 
with a single filling of the cryostat. 

The lower portion of the scattering chamber is ther- 
mally protected by radiation shields attached to the 
liquid nitrogen jackets. Three sets of spacers maintain 
the scattering chamber axial in the cryostat. For a 
height of 2 inches at the level of the neutron beam the 
scattering chamber, radiation shields, and outer vacuum 
jacket are thin walled (0.010 in., 0.0005 in., and 0.015 in., 
respectively) in order to reduce the background scat- 
tering. In addition the outer vacuum wall is of reduced 
diameter. Cadmium walls attached to the bottom of 
the scattering chamber define the scattering volume and 
reduce the intensity of multiply scattered neutrons 
reaching the counter. Windows in the lower section of 
the outer vacuum jacket allowed a pin (not shown) at 
the center of the base of the scattering chamber to be 
placed on the axis of the spectrometer. Adjustments 
were made using the aligning screws. 

The helium was liquefied in a Collins Liquefier'? and 
transported to the cryostat in a liquid helium storage 
and transport vessel.'** Liquid helium was transferred 
from the storage flask to the cryostat through all-metal 
transfer siphons, the progress of filling being followed 
with carbon resistors.'® Rate of transfer to the cryostat 
was controlled by varying the pressure applied to the 
helium in the storage vessel. Under normal operation 
this pressure was about 6 psi. 

Before a filling, the scattering chamber was precooled 
with liquid nitrogen and was then evacuated to ensure 
that no impurities were present. The possibility that 
some particles of solidified air were carried over into the 
scattering chamber by the liquid helium was considered 
small because, owing to the low density of liquid 
helium, all medium- and large-sized impurities would 
sink to the bottom of the storage vessel. In addition, a 
200-mesh screen attached to the bottom of the siphon 
in the cryostat would have stopped any large particles 
which may have been transferred through the siphon. 


} 


“In practice, liqui 
“liquid helium jacket.” 
#2 Arthur D. Little Inc., Can 

4 Superior Air Products Company, Newark, New Jersey. 

“In the arrangement used earlier,’ the liquefier was mounted 
beside the cryostat and the liquid was transferred directly from 
the liquefier to the cryostat 

6 J. R. Clement and E. H. Quinnel, Rev. Sci. Instr. 23, 213 
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Fic. 1. The liquid helium cryostat. 


We think that no significant part of the scattering 
pattern is to be attributed to impurities. 

The temperature of the liquid helium was measured, 
controlled, and recorded by means of its vapor pressure. 
The 1949 Cambridge Temperature Scale was used to 
convert pressures to temperatures. the 
range 0-800 mm were measured with a Heise Bourdon 
Gauge’® stated to have an error less than 0.75 mm. For 
greater pressures a laboratory type pressure gauge was 
used. This was checked and found to be within +4 psi. 
A Foxboro Controller Recorder’? coupled to a restrictor 
valve was used to control the pressure. This controller 
had two ranges, 760 mm and 100 mm full scale, allowing 
the temperature to be controlled to +0.04°K in the 
higher range and +0.02°K in the lower range. No cor- 
rections have been made for the small loss in pressure 
due to pumping and the thermomolecular pressure 
differente. 

Measurements were made at a series of fixed angular 


Pressures in 


'* Heise Bourdon Tube Company, Inc., Newtown, Connecticut 


The Foxboro Company, Foxboro, Massachusetts 
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MEASUREMENTS 


The transmission of the neutrons through the 5-in. 
diameter liquid helium specimen was measured with 
the helium at 4.24°K. The result was 0.84, correspond- 
ing to a cross section per helium atom of 0.73 barn, 
in agreement with the published value of 0.74+0.04 
barn.*® 

The average changes in energy of the neutrons scat- 
tered through 19.6° and 60.0 
measurements of the transmission through a gadolinium 


were determined from 


filter.'* The transmission of the filter was calculated as 
tion of energy by use of the measured transmission 
for the incident neutrons and the variation with energy 
of the gadolin| 


1 ene rgy 


a fun 


1m cross section.'® The experimentally 


determine sses are shown in Table I. Because 


| 
} 


: 1 . eee i 
of the smali atomic weight of helium, relatively large 


scattering 


energy losses accompany neutron by free 
helium atoms. from Table I, 

liquid helium agrees within the 

the loss for free helium atoms. 
angular de- 
a temperature of 4.24°K are 
} 


the measured 


neasurements of the 
ill circles are the experimental 
tive scattering volume, back- 
tal resolution. No 

tiple sc: i 
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TABLE I. Energy change on scattering. 


i energy loss 

ing by free Energy loss corresponding 
tlium atom to measured transmission 

ev ev 


0.002 
0.017 


0.003+0.002 
0.016+0.003 


scattering beyond 35°, and suggests that there is con- 

siderable diffuse scattering under the peak. 
At large angles the neutron scattering is expected 
to decrease in much the same way as the scattering 
the 


neutron energy be large compared to the spacing of 


from free helium atoms; it is only necessary that 


energy levels and that coherent effects be unimportant 
Accordingly, the experimental points were divided by 
the differential cross section of a free helium atom and 
the quotients were normalized to make the average at 


large angles equal to unity. The result is shown by 
open circles on Fig. where each open circle is the 


of the scattering per atom in the liquid to the 
g by the circles 


utter a free atom. The scatter of 


about unity over the last two-thirds of the angular 
range gives strong support to the hypothesis that the 
scattering at large angles may be treated as if the atoms 


Further support is given by the completely 
I t d 


were tree 
I 
F 


_ : 
a ise » large angle scatteri ig predicted 
W and by the 


at OO” with 


agreement of the 
1 energy loss the calculated loss for 
from free atoms 
| s have been put in the form 


plotted in Fig where the 
| 


for all curves but the zero 
h curve, as marked on the 
urves have similar shape, differing 
particular, th tht of the peak changes 
position remains at 19.6 

the 2.25°K and 1.95°K curves. 
cet the A point, show small differences only 
} l ey just beyond the peak and 


further ou 


le +} 
1i1LhoOUug ine 


parison ol 


rise above unity 


iriations in diffuse scattering 


aks in the diffuse scattering 
lines {rom powdered 


Scherrer | 


temperature of the attering in 


gion of 10° and lower is to be expe ted on the 
basis of the known small-angle scattering of x-rays.° 


An important feature of the patterns is the constant 
angular position of the peak for a large change in 
density. In 


re] 


order to understand its significance, some 


ations! 


ip between the scattering pattern and the 
j 
: 


structure of the liquic must be accepted The usual 
imption is that the transformation commonly used 
for x-rays may be applied to neutron scattering. The 


density p(r) at a distance r from an average 


= B. E. Warren, Acta Cryst. 6, 803,(1953). 
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tering.“ Accordingly, we have used the values plotted 
on Fig. 3 for 7(s). The transforms were computed on 
Ferut (Ferranti Electronic Computer at the University 
of Toronto).* 

In preparing the experimental results for transforma- 
tion, the normalized intensities for each temperature 
were plotted as a function of s and a smooth curve was 
drawn through the experimental points. At small angles 
the curves were extrapolated to the calculated zero 
angle scattering. For each temperature two extra 
polations to zero angle from the smallest experimental 
angle were used: a linear extrapolation and a smooth 
zero. The difference 


curve with horizontal tangent at 


between the resulting transforms is small, and those 


corresponding to the horizontal tangent are used in 


what follows. The transforms as calculated give 


Wildl 
4rr*{ p(r)— po |, and from these rp(r)/po has been calcu- 
5.04°K, 


curves for the four 


lated and is plotted in Fig. 4 for three cases: 

4.24°K. and the average of the 1 

lowest temperatures 
Although the [ 


typical ol liquid 


measured scattering is 
1s relatively small 
and correspondingly the peaks in the transiorm are not 


pronounced, Or count it 1 imncult t 


to analyze 
the 4rr pir e peaks, as Is commonly done 
‘ brought into more promi 
po is plotted 
against r acl Ir\ hows low density for small 


values of r; a hig verage density for r between 


3A and 4.5A 


dence tor a Siig! 


near 3.8 A; and some evi 


further out. The fluctuations 


between r=0 and \ are certainly spurious, arising 


from ct } ors na 
irom LLISLIC rror ane 


the finite range of s. They 
may in tly the apparent position of the max- 
imum. A maximum ¢ rs between 3.7, and 3.9, A for 
] } 


iid density increases by 


and the lambd: point 


immediately that, to the 


represents the structure, 
) arrangement of the helium 
lls from 5.04°K to « 

Graphs of the f have maxima at 


3.50, and 3.68 A for bulk densities 0.146, 0.125, and 


0.095 gram/cc respectively. If density changes were 
ition the radii would be in 
1:1.05:1.15, 
3.68 =1:1:1.05 


an be 


ue solely to a uniform dil: 
the ratios (0.146)~?: (0.125)~?: (0.095)-1 
3 50 


ly a small part of the density change « 


whereas they are in the ratios 3.50 
Clearly, on 
ascribed to dilation. A possible model to explain the 


remaining density change is the existence of unoccupied 


an array with separations which are 
temperature dependent. Increased den- 
1943 
calculation was based on 
Filon’s rule for 
Edinburgh 


Revs. Modern Phys. 15, 90 
tatement™ that the 
pson’s Rule is incorrect. The pragram uses 
the integration; see L. N. G. Filon, Proc. Roy. So« 
49, 38 (1928-1929 
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The results of transforming the measured scattering to 
nsity distribution. The quantity plotted is rp(r)/po, 


ciensity, 1.€ pr *po aS r- «= The 


where 


is the mean atomi 


abscissa r is the radial distance from an atom. Three cases are 
The dotte » represents the average over the tem 


to 2.25°K.) The 
po would have if the atomic distribution were 


re range straight line is r, the 


} 


hich rp(r 


unliorn 


Silty would then be largely due to increased occ upation 
of these sites, i.e., the filling of “holes.” 

The curves of Fig. 4 show none of the fine structure 
reported by Reekie and Hutchison’ in their transforms 
of x-ray measurements 

Use of the average of four low temperature 
curves, 1.65°K to 2.25°K, in the 
their differences. The 1.65°K curve differs most, having 


transform ignores 


a lower peak and being slightly broader. The change 
which would be caused in the transform by use of the 
1.65°K 


calculated. The effect is small and, as might be expected, 


curve instead of the average curve has been 


gives a slightly smaller density fluctuation than the 
average. Conversely, use of the 2.25°K curve slightly 
sharpens the transform. Although both effects are in 
the directions to be expected from density changes, 
they depend on differences which may be experimental 
errors. 

DISCUSSION 


The results of transforming the measured scattering 
to radial density distribution depend on the treatment 
The curves of 


given the 


g lata before transformation 
Fig 


t are based on the normalized experimental inten 


, Le., the ratio of scattering per atom of the liquid 
to scattering by a free atom. Two possible modifications 
will be corwidered. 

rhe pattern may be broken up into the sum of the 
main pattern, J,(s), and small-angle scattering, A/(s), 
by writing 


I(s)=I,(s)+Al(s (2) 
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which would be obtained from i2(s), averaged over the 
“resolution function” exp[ — (r—1)*/4a? ]/2ay/ x. 

The use of e~?™ in i2(s) is, in principle, equivalent to 
getting rid of the smearing due to atomic motion 
including zero-point motion. Thus, in a solid, p’(r) has 


the property that 


4ar*p'(r)dr 


where V,=number of atoms in the gth shell, i.e., p’(r 


has characteristics similar to a delta function. If we 


denote by a, the radius of the gth shell, then 


10 


i orresponds to the 


this 


If the shells do not overlap, a, 


maximum in rp(r). Consequently, the radius of 
maximum will be quoted as the radius of the shell. It 
that 


follows from (10 


a,{ 4ra,p(a1) |2ay/z, 


lrdep ae \2ay T, 


In a liquid, the lack of long-range order restricts the 
application of these formulas to the first few shells. 
If the values of 4rrp(r) of Fig. 5 for 2<r<3.75 A are 


about 3.7) A, we obtain the dotted line. The resulting 


< 


peak may be ascribed to the first neighbors. Subtracting 
this peak from 4rp(r) gives the broken line, which 
curve 
between 2 and 3.7 A, a peak with maximum at 5.24 A. 
Applying formula (11 8.4, Ne=11.0 for 
a,=3.70 A, a2=5.25 A respectively. The width of the 
two peaks are roughly equal and lead to 2a=0.94 A or 
0.61 A as calcu- 


suggests, by its similarity to the shape of the 


gives NV, 


a=0.47 A, to be compared with ap 
lated on the Debye theory. 

An alternative method commonly used for calcu 
lating the number of neighbors in liquids is to integrate 
dorr’p(r). The absence of distinct peaks in the helium 
curve precludes simple analysis into groups, but inte 
the radius of the first 
the number of first neighbors if the 
Alternatively, if the 


gration out to maximum in 


4erp(r) gives half 


peak is symmetrical 
peak is symmetrical in 
ield the number of first neighbors from the 


in 4rr°p(r). 
) trrp(r), a correction can be 
derived to y 
integral. In Table II the number of neighbors found by 
these methods is tabulated for the three temperatures 
It is of the 
number of neighbors in an incompletely filled close- 
packed arrangement having the 
experimentally determined spacing. At 4.24°K the 
density 1.84 10-* atoms/A’ and a 
j 


unit cell edge of the close 


interest to compare these results with 


cubic or hexagonal 
mean atomk 


cube of side 3.72v2 A (the 
packed cubic structure with nearest neighbor distance 
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3.72 A) contains 2.74 atoms. In a complete close-packed 
structure this cube contains 4 atoms. Thus, instead of 
the 12 first neighbors of the complete structure there 
would be 12(2.74/4)=8.2 neighbors, to be compared 
with 8.1 and 7.3 of Table II. The corresponding number 
for 5.04°K is 7.4 and for <2.25°K is 9.45. Precise 
agreement is not to be expected because the analysis 
of diffraction results assumes that there is always an 
atom at the origin. 

For the ratio of second-neighbor to first-neighbor 
, the method gives values 1.47, 1.41, 1.42, 
1.414, the ratio for close 
number of the 
second shell, as deduced from Eq. (11), ranges from 
10 to 12. This is considerably more than the number in 
a close-packed arrangement, but 
not clearly distinguishable, showing that the use of 


radii, (a@s/a 
greeing closely with v2 


packing of spheres.2* The atoms in 


the second shell is 


delta functions may not be valid beyond the first shell 


in liquid hel 
second peak should be treated with reserve. If, however, 


ium and that the analysis which yields the 


the experimental results and the analysis into peaks are 
taken at their face value, the average atomic arrange- 
ment at the low temperature has 8 neighbors at a mean 
distance of 3.7 A and 11 neighbors at a mean distance 


Diffraction measurements on 


of 5.25 A from an atom 
: ] 3 


liquic helium have been inte rpre ted'* in terms of com- 
pletely filled lattices. In general, liquid elements appear 
they 
approach this condition at the freezing point. Our inter 


not to form such arrangements,” although 


yretation implies that liquid helium under its saturated 


T 
I 
vapor pressure does not form a complete array. Under 


igh pressure it may be expected to approximate a 
d structure 
rhe change of density from 0.095 g/cm’ at 5.04°K 
to 0.146 g/cm? at 2.25°K is not accounted for by the 
measured shift of the density maximum from 3.68 to 
3.50 A or by the changing number of neighbors sepa 
rately, but is probably due to a combination of these two 
effects. This 
unlike the behavior of solids where the fractional change 


1 
In ia 


appears to be a general behavior of liquids, 
ce spacing per degree is equal to the linear 


expansion coefficient Between the low 


2.25°K) and the high temperature (5.04°K), there isa 


temperature 


broadening of the first density peak by about 20% and 


the number of atoms inside the first maximum de- 


from 3.7 to 2.9. As seen in Fig. 4, the ratio 


creases 


nethods 
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It is suggested that nuclear motions in a solid or a liquid at very low temperatures should be treated along 
the lines usually used for electrons, and the method is applied to liquid helium. Treating the nuclei as inde 
pendent particles gives indications of the observed behavior of both the specific heat and the paramagnetic 


susceptibility of He*. Further consideration of the internuclear interactions brings the results closer to the 


observed values. Application to He* gives also a qualitative understanding of the observed phenomena 





HE usual treatment of the motion of atomic nuclei 
in a solid is based on the approximation by means 
of normal vibrations suggested by Born and von 
Karman and by Debye. It gives a good qualitative 
understanding of the low-temperature specific heats of 
crystals and, in many cases, can be made satisfactorily 
quantitative. It does not, however, permit the nuclear 
spins to be taken into account; apparently, no way has 
yet been devised to determine the effect of the Pauli 
exclusion principle on the normal vibrations. For some 
problems, particularly the investigation of low-temper- 
ature behavior, it may be of importance to introduce the 
quantum mechanical treatment from the beginning. 

As a different approach, one can apply to the nuclear 
motions a treatment similar to that ordinarily applied to 
electrons. The problem is simpler in one respect, since a!! 
atoms are one-nucleus atoms. On the other hand, the 
greater masses and charges tend to make the kinetic 
energy less important, relative to the potential energy, 
than is the case with electrons. 

One limiting case in such a treatment would be the 
use of localized wave functions giving the motion of each 
nucleus about its position of equilibrium. Following the 
Heitler-London scheme for molecules, one would start 
out by considering the nuclei as completely independent 
of one another. In the lowest approximation, this would 
lead to the Einstein formula for specific heat, which is 
not especially good, and to a simple Curie law for 
nuclear paramagnetic susceptibility. However, Slater! 
has emphasized the inadequacy of this kind of a treat- 
ment for electrons and the same objections will hold for 
nuclei. Whenever the wave functions of adjacent nuclei 
overlap sufficiently to indicate significant interaction, 
the lack of orthogonality makes the analysis almost 
impossible, if not divergent. Furthermore, to sym- 
metrize such functions properly would lead to complica- 
tions such as appear in the Ising? problem in three 
dimensions. 

Another limiting treatment corresponds to the free- 
electron case or to the Bloch treatment of electrons. It 
may seem difficult at first to picture each nucleus as 
moving through the crystal in a periodic potential field, 

1 J. C. Slater, Revs. Modern Phys. 25, 199 (1953), also various 
other recent publications by Slater. 

2G. F. Newell and E. W. Montroll, Revs. Modern Phys. 25, 159 
1953). 


but the difficulty is only quantitatively a little greater 
than in the case of electrons. The use of this method 
leads to bands of energy levels to be occupied by 
individual nuclei, and the application of the Pauli 
principle follows the usual lines. However, because of 
the differences in charge and mass between nuclei and 
electrons, the dangers inherent in the energy-band 
treatment of electrons are even greater for nuclei, and 
the results obtained without consideration of configura- 
tion interaction can be very misleading. 


APPLICATION TO HELIUM-3 


The application of the above point of view to hydro 
gen is not the simplest because hydrogen is generally 
regarded as a molecular solid. The application to solid 
He would be most appropriate but the data available on 
the solid are limited. Nevertheless, as emphasized by 
Frenkel and Landau,’ the liquid is certainly much more 
similar to the solid than to the gas; and instead of the 
isual attempt to treat the liquid as an imperfect gas, let 
us treat it as essentially like a solid and give principal 
attention to the nuclei. 

The magnetic susceptibility’ of He* and the specific 
heats® of both He® and He‘ have been measured to very 
low temperatures. In the limiting case of completely 
independent nuclei, (the zero-order approximation in the 
Heitler-London method), the paramagnetic suscepti- 
bility would be inversely proportional to the tempera- 
ture down to very low temperatures, 10~7°K, at which 
between the would 
come into play.® The specific heat would be given by the 
Einstein expression, 


C=3R(hy 


the magnetic interaction nuclei 


kT )tehrol kT /(ghvol/kT _ 4)? 


where the characteristic frequency vo is determined by 
the compressibility and the density to be 3.3% 10" sec™ 
for He’. The low-temperature specific heat given by this 
expression is far below that observed. 

The other limiting case, in which the nuclei are 
treated as free independent particles, gives a value for 

*See F. London, Superfluids (John Wiley & Sons, Inc., New 
York, 1954), pp. 88-110, for references and a general discussion 

‘ Fairbank, Ard, and Walters, Phys. Rev. 95, 566 (1954). 

* Reference 3, p. 110; T. R. Roberts and S. G. Sydoriak, Phys 
Rev. 98, 1672 (1955). 

* I. Pomeranchuk, J. Exptl. Theoret. Physics (U.S.S.R.) 20, 919 
(1950). 
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Fic. 1. Calculated and observed values of the ratio of the 

paramagnetic susceptibility x to the classical value xem eH /kT. 

1) Observed values. (4) Values for a Fermi-Dirac gas of free 

particles with the mass of He’ atoms 3) Calculated for inde 

pendent particles with the energy level distribution given by I }8 
=0.2°K 


1) and (la). (2 ation (15) with 7 





h the observations, but 


classical! si 


the entropy in fair agreement wit 
] ‘ 


predicts a departure from the isceptibility at 


temperatures far higher than those observed. Clearly, 


something between these two extremes is necessary. 


Let us then consider the nuclei as moving in a periodi 
la corresponding to 


potential field composed of minin 


classical oscillators of the above frequen y and sepa- 


} A. the 


, the maximum depth 


rated by about distance between the nuclear 


rest positions. For He’ corresponds 
to 54 10-"* erg below the intersection of two adj icent 


paraboloids. The lowest quantum-mechanical state of an 
33 10~"* erg above this 


} 


isolated oscillator would be 
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cata 


nen 
} 


top of the barrier between 


first-excited state would 


height correspondi 


the atoms. Wit! 


band ol low 


minimum. The 


, 
ng to the 


this picture there should be only one 


arrow lying nuclear levels, and the next 
levels should approximate the continuum of levels for 


free particles. 
An estimate of the width of this low bar 


made by using the harmonic oscillator functions and 


computing the effect of the adjacent potential minima. 
12 nearest 


5x10 


structure with 
width 


Assuming a close-packed 
neighbors suggests a band of roughly 
temperature of 


erg, which corresponds to a some 


K. Such a width clearly shows that the lei are 





and that departures from the classical] 


at tem} 


not independent, 
should 


eratures mu h 





susceptibility appear 


nteraction 





above that suggested by the magne 
As a basis for a rough calculation let us assume a band 


of energy levels whose density is given by 
ge(E)=(NEo/r) sin(rE/Eo), 0<E<Ep, 1) 

is taken equal to 0.2k and N is the number of 

e ¢ rystal 


g(E V/2e? 


where E 
nuclei in t! Then for E above the value Zo let 
(2M /h* E,)' la 


This assumption conforms roughly to the model 
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scribed above, although there could be a much larger 
gap between the two bands. 

With this distribution of states, and treating the 
nuclei as independent particles, it is possible to compute 
the magnetic susceptibility and the specific heat or the 
entropy. The results are shown in Figs. 1 and 2. 

The ratio of the susceptibility to the classical value 
shows some of the observed characteristics. It rises 
rapidly from zero and then more slowly as the tempera- 
ture is increased above 0.2°K. The entropy also shows, 
in an extreme form, some of the observed characteristics 
in that it rises rapidly at low temperatures and at higher 
temperatures behaves more or less like that of a normal 
gas. 

However, these two computations also indicate clearly 
the principal difficulty with the energy band theory, 
which has been so often emphasized by Slater.’ All 
possible ways of filling the low-lying band of energy 
levels give rise to many states which correspond to two 
or more nuclei on each of a number of atoms. These 
, of course, be considered, but their energies 
are much higher than the values given by the simple 
band energies of the individual particles. All combina- 
tions of N particles in the 2.V low states lead to 
(2.V)!/(N 1)? states of the whole system, instead of only 
the 2" states when all ionic states are excluded. It is the 
int apelp of so many ionic states with paired spins that 


states must 


leads to the paramagnetic susceptibility being too small. 
If only the states in the low-lying band are considered, 
the ratio of the susceptibility to the classical value ap- 
proaches } i ote ad of 1 at high tempe ratures. But when 
ls of the upper continuum are included in addi- 
tion, the ratio finally approaches 1 at temperatures 
above the degeneracy temperature of the free nuclei. 
The entropy Far too many 
states are included at low temperatures, so the calcu- 
lated value rises rapidly from zero to almost twice the 


the leve 


shows the same effect. 


When only the isolated lower band is 
2Nk log2 instead of 


observed value. 
considered, the entropy approaches 
Vk log2, 


at low temperatures. 
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Fic. 2. Calculated values of the entropy of He* based on a model 
of independent particles with the energy level distribution of 
Eqs. (1) and (1a). 
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At very low temperatures one should not include the 
states representing more than one nucleus in an atom. 
The electrostatic interaction energy of such states is 
greater than the gap between the low-lying band and the 
continuum. Excitation to such a state requires as much 
or more energy than the excitation of nuclei to the upper 
continuum. Hence, we may estimate the magnetic be- 
havior at low temperatures by considering only the 2% 
states, consistent with the Pauli principle, obtained by 
putting only one nucleus in each Bloch state. 

Let mn; and n_ be the number of nuclei /with;posi- 
tive and negative spins respectively. Then m,+-n_ 
=N, and n,—n_=m. For each value of the mag- 
netic quantum number m there are N!/n,!n_!=N!/ 
[4(N+m)]![4(V—m)]! states. When only the band 
energies of the individual! particles are considered, all 2% 
have the same energy; but when the interactions be- 
tween the nuclei are considered, the energies are spread 
out into a band. For a first estimate of the distribution 
of energies we may find the sum, or the mean, of the 
energies corresponding to each m. 

Consider the particle states i and 7. The number of 
states of the whole system in which 7 and j are occupied 
by + or — spins is given in the following table: 


Number of states 


i j 

+ as (N—2)!/[4(N+m—4)]!4(V—m)]! 

+ (N—2)!/[4(N+m—2)]![4(N—m—2)]! 
- + V —2)!/[4(N+m-—2)]!4(N—m—2)]! 
— -- (N—2)!/[4(N+m)]'04(N—m—4)}! 


The direct interaction integral 


J 57 fanfar u,(1)| 2H (1,2) | #;(2) | 2, (2) 


will occur in all of these cases, or N!/[4(N+m)]! 
<[4(N—m)]! times. The exchange integral, 


Ki; far f aru 1 )ae;*(2)H(1,2)ui(2)uj(1), (3) 


will occur only in those cases in which both i and 7 have 
the same spin. The sum of these terms gives the sum of 
the energies of all of the states considered with the 
quantum number m: 


Vy! 
L/ Is Vi rt 2, Vj 
(4(N+m) ]4(N- m))!| i i<j 
V(N—2)+m? 
= tits (4) 


and the mean energy is 


: _— N(N=2)+m* 
B.=D E+ Ju-—————L Kw, (5) 
2N(N=1) é<i 


where the E; are the band energies. 
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Equation (5) shows that the mean energy depends on 
m*, but to see more clearly the significance of the 
integrals it is desirable to transform to Wannier func- 
tions.’ Although these functions are not simple solutions 
of the Schrédinger equation in one potential minimum, 
they are nevertheless concentrated about a single mini- 
mum and fall off rapidly with the distance from it. 

1 


Jux= “yy e* Ry-Ra eth’ (Rs Ry 


y? Ri RR Ry 
 for(n—Rodalr R12) 
Xa*(re—R3)a(re— Ra dridra. (6) 


The sum over k’ gives zero unless R;= Ry, and in that 
case it gives V. Hence, 


> Jan > a*(r;—R,)a(r;— Rj) 
kh Ri, Rs 
X H(1,2)a* (re ~R;)a(ro— R3)dridre 
VCotN ¥ Cor. (7) 
where 
Co; f a(r,;— Ro) | 2H1(1,2)| a(re—R,) | *dridre. 
Similarly 
> Kev =NCotN & Eni, (8) 
kk’ lo 
where 


Eo fern Rodatr ~R,)H(1,2) 
Ka*(re— Ri )al(re— Ro) dr dro. 


These sums in Eqs. (7) and (8) differ from those in Eqs. 
(4) and (5) in that they include the terms with k=k’. 
Since 


> Jes > s Key C'oo + ¥ Cort d Eos, (9) 
k k i-® l= 
V-1  -N—1_ ‘ 
> Jj 7 Coot y ¥ Coi- } e Fou, (10) 
i<j 2 2 ls i 
and 
N-1  N-1_ 
eee Cart S Fuob F Cox: OD 
2 2 i io 


The mean energy of the states with a given value of m is 


V 2N—3 e 
E(m)=>5 E;+ Coot Y Cu->d Eo 
4 V~1 im i~ 
oll ie 1 S 
—_ — Coot > Eoi- : 2 Cou 
4n | i N-1t« 
= Eo—m'*A. (12) 


~ 1 Gregory H. Wannier, Phys. Rev. 52, 191 (1937). 
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The dominant term in A would appear to be Coo, which APPLICATION TO HELIUM-4 
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Fic. 3. Calculated values of the specific heat of He‘ treated as 
) > . ‘ a gas of independent particles with the energy level distribution of 
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\ +. Eqs. (16) and (16a 
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motion of the superfluid then is represented by adiabatic 
changes in this ground state under the influence of 
changing boundary conditions. 

The significant difference between He’ and He* stands 
out at this point. In He‘ there is a single ground state, 
while in He’ there are 2” states very close together just 
above the lowest one. Hence superfluidity is not to be 
expected in He’, except possibly at extremely low 
temperatures and extremely low velocities. 

In He‘, excitation above the ground state can take 
two forms. There is first the excitation associated with a 
redistribution of the nuclei among the individual par- 
ticle states of the low-lying band. Such excitation will 
involve significant amounts of energy, since it will lead 
to the equivalent of ionic states. The other form involves 
excitation of one or more nuclei to the band of excited 
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particle levels. The energy involved in such an excitation 
may well correspond to as much as the 8°K assumed by 
London in his model of He‘. 

This point of view as to the nature of He‘ appears to 
embody some of the aspects of the treatments of both 
Landau and London-Tisza.* The liquid is treated as a 
whole and attention is given to the states of excitation 
of the whole system. On the other hand, the treatment 
is based on individual particle states separated by an 
energy gap. The symmetry properties of the wave 
functions must be taken into account, and the difference 
between He’ and Het‘ is correlated to the ways in which 
these individual-particle states can be occupied. 

Further calculations are now in progress to clarify the 
energy relations among these various kinds of excited 
states. 
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From theoretical considerations it is to be expectec 


1 that gravitational contraction of ionized material 


across a magnetic field will produce an enhancement of the magnetic field and a rotational angular momen 


tum of the mass. This process may be associated with the magnetic fields and 


] rotations of galaxies, stars, 


and planets, and may possibly play a role in expanding universe 


F it can be assumed that originally a general, weak 

magnetic field occupied space in which matter was 
originally diffusely distributed in an ionized state, the 
action of gravitational force would be such as first to 
draw the material together along the lines of magnetic 
force to produce the disklike or lenticular-shaped struc- 
tures resembling our galaxy (the axis of the disk being 
parallel to the magnetic field). The contraction of the 
material under gravitational forces across the magnetic 
lines of force is a process slower by v2/w/?, where », 
and w, are respectively the collison and gyrofrequencies 
for electrons. As this latter process occurs, one would 
expect that the total magnetic flux enclosed by the 
matter would remain the same. This conservation of 
flux is accomplished by an adiabatic compression of the 
enclosed magnetic field ; the field is enhanced by currents 
induced in the contracting ionized matter. 

This quiescent, collision-permitted process of gravi- 
tationa! contraction across the magnetic field occurs as 
long as the e-folding time constant, 7, for Kruskal- 
Schwarzschild' instability is long compared with the 
times involved. The value of + is given by (A/2xg)}, 
where \ is the wavelength of a perturbation (A must be 

'M. Kruskal and M. Schwarzschild, Proc. Roy. Soc. (London 
A223, 348-3060 (1954 


much greater than the gyro-radius of positive ions) and 
g is the gravitational acceleration. During the initial 
stages of the contractional process, g will presumably 
be so small and A so large that instabilities have no 
opportunity to develop. However, eventually the con- 
centration of matter and magnetic field will reduce the 
minimum value of \ and increase g to the point where 
instabilities will develop, and the matter may be ex- 
pected to jet inward at various locations, producing 
enhanced inward motion and fluctuations in ion density. 
(The fluctuations in ion density produced by this 
general type of instability have been observed in the 
laboratory.) These local regions of higher ion density 
can now become local centers for gravitational attrac- 
tion across the magnetic field. Local enhancement of 
magnetic fields may be expected to occur around these 
local centers, and further instabilities will eventually 
permit the matter to contract into stars and planets in 
the various localities. Each star and planet then pre- 
sumably has trapped within it its own dipole magnetic 
field which is the concentration of flux which was swept 
up over a large area. 

For such a dipole field the relaxation time r (L/R 

* W. H. Bostick and M. A. Levine, Phys. Rev. 97, 13 (1955) 

* W. H. Bostick and M. A. Levine, Phys. Rev. 87, 671 (1950). 
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> are carried primarily by the 6-drift velocity of the 





Positive ions electrons, 0.¢=— (w,/v.)?,, but the @ momentum is 
vir *i@ . . “. } . . } : 
4 carried primarily by the positive ions* whose 6 velocity 
WS is v= (w,/v,)v,. Ambipolar conditions prescribe that 
Direction of polarization ——/ © the steady-state radial velocities of electrons and 
current Oa 
sai ; se positive ions are equal, i.e., ?.-=?;-=,. In the approxi- 


\ mation that w./v>>w,/v;, we can write that 7,=gmy,y, 
s the effective inward gravitational 


Direction of polarization 


electric field mao’, where g 





i 
Gravitational acceleration at the point in question, and m, and m, 
aes 6“ refer to the masses of positive ion and electron, re- 
spectively. This general rotation may be expected to 
be imparted to the galaxy as a whole and individual 
Fic. 1. Dritt velocity rete ind polarization involved rotations will be imparted to the various stars and 


planets as they are formed. In general the rotations 
nd magnetic fields should line up. The torque for the 

















ala l enries and production of this momentum is produced by 
\ R . ate by e inward polarization current arried by the positive 
ya Ay?/10%ro 56 Lin « ke the 2 the celestia ons, crossed with the magnetic field (see Fig. 1). The 
eee magnetic field must be assumed t anchored in 
‘ y ‘ onducting matter elsewhere so i ar momentum 
7 » whole can be conserved 
‘ ‘ 4 e ear It is no t that the alg 1ent of magnetic nh ld 
‘ ' ae rotation outlined in Fig. 1 is consistent with that 
| | ear found the ind t ilignment and sign agree with 
" ‘ part t C r € ear 

H ‘ empera \ more detailed ar alysis yf the gravitational con- 

; rior of the traction across a magnetic field is being prepared. 
‘ nr the It should be kept in mind that this contractional 
\ ‘ ‘ } re ' te nossible process represents a conversion of gravitational po- 
‘ ‘ - tential energy to magnetic energy and to kinetic energy 
‘ ( ye wink of rotation of the mass In the later phases of contraction 
P ” , a nto stars where instabilities and recombination may be 
P . —o ; expected to play a large role, the gravitational energy, 
, , a the | eat. This conversion 
the contr energy in the for- 
; 4 g magnetic fields at 
, C stement ; These varying mag- 
i f ct on any conducting 
hy ‘ 7 etain } d should therefore 
ae ores cies away from each 
. is essentially the 
7 he model is that of a 
“ai sadiaal cl changing currents 
ove away from each 
: , 7 receding with the 
' ; ‘ ussessed numerically 
: ? on an intergalactic scale to ascertain whether it is 
, ;, strong enough to produce the observed expansion of 
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Coulomb Scattering of Electrons at Very Small Angles* 


MICHAEL J. Moravcstk 
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Electrostatic scattering of highly relativisti 
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facilitated by a theorem wh 


> total cross sectior 


wave function 
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central 
and “inelastic” 
all ar +} 


It is found that at very sn 
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electrons at very small 


the screening etiect 


the relativisti 
electronic) « 


wies the inelastic differential cross secti 


Ithaca, New York 


1OSS 


angles is discussed. The Hartree 
The calculations are 
} 


smallest angles 
1 for elastic scattering by any physical 
! cependent of energy 

yntributions to the scattering are investigated 
j 


m exceeds by many times the elastic 


differential cross section. Numerical calculations were carried out for scattering by nitrogen atoms, where 


the total cross section of the scattering by atomic electrons is 3.6 times t 


} 


nuciear scattering 


i ge due to Coulomb forces has been 
widely discussed in textbooks and papers.’ How- 
ever, relatively little attention has been paid to the 


where t s of the 


lis paper 


scattering at very small angles, he det 


various cutoffs assume great importance. 
presents a discussion of the scattering of highly rela- 
tivistic electrons at very small angles. 


} 


The necessity for such a study arose in connection 


with some calculations of the scattering by the residual 
Cornell University’s high-energy 
strong-focusing electron synchrotron. Details of the 

of results obtained in 


iblished elsewhere? Another field of 


gas in the ““Mesotron,” 
application to the Mesotron”’ 
this paper will be p 
ingle Coulomb scattering is elec- 
tron the energy of the 
electrons is below 1 Mev and hence the rest-mass con- 


application of small- 
microscopy, although there 


tribution to the total energy cannot be neglected. 


1. GENERAL REMARKS 


The simplest treatment of screened Coulomb scat 


tering, when cal » total cross section, uses a 
small angle cutoff, Thomas-Fermi cutoff 
given by 

A p Zi Zt 


i 


a h*/méZ* 2 = 


Cre 
radians, 


(1,1) 
where m is the rest mass of the electron. This cut-off 
angle can be expected to give the order of magnitude 
of the angle at and below which we will have to be 
the 
ave to adopt 


seriously concerned w screening 

In taking into a 
some model of the atom, such as the Thomas-Fermi 
statistical picture, or the Hartree model. At very small 
lel provi 


mode 


: , 
ount screening we | 


angles the Thomas-Fermi les a poor ap 


proximation, since very small scattering angles corre- 
* Assisted by the joint program of the OTice of Naval Research 
and the U. S. Atomic Energy Comn 
‘E.g., J. M. Greenberg and T. H 
293 (1951 
*M. J. Moravesik and J. M. Sellen, Jr., Rev. Sci. Instr. (to be 
published) 


‘E. g., F 


ission 


Berlir Sci. Instr. 22, 


Re 
tev 


Lenz, Z. Naturforsch. 9a, 185 (1954 


he total cross section due to screened 


spond to large impact parameters and the asymptotic 
behavior of the Thomas-Fermi charge density is r~* 
instead of the actual exponential decrease. Thus, we 
should use the Hartree model for at least the very 
smallest angles. At somewhat larger angles the two 
models will closely coincide. For a numerical illustration 
of the difference between the two models at moderate 
energies, see reference 3 

Another important point to consider is the relativistic 
correction to the cross section. In general, if we use the 


should be good for high 
the differentia! 


Born approximation (which 
small angles, and light nud le} x 
} particles will be‘ 


energies, 


cross section for spin 


T(3) 


and q is essentially the momentum change of the scat- 
tered particle 
q= (p—p’)/h. (1.4) 


(1-9, 


arises from the increase of the apparent 


mass of the incident particle, while the 1—? sin?(#/2) 
is due to spin factors. We will henceforth omit this 


} 


latter spin factor, since at 1 Mev or above the con- 


ibution to scattering for any kind of screened Coulomb 
) 


negligible at those angles where 1—* sin’(d 


is appreciably different from 1. 
It is to be noted that f/(#) is a function of the mo 
For pure Rutherford scattering we 


change. 


mentum 
have 


2mZe —mZe mo'Ze* 
= (1.5) 
2p’ sin?(d/2) 2E* sin*(8/2) 


ighly relativistic limit, where 


mc)? = (1— 8" (1.6) 
*N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1949), second edition, pp. 120, 188-190, 


240, 
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re Rutherford formula expressed in terms of 
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about by a ver ’ - , . 1 for elastic 
scattering | entral potent n the Born 
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ir fi ele 
1 
f 1.8 
1 , 
4 ere 
yA ft v2 (1.9 


A. 1.10 


p ] ” ” 
where A the Ce ) elength of the scattered 
particle. | é é 
de} f(q)|%d 1.11) 
. 
VV CIM é t ‘ eryvy 
| S re ro" es _ i; insight as we is uid i 
cal if VW e tre ta ross Sé ) remains 
ons t r ( r e energy, more and more ol 
ne itter c f very small angles. This 
ty e tne to S se on tro i give to 
x Crm ‘ energ \ e the v» cor 
re ~ Ed ecrease as we rease the 
enery i ver Ir f the scattering at 
ver In a 1.11) also shows that 
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increase with energy at least until the energy is so high 
that most of the scattering takes place inside that 
angle. In particular, the differential cross section at zero 
angle will increase monotonically with energy. In fact, 
at zero angle, 
m 
f(s)= V(r)dr 


2rh* 


is independent 
factor in J(8 
pendence in turn agrees with the result discussed above, 


of the energy and thus the (1—§?) 
; } 


gives us an E* dependence. This de- 


a given fraction of the 





te 


that the angle within v h 
scattering takes place varies as E 

So far we have discussed some general features of 
scattering from a screened Coulomb field. We will now 
turn to the more specific discussion of the scattering of 
electrons by atoms. 


2. ELASTIC SCATTERING 


Electrons are scattered by both the atomic nuclei and 


e atomic electrons These two contributions are 
called elastic a1 1 inelasti respe tively. We will accept 
> le} 


is nomenclature, although it is worth pointing out 


scattering by 


yr the 


the electrons ‘‘inelastic 





scattering”’ is slightly misleading. As we will see, the 
nelastic nature of the scattering by electrons is im- 
portant only at very small angles. At larger angles the 
scattering by electrons can be treated as a simple elastic 
into account the 
even if, as far as 


Coulomb scattering (which takes 
screening of other charges present 
the whole atom is concerned, the scattering process, 
strictly speaking, 


is still inelastic. 
The elastic scattering deviates at small angles from 
g & 


herford formula on 





the Rut ly because of the shielding 
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nelastic” 
nitrogen 


Fic. 1. Differential cross section for “elastic” and “ 


ulomb scattering of highly relativistic electrons by 


atoms. a is defined by (2.1 











COULOMB SCATTERING 


effect of the atomic electrons. In accord with the 
remark in Sec. 1, the Hartree model should be used to 
calculate this deviation, at least at the smallest angles. 
Such calculations of | f(qg)|* as a function of g are 
tabulated for various atoms in reference 4. It should 
be remarked that the relationship between g and 
V+ sin(8/2) as given there is valid only for nonrela- 
tivistic electrons. 
It is convenient to use instead of g the parameter 


10-8 — sin(#/2) 
a=—9= 
4r r 


X 10-8 =40.3(Emevt+4)8raa, (2.1) 


where the last equality holds for the relativistic case. 
The table in reference 4 just referred to gives | f(a) |? 
for 0.1 <a@<1.1. For larger values of a the function 

f(a)|* is tabulated in the same reference using the 
Thomas-Fermi model. 

Because of the application of these results to scat 
tering in air, the actual numerical calculations were 
carried out for nitrogen. There, around a= 1.1, the two 
al results and thus it is justified to 


models give identi 
use the Thomas-Fermi model at larger values of a 
Beyond a= 5 the Rutherford cross section can be used 
The justification is again the agreement of the Ruther- 
ford cross section and the Thomas-Fermi result for 
a2 5. 


0.1 the function | f(a)}? is 


can however calculate it from the 


For values less than a 
not tabulated. We 
Hartree model without much trouble. For this purpose 


we expand f(g 


f(g) = fro “tdr 
ee 

esate — 
r 


in a power series in g: 


p r’) 
+e f dr’ \dr 
r—r’ 


4r 
ZE+E2 | pret dr’ 2.2) 
But 
foie ‘dr =4r fp r)rdr—- tx fol r'dr 
6 

q q q 
+ info r)r°dr— Z—B—+C —-++, (2.3) 

120 6 120 
because the odd powers of g drop out in the angular 


and C can be evaluated using the 


* One gets for nitrogen 


integration. B 
Hartree wave function 


B=15.6ae, C=122a¢' (2.4) 


We can then 0, where only the 


¢g term will contribute. Furthermore, we can estimate 


evaluate f(g) at g 


* Brown, Bartlett, and Dunn, Phys. Rev. 44, 296 (1933) 
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Fic. 2. o(ao), the total cross section from a=a, to a= @ for 


“elastic” and “inelastic” Coulomb scattering of highly relativistic 
electrons by nitrogen atoms. a is defined by (2.1). 


the ratio of the g and ¢ terms at a=0.1. For nitrogen 
this ratio is 0.18, which means that to quite a good 
approximation we can consider the differential cross 
section constant for a < 0.1. Thus the differential cross 
section has been determined for all angles. 

For nitrogen, the total cross section turns out to be 
3.43X10-" cm*. In comparison, the pure Rutherford 
formula with the Thomas-Fermi cut-off angle gives 
2.51 10~* cm’. 

The differential cross section, J (a), 
nitrogen is shown in Fig. 1. o(a»), the total cross section 
is shown in Fig. 2. 


calculated for 
for scattering from ap toa= @, 


3. INELASTIC SCATTERING 


If the Rutherford formula held precisely (as it does 
for larger angles), then the inelastic contribution would 
be only 1/Z times the nuclear scattering. This is so 
because the cross section due to the nucleus is Z? times 
as large as the cross section due to one of the Z electrons. 
Therefore we can include electronic effects into the 
Rutherford formula by writing Z7(Z+-1) instead of Z?. 

The deviation of the electronic contribution from the 
Rutherford formula at small angles is determined not 
only by screening effects but also by the inelastic nature 
of the collision. While in the case of the nuclear con 
momentum transfer was 


tribution amount of 


permissible, for the scattering by atomic electrons the 


any 
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For values of a Jess than those given in the table we 
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Calculation of five types of mean values for the spatial (three-dimensiona]) multiple-scattering theory of 
Moliére and Snyder-Scott is reported: arithmetic mean, half-width, 1/e width, median, and a “Gaussian” 
width fitted to the zero-angle scattering intensity. The results are expressed in terms of simple interpolation 


formulas accurate to one percent 


N a previous paper,’ six mean-value expressions for 
the Snyder-Scott-Moliére projected multiple-scat- 
tering distribution were calculated and shown to obey a 
convenient linear relationship with the logarithm of the 
mean number of scatterings. In the present note, similar 
work is reported for the three-dimensional! case based on 
Moliére’s development.” 
Moliére gives the following expansion for the distribu- 
tion function of the true spatial angle 0: 


f{(Q)Od0 = [2 exp(—#)+ f (0)/B+ f@ (0)/ B* eds. (1) 


The dimensionless angle @ is 
§6= 0/x,(BQ)}, (2) 


where B is an expansion parameter chosen by Moliére to 
make the above expansion possible. B is related to the 
mean number of scatterings, 2, as 


1.167e7/B=Q. (3) 
The angular unit x,, as in the two-dimensional case, is 
X= 0.257Z'(1+4-3.33y*)'/ pe degrees, (4) 


and the mean number of scatterings, 2, is given by the 
relation 
x= [5150Z'%Z*),,/A Pes? }! degrees, (5) 


where Z’ and Z are, respectively, the atomic numbers of 
the scattered particle and the scattering nucleus, fc is 
the velocity of the scattered particle, y=ZZ'/1378, pc 
is the momentum of the scattered particle measured in 
Mev, @ is the track length measured in grams/cm? of 
scatterer, and A is the atomic weight of the scatterer. 
Moliére tabulates the functions f(@) and f@(@) to 
make evaluation of Eq. (1) possible.2* Values for the 
two-dimensional scattering distribution so calculated 
from Moliére’s tables compared very favorably with the 
Snyder-Scott tables for a range of 2 from 100 to 84 000, 


* Research performed at Brookhaven National Laboratory 
under the auspices of the U. S. Atomic Energy Commission 

t Present address: Radiation Laboratory, University of Cali 
fornia, Livermore, California 

'W. T. Scott, Phys. Rev. 85, 245 (1951) 

2G. Moliére, Z. Naturforsch. 3a, 78 (1948 

* More accurate and extensive tables of these quantities are 
given by H. A. Bethe, Phys. Rev. 89, 1256 (1953). Their use would 
not change in any significant way the results in the present paper, 
which were computed from Moliére’s tables 


as reported in reference 1. Values of the three-dimen- 
sional distribution from Moliére’s expansion and from 
an extension of the Snyder-Scott approach have also 
been computed, and compare favorably. For the latter, 
the following expansion for the distribution function, in 
log2, was made about 2=Q)= 3000 (the logarithm of 
which is centrally located in the range of 2’s considered) : 


f(8,2) = 2x B(Qo/2){ Po(O (BQ), Q 
In (2/Qo) P: (0( BQo)4, Qo) 


+[In(Q/Qo) PP2(0(BQ.)',Q)}, (6) 


where the coefficients P,,, which are functions of 6(BQ,)! 
and 2, are computed from intermediate values which 
arose in preparing the distribution tables for projected 
scattering 

The agreement between the two calculations of spatial 
scattering distribution at @6=0 is better than 0.4% 
at 2=100, the dis- 


except for extreme values of Q; 
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Fic. 1. Graphs of the interpolation formulas (7-11). Each S 


represents the product of B with the square of the appropriate 
mean angle (see text). The points represent direct calculations to 
which the lines are fitted. (Two sets for Smeg arise from calcula- 
tions based on both one-half and 1/¢ widths.) 
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crepancy is two percent ; at Q= 102 400 the discrepancy 
Graphical comparison shows that the two 
curves are identical within the accuracy of Moliére’s 
tabulated values. 


is 0.6%. 


The mean values calculated are the following: arith- 
metic mean, 6.=(8)«; half-width angle, 6,, given by 
J(6,)= {(0)/2; 1/e width angle, 6,,, given by f(61/.) 
= {(0)/e; median angle, @ne4; and 6, the 1/e width of a 
f(0), namely, 
}'. 6 and 6,,, were derived by interpolating 
Unnormalized Gaussians fitted to 


normalised Gaussian fitted to the value 
4 [2 be 0 
log / 4 
{0 tat 
ued, ZiVing two results that agreed to one percent. The 
4S Oued 

the product 


gainst &. 
respectively, 6, and 6,,,, were used to calculate 
mean of the two is given here 

For each 
nated by S of 


of these mean values, (desig- 


its square with the value of B varies 


SNYDER, 


AND SCOTT 


almost linearly with log®, so that a straight line fitted at 
seven points by a ns ca relative-error calculation 
is adequate for interpolation for experimental com- 
parisons. 

We find for the S’s: 


m= BOn2=2.601+2.002 logy, (7) 


Sy= BOe= —0.1464+-1.799 logy (8) 
o= By 2= —0.170+2.601 logy2, (9) 
(10) 


(11) 


S mea = BO mea? = 0.6754 1.801 log: 2, 
= B6?=2B/ f(0)=0.529+ 2.614 log. 


Figure 1 shows these lines and the points to which they 
are fitted. The fit is everywhere within one percent. 


NUMBER 4 


Relaxation Times in Magnetic Resonance* 


Davi Prxest 


Department 


I’ HE subjects of line-widths and spin-lattice relaxa- 
n times in magnetic resonance have received 


Various 
by Bloembergen, Purcell, 
auser,* Kubo 


» of the most fundamental 


derable attention in the past few years 
ave been treated 
and Pound,' Van Vieck,? Anderson, 


and Tomita,® and others. One 


aspec ts [ 


’ Overh: 


aspects of this problem is that of motional narrowing, 


1.e., the effe the bodily motion of the absorbing 
The con ept ol motional! nar- 
first Bloembergen, Purcell, 


BPP) to exp lain the 
lines in liquids. It 
with the pher 


center > width. 


rowing itroduced by 
and Pound 


nuclear reson: 


was 
narrowness of tl 
i} 


has Su psequen n 


ie 
ince 
1iomena 


lice 


solids, and the conduction 


been applied in connection 


rnal nuclear motion in 


pin resonance in metals and semiconductors 
} 


considering the physical picture of motional 


narrowing we have been led to a simple 


* This research supported in part by the Office of Naval Re 
search 
t Present address: Department of 
versity, Princeton, New Jersey 
' Bloembergen, Purcell, and Pound, Phys. Rev 
* J. H. Van Vieck, Phys. Rev. 74, 1168 (1948 
*P. W. Anderson, J. Phys. Soc. Japan 9, 316 
“A. W. Overhauser, Phys. Rev. 89, 689 (1953 
*R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954 


Physics, Princeton Uni 


73, 679 (1948 


1954) 


AND Cuanane P. Sui 


derivation of 


HTER 
f Illinois, Urbana 


1955 


which 
conduction 
1 in narrowing resonance 


analyzed by 


n processes 


he narrowed line width, which includes as a special 
case the usual Our derivation is 
based on the picture of spin dephasing as a random walk 


e find 


static expression. 
proc ess: W 


1/T2= (bw)*r., (1) 


and rf, the correla- 
con- 


where fiéw is the interaction energy, 
tion time for the dephasing mechanism under 
For short correlation times! this expression 
spin-lattice relaxation time. In this 
, apply it to several examples in 

in some detail the spin- 
lattice relaxation time for conduction electrons in the 
alkali metals * Although our derivation is not rigorous 
h we do not obtain results not accessible to 


sideration 
also yields the 
paper we derive Eq. (1 
nuclear resonance and discuss 


and althoug 
previous theories, the simplicity of our considerations 
enables one to gain physical insight and to obtain 
which display the main features of 


results quickly 


interest 


II. 
Line widths may be characterized in several ways; 
by a width in magnetic field or frequency, or, alterna- 
tively, by a time conventionally called T;,’ which is the 
* An elegant and more rigorous treatment of line widths along 
lines may be found in the paper by Anderson, reference 3. 
Phys. Rev. 70, 460 (1946). 


these 


’ F. Bloch, 
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inverse of the width in frequency. Classically the time 
T; represents the time for a group of spins initially 
precessing in phase to dephase as a result of their slightly 
different precession frequencies. There are a variety of 
definitions of 7; which appear in the literature, differing 
from one another by factors of order unity. Because of 
the approximate nature of our method, the precise 
definition of 7; need not concern us here. However, it 
will be seen that our approach leads us to a T; which is 
closely related to that appearing in the Bloch equations.’ 

Our model for line-broadening is based on the as- 
sumption that dephasing takes place by a random walk 
process.* In Appendix I we derive a differential equation 
for the (classical) distribution of spins in angle on the 
random walk model and show that the solution leads 
to the familiar Bloch equations. Here we wish to give a 
simple derivation of our basic expression. 

Let us consider a given spin in interaction with its 
environment. This interaction will produce a change, 
dw, in the spin precessional frequency. This change may 
be positive or negative; we assume that it maintains its 
sign for a time which we call 7,. 7, is thus the correla- 
for the 
During this time an extra phase angle, 6¢=-+édwr,, is 
accumulated by tl 
placement due to the uniform precession. After m such 
intervals in a time, ¢, the mean square angular deviation 
due to this process will be 


tion time interaction under consideration. 


e spin in addition to its angular dis- 


nid’. 


Ad*) w= 


; 


Since n=1/r., we have 


Ad*) m= tr. (dw )*. (3) 


n this time ¢, a group of spins initially in phase will 
thus have accumulated phase differences characterized 
by (Ad*)«; the for which (A¢*)w~1 may then 
be defined as 7,. Thus we obtain our basic expression 


time / 


for line width, 


bw )* re. (4) 


Equation (4 simple form the results of the 
noise theory of BPP. Our model for the dephasing is a 
random walk in which the “step length” is constant, 
corresponding to a fixed interaction of strength dw 


acting for a fixed 


expresses 1n 


time, +r 


In practice there will be a 


distribution in step lengths, corresponding to a more 


or less continuous strength and duration of interaction 
of the spin with its environoment. Equation (4) will 
still apply, but appropriate averages must be introduced 
for dw and 7,. The quantities (6w)* and r+. may be 
averaged independently unless the choice of r. depends 
on éw, in which case we must average the entire ex- 
* Forms of line broadening that result from inhomogeneous 
magnetic fields and similar causes are not contained in our theory, 
since although they introduce a distribution of precession fre- 
quencies, they do not introduce any random dephasing of spins of 
a particular precession frequency. That is to say, the spins main 
tain phase memory even though they get out of step with one 
another. The existence of phase memory of this type is clearly 
demonstrated by the spin-echo experiments of Hahn. 
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pression (4). A number of examples involving such 
joint averaging will be discussed. 

Equation (4) has been derived on the basis of classical 
considerations. However, it applies in quantum-theo- 
retical problems provided we understand by dw the 
interaction energy, AE, divided by #.’ 

There are several general applications of Eq. (4) in 
resonance problems. One concerns the situation in which 
the dephasing interaction is present for only a certain 
fraction, a, of the time intervals r,. Such a case arises, 
for example, in line widths due to added impurities in 
liquids. We then find 

1/T:= (dw)*ar.. (5) 
Another case of interest is that of very long correlation 
times, in which case Eq. (4) yields the familiar ex- 
pression for the rigid lattice line width. For if the 
interaction maintains its sign and effectiveness for the 
entire time 7», then r, is by definition T,, and we have 


(6) 


1/T:= dw. 


This suggests an alternative physical picture for the 
basic expression, (4), in which the presence of a correla- 
time (i.e., a time-dependent environment) in- 
certain the maximum 


tion 


troduces a ineffectiveness in 


dephasing interaction 6w. The measure of this ineffec- 


tiveness is just rdw 

When the correlation time is very short compared 
with the inverse of the Larmor frequency, wo, with 
which the spin precesses, then 7;= 7), the spin-lattice 
relaxation time, and we may use the basic expression, 
(4), to calculate 7,. The physical basis for putting 
T,=T, under these circumstances may be seen by 
transforming to a coordinate system rotating at the 
Larmor frequency. In such a coordinate system the 
static external field is zero. If the correlation time is 
short compared with the Larmor period, the effective 
interaction is unchanged by this transformation. The 
surroundings appear isotropic to the nucleus, and the 
rate of decay of magnetization will be the same in all 
directions. Hence the “transverse” time 7; equals the 
“longitudinal” time 7;. The equality of 7; and 7; under 
these circumstances was recognized by BPP and proven 
explicitly by Block and Wangsness." 


III. 


We now turn to several applications of the expression 
(4) in nuclear magnetic resonance. Our examples are 
chosen to elucidate the phenomenon of motional 
narrowing. 


A. Relative Narrowing for Two Nuclear Species 


We wish to compare the line widths of two different 
nuclear species, A and B, occurring in the same sample, 


* That d0~AE/h follows because the phase character of the 
precession is carried by the complex time factors in the wave 
function 


* RK. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1953). 
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under the assumption that species B occurs in rela- 
tively low abundance. We assume that the line width 
is due to magnetic dipolar interactions among the 
nuclei. Since species A is dominant we may think of it 
Fige, at A or B, and 
we would naively expect a line width H,,., which is the 
This result is indeed correct for 


as producing a loca! field, either 
same for both species 
In the 


however, we note that dw, 


case of motional narrowing, 

¥ A wx and bw g = BH Wwe, 
where y,4 and yg are the nuclear gyromagnetic ratios 
In of 7 width AH is given by AH 


tt widths ts 


the rigid lattice 


terms the line 


1/y7 


ages . 
ratio of the two li 


Y iT ‘ Ysl p 


so it the ne 


AH» AH 4 


YR YA 


to 
onger 


We see that contrary 
widths are no 
the step length 


they possess 


B. Diffusion Narrowed Lines 


1 diffusing nucleus wil! narrow 
Let us consider pure transla- 
alkali 
) dipolar 

by 


“nm UY 


e, in the 


attention t 


the 


bo~y"*_I (+1) }h/r’, 


the nuclear spin, r is the internuclear dis- 


nce, and we neglect angular factors. Since the correla- 


tion time is that time for which the interaction vanes 


appreciably, it is effectively the time for the nuclei to 


diffuse a distance relative to one another comparable 


to If D is the coefficient for self-diffusion, we have' 


ice that both the interaction 
; 


ation time depend upon r, so 


ontributions, (éw)*r., over all r 


+1)h =f trredr 
12D . r' 
is the number of nuclei per unit volume, and 


Thus 


Da, 9 


a 


ween nearest neighbors 
yITI+1) Nh 


in good agreement with the 


corresponding expression 
derived from the BPP theory.’ 


C. Nuclear Spin—-Conduction-Electron 


Hyperfine Interaction 
metal as initially 


hypertine inter- 


Let us think of the atoms of the 


widely separated, so that there is a 


“We are neglecting a slight difference due to the resonant 
coupling of identical nuclei. See for example Van Vieck, reference 2 
RE. Norberg and C. P. Slichter, Phys. Rev. 83, 1074 (1951 

D. F. Holcomb and R. E. N Phys. Rev. 98, 1074 (1955 


orberg 


Cc 


P. SLICHTER 


action of nucleus and electron appropriate to one elec- 
tron per atom. When the atoms are assembled to form 
the metal, the electrons no longer remain localized, but 
we may picture them as jumping from atom to atom, 
giving a motionally narrowed line. 

While on a given atom, the electron interacts with 
the nucleus with energy AE given by the expression 
appropriate for s-states: 


AE= (8x/3)y.7 2h? |W (0) |?1-SN, (10) 
where |y¥(0)|? is the square of the conduction electron 
wave function at the nucleus normalized per unit 
volume and NV the number of atoms per unit volume. 
There are two features of interest in this interaction. 
First because of the exclusion principle only the elec- 
trons lying within a region x7 of the Fermi surface are 
free to take part in this interaction. Thus we should 
apply our expression (5) for the calculation of To, 
where a is x7’ /Ep. Second, the correlation time is deter- 
mined by the jump rate of an electron from atom to 
atom. The jump rate may be found conveniently by 
considering a wave packet of Bloch waves constructed 
to localize an electron on one atom. Such a packet 
requires the entire range of electron momenta and will 
time h/E;. We 
<1 we will have 


spread significantly in a 


h/E 


therefore 
therefore chose r Since r+ 


T,=T>, giving 


Lon 


(11) 


of v0 : 


the Fermi surface. This expression agrees with results 


where |¥(0) r* represents the average at 
previously derived.” 


IV. 


We now turn to the conduction-electron spin reso- 
Because the correlation time 
for all processes of interest is very short with respect 


nance in the alkali metals 


tow 
calculation of the spin-lattice relaxation time for the 
electron the effect of a 
variety of relaxation mechanisms for this process. We 


' we may apply our basic expression to the direct 
Overhauser* has calculated 
consider a number of these from our point of view: 


the electron 
spin-longitudinal phonon interaction, the spin-orbit 


electron-nuclear hyperfine interaction, 


interaction with impurities, and the spin-spin and spin- 
current interaction between the electrons. 


A. Electron-Nuclear Hyperfine Interaction 


The interaction energy and correlation time for this 
will those deduced in 
III C, since the same interaction is involved. How- 


mechanism be identical with 
Sec 
ever because we now focus our attention on the electron, 
“8 W. Heitler and E (London) A155, 
637 (1936 
“N_ Bloembergen, Physica 15, 588 
‘J. Korringa, Physica 16, 601 (1950 


Teller, Prox Soc 


Roy 


1949 
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the factor x7/Er does not apply and we acquire a 
factor ](J+-1) since the nuclear moment is squared. We 
obtain 
L649? yy .7h* 
—=—— ———|¥(0) | e$N*7 (+1). (12) 
T, 9. Ep 


This relaxation time, which agrees with that calculated 
by Overhauser, is far too long to explain the experi- 
mentally observed times. 


B. Electron Spin-Longitudinal Phonon Interaction 


The spin-orbit interaction of the electron with the 
nuclear electric field is modulated by the nuclear mo- 
tion, giving rise to an effective electron spin-longitudinal 
phonon interaction. We may calculate this in two ways. 
We first use a plane-wave approach similar to that 
adopted by Overhauser, in which we neglect the modula- 
tion of the electron wave function by the periodic field 
of the lattice. The potential acting on an electron due 
to the ionic motion may be written as 


% m,eik-«x 
Digune’***, 


where % represents the field due to the ions, as com- 
pensated by the other electrons and q is the phonon 
amplitude. In the plane wave approximation this may 
be calculated rather accurately by making a Fermi- 
Thomas approximation‘"*; ™ turns out to be the 
Fourier component of a screened electron-ion inter- 
action and is given by 


4r Nei k? tkE p 
~— . ’ (13) 
ky/p k®+6nNe*/Ex Vp 


in the long-wavelength approximation. Here N is the 
number of electrons/cc and p is the metallic density. 
The interaction which is capable of flipping the electron 
spin is the spin-orbit interaction of the electron with the 
phonon electric field, and is 


AE~y AS - (EX p)/2me, (14) 


for an electron of momentum p interacting with a 
longitudinal phonon of wave vector k and electric 
field E,. E, is given by 


E,= —kngs/e, 


(15) 


and we may write 


AE~y Ap R°E pqy Semen, p) (16) 


since we are only considering electrons at the top of the 
Fermi distribution. For these electrons the correlation 
time is just the time for the electron to travel a phonon 
wavelength, 

tTe~X 


~2x/ kv 


Since the correlation time and interaction are related, 
we must sum over (éw)*7, jointly over the spectrum of 


See J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955), 
for a discussion of the validity of this approximation. 


IN 


MAGNETIC RESONANCE 1017 
phonon wavelengths, &. If we use an averaged value for 
the sound-wave amplitude, 


(Qu?) mw = KT / 2? = xT / 2k s*, (17) 


where s is the sound velocity, we obtain for our 
summation 
wD ON AKT Kenax! 
~ (18) 
T, 128  ps*m'ctko 


Kywax is the maximum phonon wave vector. This re- 
laxation time is 4/3 as long as that obtained by Over- 
hauser. As shown by him, it leads to a relaxation time 
considerably longer than that observed experimentally. 
Actually this represents something of an under- 
estimate of the effectiveness of this relaxation mecha- 
nism. For the electronic wave function is rather far 
from being a plane wave in the region close to the 
nucleus where the spin-orbit interaction is strongest. 
We may consider what is effectively the opposite limit 
by introducing the spin-orbit splitting constant £ to 
characterize the strength of the interaction. Thus the 
spin-orbit Hamiltonian in the absence of ionic motion 
is taken as 
—h 
(oX p): VV (R)~&e 1, (19) 


4m°c? 


and our assumption is equivalent to taking the metallic 
wave functions as atomic in the region near the nucleus. 
We may easily calculate the spin flip induced by the 
nuclear motion using perturbation theory and we obtain 
for the interaction energy associated with the &th 
phonon, 

AE~ kak. (20) 
This represents an overestimate of this term, since in 
the regions close to the nucleus the electrons probably 
respond more nearly adiabatically to the nuclear 
motion.'? The correlation time is again 2%/kr, and we 


find 
Pak wen tl E \?x7 
T; 4nh*kops? Ey h 


For lithium, this leads to a 7; which is roughly com- 
parable with that obtained in the plane-wave approxi- 
mation.'* On the other hand, for sodium we find 7; 
according to (21) is ~2 10~* sec at room temperature. 
This is very much shorter than the value calculated in 
the plane wave approximation and is of the right order 
of magnitude to explain the experimental results.” 
However because we have probably considerably over- 


(21) 


7 This fact has been noted independently at Y. Yafet (private 
communication) 

‘*Tt was this approximate agreement of these two different 
methods of estimating 7; which led Overhauser to conclude that 
the plane wave approximation would be adequate for the alkali 
metals 

“G. Feher and A. F. Kip, Phys. Rev. 98, 337 (1955); T. R 
Carver, thesis, University of Illinois, 1954 (unpublished); Hol- 
comb, Carver, and Slichter (to be published) 
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For the spin-spin interaction, with double spin-flips, 
we thus obtain 


1/T1)0= 8ry Ah? N ko? (xT)*/Er’. (27) 
This result has the same dependence on the metallic 
constants as Overhauser’s result; it corresponds to a 
time which is longer than this by about a factor of 
ten, due to our neglect of exchange effects. 

For the spin current interaction, we find 


(28) 


1 4dr \ 7 7e 0 (— 
= In 
T 17 se e 


where R,,.x and R,,j, are the maximum and minimum 
distances over which this interaction will be effective. 
Rin iS, as before, ko~'. Rmax Must, however, be taken 
with Because of electron-electron inter- 
action, the magneti 


some care. 
interactions in a dense electron 
case are screened out in a distance ~c/w,=c(m/4arne)!.™ 

This maximum parameter will apply unless energy 
minimum momentum transfer 
(and hence the maximum impact parameter) in such a 
way as to provide a cutoff which is smaller than c/w». 
According to Overhauser, the minimum momentum 
transfer is ~mBSH/po, and so the ratio of the two im- 
pact parameters is Rirex®™/Rmax®™~ pow ht /meBH~E p/ 
1508H for sodium. We see that for all prac tical mag- 
netic fields, the screening value of c/w, will come into 
play first. We have gone into this in such detail because 
Overhauser used energy conservation to obtain Rimax, 


conservation limits the 


and in so doing has overestimated the effectiveness of 
this mechanism somewhat. The correction is only in the 
logarithm, as we see, so that Overhauser’s relaxation 
time is probably in error by only a factor of ~3. As in 
the previous case, our expression for 7), 


29) 


has the correct dependence on metallic density and the 
like, but underestimates the effectiveness of this mecha- 
nism by a factor of order 10 


V. CONCLUSIONS 


The examples we have given show the general utility 
of our simplified approach in giving physical insight 
into complex problems, Often the answers agree quite 
well with the results of more precise theories. One must 
always bear in mind the limitations of the model, 
based as it is on the assumption that the dephasing 
processes of an individual spin are random. We have 
already pointed out that line broadening due to mag- 
netic field inhomogeneities does not involve random 
dephasing. One of the most striking examples of the 
limitations of the random walk theory is the line 


"=D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951) 
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breadths of electron spin resonance in meta! samples 
whose thickness is large compared to the skin depth. 
One is tempted to say that electrons diffusing in and 
out of the alternating field see a randomly modulated 
alternating signal with consequent line broadening. 
However, as the detailed theory of Dyson® shows, 
electrons may diffuse out of the alternating fields at a 
time fp, and then back in again at a time ¢,. The alternat- 
ing fields they see on re-entry at ¢; have well-defined 
phase relations with respect to those at the earlier time 
to. The result of this residual coherence is that the 
electron resonance has a narrow peak at the center 
comparable in width to the natural width (as observed 
in samples whose particles are smal] compared to the 
skin depth), but that there are also broad wings present. 
Much of the intensity of the line is moved into the 
wings, but the central portion remains narrow. A 
similar effect is used by Ramsey to obtain high resolu- 
tion in molecular beam experiments.* The subtle 
coherent effects in this example are easily overlooked, 
illustrating clearly the care that must be exercised in 
applying the concept of randomness. 
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APPENDIX I. RANDOM WALK ON A SPHERE 


We wish to treat the problem of spin relaxation 
classically for the case of very short correlation time 
using the random walk description. We will show that 
the assumption of short correlation time then leads to 
equality between the transverse relaxation time T, and 
the longitudinal time 7;, but that the transverse mag- 
netization decays to zero whereas the longitudinal 
decays to the value yu*?/3x7, the classical Langevin 
value, where y is the spin magnetic moment. The decay 
is exponential as with the Bloch equations, and the 
decay time is given essentially by our Eq. (1). 

We shall describe the distribution of spins in angle 
by a time-dependent function /(2,/), where /(Q)dQ is 
the probability that a spin lies in the solid angle dQ 
about the angle 6,¢@ and is normalized so that /{,/dQ 
=1. We introduce axes x, y, z, the last lying along the 


’ 


static magnetic field Ho. We wish to compute the aver- 
age spin magnetizations yu,, uy, and pu, as a function of 


time. These averages are 


Ps) ne fv.tao, et 


™F. J. Dyson, Phys. Rev. 98, 349 (1955 
™N. F. Ramsey, Phys. Rev. 76, 996 (1949) 
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with w,=y sin# cosd, wy=u sind sing, and u,=p cosé. 


We begin by determining the differential equation for 





f, and then obtain a suitable solution. The presence of 


the external field causes all the spins to precess at the 


same rate, so that it will rotate the entire distribution 


function at the Larmor frequency. This effect is easily 
removed from the problem by transforming to a refer- 


ence frame rotating at the Larmor frequency. We do, 


however, take account of the fact that changes in 9 


represent a change of magnetic energy of a spin in the 


magnetic field and require, therefore, a change in 


“lattice” which is the thermal reservoir. 


energy of the 


We find the differential equation for f by a slight 





for dielectric 


generalization of the model of Debye’ 
relaxation. Debye treats dielectric relaxation as a ran- 


dom walk problem; however, he is concerned with a 
problem in which there is no gyroscopic action, and his 


motion 1s the a Sphere in a viscous medium. 
We take account of the precession by our transforma- 
tion above, and iscous model 


dition of detailed balance on 


repiace nis V with a con- 


the ratio W(2,0’)/W(Q’ Q 


is the probability that in a specified 


but short enough that W(Q.2 1s 
. ¢ nad oO Teo 
if 2 and differ in 


Phe 


compared ww Te 
igible 


a few degrees 





orientation by more than 


requirement ot detailed balance is 


u2 W(Q',Q2)f(Q) or 


that at equilibrium W(Q2,’)/ 
W (2,0')/W (2 2) = exp[ (cosd— cos’) uHo/xT)]. That 
W (2,0’)W (0’.Q) results from the fact that the “lat- 
tice I t ga ir se energy yi xu Therefore 
tra tio 4 be we y ted by é i e”’ distribi 
tion in energy 
rhe equation for f expressing conservation of proba 
bility of spins may be written down by considering a 
parti ir angie {2 and 1s 
at 
) QYW QQ QW (Q',Q) jdQ 3] 
at . 
We then proceed, is does Debve to expa l 42 
terms of 0’ — 0, ¢’—¢, and likewise to expand W(Q,.2 
WQ'2 
Bex 1use of the shor orreiatio ¢ ve ass é it 
W(Q2 depends oniy on the angie betwee e 2 and 
(y’ directions except for in anisotropy y! raer ost 
cos? ull ‘x7 Through straightforward manipula 
tions involving relations from spherical trigonometry 
and follow y é es { Debve i lla g his 
™P. De I r M cM D r Pu 1 s, N y k 
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quantity A: (we have included his A; in A: by the 

detailed-balance condition) we arrive at the differential 

equation 

1 fs] af 1 oC f 

sinf—+ 
oo 


of 1 


ot rbsin@ 06 sin*é d¢” 
pH of 
x 2< 038 f+ sin8 
xT 06 


(32) 


where 1/r=a*/46t and a? is the mean angular jump in 
time 6t. 

We seek a solution of the form f= }>; mgim(t) ¥ im(0,¢), 
where the Y;, are spherical harmonics. The averages 
of gim(t), m=+1,0 
and uw, are essentially 
spherical harmonics of /=1. On substituting (33) into 


> 


32), we obtain: 


Hz, etc., will require only knowledge 


since the components wz, uw 


12 1m 2 1 uH 
+-—9y, 28 


di r«I 
0 
+sind—Y 
06 


* 2 cos#Y. 


=] 


other g 


normalization condi- 
ms Will be of order wH/xT since 
the distribution never corresponds to large percentage 


Furthermore g tr from the 


tions, and all 


magnetization in any direction. Therefore we may 
neglect all Rr, CXCEPL ZB and so find 
wu 1 

Pr 1 n€ . 6 35) 


«T 


127)! 
where A,, is a constant dependent on m which is ad 


usted to fit the magnetization at /=0. We then find that 


u A Ms 0 Ayé 
y(t) av = Cy (O) ) at 
36) 
wH wH 
Mh [ Ay T M 0) A é J 


KT 


\ 


are the same solution of the Bloch 
for 7\=7T2=1/2=26i/(a*)». We note that 
i to zero, but u, decays to the classical 
Langevin value. Calculation of the decay time may be 


done by estimati 


Our results as the 
equations 
wu, and yw, decay 


i the mean square angular displace- 
i . 

and using 1/7;= (a*)«/26t. This is, 

expressed in Eq. (1). 


' 
ment a in time é/ 


apart from a factor of 2, the result 
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Second Virial Coefficients of He*-He‘ Mixtures between 2 and 4°K* 
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P-V isotherms of a gaseous mixture containing 54.75 atomic percent He’, 45.25% He* have been measured 
at 2.146 and 3.944°K. The values of the second virial coefficients, Bix, obtained from these isotherms are, 
~ respectively, — 144.5 and — 70.0 cc/mole, as compared with — 144.9 and —72.8 cc/mole computed from the 
experimentally determined second virial coefficients of the pure components and the theoretical solution 
nonideality parameter. It is shown that the solutions are very nearly ideal and that in the temperature range 
2 to 4°K reliable values of Buix can be obtained for all compositions. 


papal we have reported'? the measurements 
on the equation of state of pure He’® and Het gas 
below 4°K. To complete this program of work on the 
He isotopes, we have investigated the P-V-T properties 
of a mixture of He* and He‘ in the same temperature 
region. Calculations’ of the second virial coefficient of 
the mixture, By, jx, using the Lennard-Jones potential 
have indicated that except at very low temperatures 
the solution of the two gases is nearly ideal. No hope 
was entertained of quantitatively verifying this con- 
clusion by experiment since the calculated departure 
from ideality is much smaller than the most favorable 
estimate of errors in the measurements. 

For a qualitative check on the computations, it was 
considered sufficient to work with one mixture only, 
one having a composition of nearly equal parts of the 
two isotopes. It is expected for such a mixture that any 
effects of solution nonideality would be maximized. All 
the experiments, therefore, were performed on a mixture 
containing 54.75 atomic percent He’, 45.25% He‘. Dur- 
ing the course of the work the constancy of the isotopic 
ratio was monitored with the aid of a mass spectrom- 
eter; no significant variation was observed. 

Several modifications were made upon the apparatus! 
used for measurements on the pure gases: the vacuum 


It was necessary to establish that the modifications 
had produced no significant difference in the cell 
volume. The volume was not recalibrated directly but 
was checked by the value of RT obtained for an 
isotherm of the mixture at 2.1520°K on the 1948 scale. 
It can be easily shown that a certain percentage error 
in the volume determination produces the same per- 
centage error in both the temperature and the second 
virial coefficient (using the inverse-volume virial ex- 
pansion terminated after the linear term). From the 
results of Isotherm I (Table II) we see that the value 
of T is too high by 0.0041°K, or 0.2%, if we accept the 
values of 74—T given by Erickson and Roberts.‘ This 
discrepancy is only slightly larger than the limits ob- 
served for the pure gases, so we may conclude that the 
corresponding error in B due to a volume change of the 
cell is not appreciable. 

All other parts of the apparatus as well as experi- 
mental procedures and methods of analyzing the data 
duplicated those employed in the experiments on the 
pure gases. 


ras_e I, Experimental data for the isotherms of a mixture 
containing 54.75% He® and 45.25% Het 


: V/V) x10 PV/N oom 
jacket around the cell was removed as well as the vapor Exp.No. P,mmHg mole/cc Toamia°K ce-mm/mole 8 
pressure thermometer; also a solder joint in the cell T-=?.1520°K 
* e "wn . a= . 
itself was reworked. Temperatures were measured from pit : 
bs ‘camer sala sin Ait Mabie, hiehadiar etal 1-2-1 33.811 2.6251 2.1522 128789 28 
yath pressures; corrections for bat 2 1eight were made 1.2.2 16.958 1.2895 2.1545 131 355 10 
only above the \ point. Above 2.18°K the temperature 1-4-1 39.349 = 3.0893 2.1447 127 825 38 
= - an , 1-5-1 41.769 3.2692 2.1558 127 526 11 
ascribed to the sample gas on the basis of the bath ~ £199 4/1 2 
— 2 a — 15-2 21444 1.6363 21576 130702 28 
pressure may be in error by several millidegrees. This 1-5-3 12477 09458 2 1503 132 027 18 
error is reproducible, however, and affects neither the 1-6-1 38.293 2.9953 2.1488 128 044 1 
‘ ‘ 7 . . 1-6-2 26.999 2.0825 2.1494 129 810 1 
> } > 2 ¢ > te " é 
precision with whi h the isotherm can be determined, 1.63 14708 11182 2180S 131623 <3 
nor the accuracy of the virial coefficients; but the value 
° an ° e ° =i9% . 
obtained for RT does not bear any significant relation- a= 3.9500'K 
. . . . . ) 4 79 S 
ship to the nominal value of T of the isotherm. On the II-1-2 180.15 7.7445 3.9496 = 232 640 9 
2 ; [1-2-1 259.55 11.4543 3.9553 226 265 ! 
other hand, for the region slightly below the A point, 1-2-2 114.77 4.8250 39519 237748 77 
temperatures derived from the bath pressure have been II-3-1 309.59 13.9399 3.9525 221 933 56 
found reliable.’ 1-3-2 151.81 64002 3.9511 234925 67 
a I1-3-3 82.10 34216 3.9467 240153 67 
oafeiada tal , . . a I-41 318.61 14.3851 3.9534 221 274 51 
- . Work done under the auspices of the U. S. Atomic Energy 11-42 224 00 9 7684 3 9535 229 093 
SS a 11-43 35.180 14448 3.9521 243 367 121 


1W. E. Keller, Phys. Rev. 97, 1 (1955). 

2 W. E. Keller, Phys. Rev. 98, 1571 (1955). 

* Kilpatrick, Keller, Hammel, and Metropolis, Phys. Rev. 94, 
1103 (1954 


*R. A. Erickson and L. D. Roberts, Phys. Rev. 93, 957 (1954) 
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h ficients of the pure components, and By, is the cross 
- coefficient. If the solution is ideal, By=43(B3:+ By), 


\ 9 and Eq. (2) becomes 
. - Buiz= N3Bat+NiBu (3) 
\ . 
ost a We may then further rewrite Eq. (2) for the general 
K 
case, 
Bunix V;Bat+NyBau 2N;3N,A, (4) e 


A=By—}(Bss+ Bu). (5) 


3.944 °K We now substitute in Eq. (4) values of A obtained from 
Table I, reference 3 and values of By and B33 ob- 

MOLE tained from the interpolation formulas, Eqs. (1) and 
2 sees rh! eee ‘ : , (2) of reference 2. For T=2.1461°K, A=—1.73 cc/ 
cee eee ee Oe oe ee ee. ee 173.20 cc/mole, and Bs3=—119.87 cc 
Ana f the data mole; for T=3.9442°K, the corresponding quantities 
are —0.98, —83.73, and —62.93 cc/mole. The resulting 


RESULTS values of B,,:,(calc) are given on line 6 of Table II. It 





In Table I are collected the experimental data for ‘'S Se" tat the experimental and calculated values are 
tu 4 r 4 x the ‘ re 7 ‘ < this 
‘ I ILS ary r rms of a 
table parali t t used the corre ) ibles ot 1 ¢ 54.75 H 1 He'~ 
references 1 and 2. The data are ed Fig. 1 - 
relative to the value of RT c t r the I II 

1520 3.9500 

reiation: : aw iatetieiaiien 


PV/N=RT(14+-BaixN/\ 1 {=R7 133 840 245 973 
°K 2.1461 3.9442 
Information derived fr the a st f the meas B ce 144.5 70.0 








: error 4 measured | t, ‘ 0.015 0.02 

urements 1s summarize I Table Il. We present only : : i 9 ok "= 15 21 
] . O=]} E 0.928 0.959 
the results of the two tant a es; but as can B.. (ca 144.9 72.8 
he et ey ] Ai f _ 
for the ‘ é re 
significa favorable agreement. For the sake of consistency, in 

[wo other tar tively le temperature the above calculations we have chosen to take the values 
interval were ( rpost By; and By from the empirical data rather than from 
of qualitative eck rt lations of B,i.. No either of the two recent sets of tl eoretical results.?:5 
nev ed } leter ng This is especially valid since all of the measurements 
sother ' erme ’ es. esx were obtained with essentially the same apparatus. 


r isotherms I and Concerning the second virial coefficients of mixtures 


II Of tl weve I I I maring the i j ited of He ar 1 He* between 2 and + K, we come to the 





und exper i ‘ Ss we rs¢ following conclusions: (1) the solutions of He* and He* 
the f, ving gas are nearly ideal; and (2) B,,;, for all concentrations 2 
We first recapitulate the definit giy reference is well represented by Eq. (4), taking B’s for the pure 
3 omponents from the interpolation formulas of refer- 
Baix= NZ@ByxtlINaNiBut NG Bu 2) ence 2 and using the small corrections for solution non- & 
leality as given in Table I of reference 3. 
where .\V;a V, are the elr ms of He H 


e the s 1 Virla m Kilpatrick, Keller, and Ha , Phys. Rev. 97, 9 (1955). 
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An operator 
an an 





s of method of 


alysi measurement. An 





is based on 


classical! dynamical variables by time-dependent Heiser 


density in 
can be computed for any 
given: Nyquist’s law is rigorously 
| Weltor ! 


obtained whose rigin lies in the 


Caller and 


I. INTRODUCTION 

ZLUCTUATION phenomena are common and im- 
portant features of all branches of the physical 
sciences. Since the origin of most fluctuations is of a 
statistical nature, it is perhaps not surprising that 
classical methods dominate the literature on the subjec 4 
Callen and Welton' (C-W) have 
mechanical theory of thermal (Nyquist) noise. More 
rec ently, Weber has made some additional applic ations 
The C-W method did not give a well 
is usually 
measured, namely the spectral density. Instead, t! 
total fluctuation was obtained in the form of an in- 
tegral. The integrand was conjectured to be the spectral 


given a quantum 


of their method. 
defined procedure for calculating what 


e 


density. 
According to 
quantum mechanics, the procedure for predicting the 
results of a measurement is to formulate an operator 
to the 


calculate the expectation value of 


the usual theory of measurement in 


corresponding quantity measured and then to 
the operator with 
respect to the state of the system. 


The 


mechanics involve observations at a definite time, given 


measurements usually considered in quantum 


a complete or partial knowledge of the state of the 


system at a previous It was pointed out recently 





+ ¢} 


by Schrédinger® tha e€ vast majority of measure 


- ments actually performed in the laboratory have an 
entirely different ch 


iuracter. Measurements of the spec- 


) 


tral power density ol tut 





tuations, for example, do not 


fall into the usual pattern because the observation 


time. While operators 


measurements have 


takes place over a very long 


not been 


corresponding to such 
previously used, to our knowledge,‘ it is possible to 
pported in part he b } 
of the Navy. A brief mary of rk has previously 
reported at the 1954 Chicago Meeting of the American Physica 
Society (H Ekstein and N. Rostoker, Phys Rev 98, 222(A 
1955).) 

H. B. Callen and T. A 
2j Weber, Phys. Rev 


* Su reau of Ordnance, Department 
T 
r 


this we beer 


} 


83, 34 (1951 
1954); 90, 977 


Weltor 
96, 556 


Phys. Rev 
1954) ; 94, 214 








(1953 

+E. Schridinger, Nu ento 1, 5 (1955 

‘We disregard the scussion of measurements in relativistic 
field theory where the time interval of the measurements is as- 


sumed to be very small, and is ultimately shrunk to zero. See, 
for example, W. Heitler, The Theory Radiation 
(Clarendon Press, Oxford, 1954 


VUuanium 


undation of Illinois Institute 


is constructed for the spectral density of a fl 


ludes fluctuations of statistical origin, as we 
physical system when the i: 
deduced for a physical system that is similar to the one 
the shot effect is calculated for free uncorrel: 


wavelike Character ol the ¢ 


f Technology, Chicago, Illinois 
1955 
t rhe formulation 


it of 


ng dynamical variable 








-ssenti 








c 





ature of the operator is the replace | 
berg operators. The expectation value of the spectral 


tuations of quantum mechanical origin, It 


las fluc 


tial state has been specihed Two applications are 


] to tl discussed by 


lated electrons. A quantum correction 1s 


lectron 


construct them by consistent application of the ac- 
cepted postulates of the theory of measurement in 
mechanics, as will be shown presently. Thus 


quantum 


it 1S not 


necessary, at least for the present purpose, to 


“recast the conceptual scheme of quantum mechanics.’ 


Il. DEFINITION OF THE SPECTRAL DENSITY 
OPERATOR 


We shall give a definition of the operator in question 
for two definite measurements which are only slightly 
idealized versions of Fig. 1). 

We assume that the fluctuating variable A (¢ 


actual observations 


pro 


-duces by some means an electric voltage proportional to 


it which we will also designate by A (¢). The voltage is 
fed into a band-pass filter which transmits only the 
freq Av/2 and vo+ Av/2, 


so that only the part 5A(f) is transmitted. This signal 





Icy | omponents between v 


heats a thermocouple whose temperature variations are 
determined by the time integral of [6A (t) ?. We now 
’ 


ulsh two cases 


thermocouple is connected to a ballisti 


h indi 


. j Jy 
5A (1) Fadi 
. x 


eaningful only if 


galvanometer whi ates the magnitude 


Chis arrangement is n 1(/) is constant 


> : } ] 
outside a finite time interval, or, more generally, if the 
METE 
HERM 
. 
* Ar - 
y Tew 
Rue 
Se . TMETER 
Fic. 1, Experi for measurement 
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ot ¢ 
Ak 


so that the integral We have now given a classical definition of the ob- 
begins and served quantities in the two cases. The accepted pro- 
cedure for the construction of the corresponding 

quantum mechanical operators* consists in replacing the 

classical variable A by the corresponding operator and 

to “Hermitize’” the resultant expression. The only 

peculiarity of the present case consists in the fact that 

these operators must obviously be Heisenberg opera- 

tors. The resultant operators for the spectral density in 


the two cases are 


) 


Ss 


iS spec ified If, 


isely known, then 


I'r(G(v)p) (9 


now express precisely what the term “fluctu- 


’ means. A variable A is fluctuating with 
respect to an initial state Wo, if the expectation value of 
G(v) or ot G,\» 

It is sometimes 1 nvenient to consider the 


correlation function, which h » classical expression 


10 


The same pro edure leads to the operator 


Since only time or frequency integrations are involved, 
the Wiener-Khintchine theorem applies to G(v) and 
F(r). That is, the operators G(v) and F(r) are Fourier 
ns, as are (G(v)) and (F(r 
we have defined an operator for the correlation 


, it must be admitted that it is not directly 


H. A. Kramers, Grundlagen der Quantentheorie (Aka 


demische Verilagsgeselischaft, Leipzig, 1938 


*J. von Neumann, uthematische Grundlagen der Quanien 
mechanik (Dover Publications, New York, 1943 





QUANTUM THEORY 
derived from an analysis of a precise experiment. 
According to the experimental procedure chosen, other 
operators may be appropriate. 


III. NYQUIST NOISE 


As an application, we shall calculate the spectral 
density of current fluctuations for the physical system 
considered by Callen and Welton.' The system is 
characterized by boundary conditions (such as re- 
flecting walls) that lead to current for every 
eigenstate. A detailed specification of the Hamiltonian 
is not required. The initial state is not completely 
known. Instead it is known that, at ‘=0, the system is 
in thermodynamic equilibrium at temperature 7. This 
fact is expressed by the density matrix which in energy 
representation has the form 


~ E,/kT)/[¥ ne exp(—E,/RT)], 


zeTo 


(12 


Pn; ne= EXP 


while all nondiagonal elements vanish. The eigenvalues 
E,, may be degenerate, as provided for in the notation 
which includes a degeneracy parameter s. From Eq. (9 
the expectation value of the spectral density operator is 


=> 


— 


Gy advan: ne (13 


asPus 


The Schrédinger operator for the x component of the 
electric current, averaged over the system’s volume, is 


= (1/h)(HQO—QH), (14 
where O=)_ n€,%,/L, e, is the charge of the mth par- 
ticle, x, is its x-coordinate, and L is the length of the 
system in the x direction. The Heisenberg operator for 
the current is Q(t)=exp(i:Ht/h)Q exp(—iHt/h). The 
matrix element Gy,.n, of the operator G(v) [Eq. (7 
with A=Q] in the energy representation is 

T/2 

) 
Gas: ne= lim ~f fc ¥ wan’lO, 
Tx 7 ns 

7 - 

XX COS! w t{—’ exp/ tw(t—t’) }didt 
where fw,,=E,—En, w=2ev, and One:ne 1S the 
matrix element of the operator Q in Eq. (14). After 


carrying out the time integrations and recognizing that 


) oir 4 7 ) 

lim 5 (Wan tw) 

T+. ¥ ? +w)?7 
we obtain 
G, 2r > War 

X [6 (Wanr tw) +6(Wan—w 15) 

Substituting Eq. (15) into Eq. (13), one obtains a final 
expression for (G(v)). When the eigenvalues E, are 


discrete, (G(v)) is singular if the frequency vy is equal to 
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the jump frequency of a spontaneous transition. In 
the case of quasi-continuous eigenvalues, the summation 
over n’ in Eq. (15) can be replaced by an integration, 
so that the matrix elements G,,.,,. are nonsingular. 

A more explicit expression for (G(v)) requires de- 
tailed knowledge of the eigenstates. Instead of con- 
tinuing in this direction, we consider other measure- 
ments for which the expectation value involves the same 
matrix elements. For example, the rate at which the 
system absorbs energy when subjected to a uniform 
sinusoidal electric field involves the matrix elements of 
Q, since the perturbation term is V(#)Q, where V(t) 

Vo sinw! is the voltage applied across the length of 
the system in the x-direction. We assume the system to 
be initially in an eigenstate ¢,, and calculate the state 
at time /, 

thy: 
exp] — t 


h 


Ldn’. 16) 


According to first-order ?time-dependent perturbation 
theory, 


Ve 
( On'a’ss 
h* 
sin*{ (wan t+w)t/2] sin*{ (wan —w)t/2 | 
x + 
(Wan T w)? Wan Ww) 
1 1+ cos2wl— cos(wa,°+-w)l— COS (Wan w)f 
} (17) 
) ; ee 
— so a As a 
The transition probability wt (1 ews Care (0) 
has a useful form in the limit of large ¢. That is, 
wh 
w= lim w(t) > |Onrerznel* 
tox 2h? n’s 
X [8 (wan +e) +5 (Wnn'—w) | 18) 


The limit {—+ « would appear to have dubious validity 


in calculation 


+} 


a involving first-order perturbation 
eory. Some comfort may be derived from the thought 
that the perturbation term may be made vanishingly 
small, and from the fact that th 
physically significant results. 

If the system is initially in the state ¢,,, the power 
absorbed is’ 


e procedure leads to 


rV¢ 
w> VO» n 716 Wan’ T 
2h n't 


1} 


3 


The 


of thermodynamic equilibrium, at temperature 77, 


power absorbed if the system is initially in a state 


1s 
obtained by averaging over the eigenstates weighted 
the systen 
w the system gains energy hw 


7 In the tr ansition for which Wan’ ™wW 


fue; for Wan 


loses energy 
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The power absorbed can be expressed in terms of the 
experimentally determined complex impedance Z=R 
+1X. That is, 


a 
a, |) P=4V(R/|Z|?. (20) 


It is now clear that the expressions for R/|Z|* and 


t 


G(v)) are related. We consider the ratio: 


according to the Boltzmann factor. That 


P 


The computed values of (G(v)) and P will certainly 
be altered by degeneracy, but in the same way so that 
the Nyquist theorem is unaltered. 


IV. SHOT EFFECT 


When a series of charged particles arrives at a de- 
tector, current fluctuations are observed due to the 
discreteness of the charges. The current consists of a 
series of pulses at uncorrelated times if the electrons 
are independent, as is usually supposed. Any one pulse 
has a white spectral density and the effect of many 


electror can be obtained by simple addition if the 


electrons are 


o the Pauli principle which introduces 
e wave-like 
}, 


independent. Quantum corrections should 


be expected, due 


tot 
of electrons, and due to th 
haracter of the electron. We shall treat only the latter 
correction in the present paper. For simplicity, we con- 
sider only one electron. In the usual calculation of shot 


effect, one determines the spectral density, such that 


electron, G(v 


In order to obtain finite results, we use 
tion of G,(v) for case 1, | Eqs. (4) and (6) | 
lassical expression for G(v) for many electrons is 
For one electron, we obtain the finite re- 

’e*. For N independent electrons, G,(» 


é 


nd Gly lim? 2eJ] ; since Fe 


eN/T 


ox 


1. Classical Calculation 


present method differ m their derivation in We consider fluctuat in the current arriving at a 
pe respect pectral density mputed detector loca in the region —2 2<Sx<2,/2. An 
directly. whereas in t] ' he total fluctuati« ele I iy ui it in the detector region 
was cal ee te ) hamaten hat the curren m a single electron may be 
was not 
limited to 
system are « 
removed, providing it is undet ity 
R/| Z|? is evaluated for a vanishingly small perturba- where p, is the x-component of the momentum of the 
tion. We have considered a degenerate physical system electron, —e, m are, respectively, charge and mass of 
legenerate one in the C-W paper 


instead of a nonde; the electron, and f(x,xo) is a function which has the 
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property that 
—2xo/2<x<x9/2 


if x is outside this interval. 


f(x,x0)=1 for 


=(0) 


An explicit form for f(x,x9) can be given in terms of 
the Dirichlet integral. That is 


sin px 2) 


1 x 

T f p 
The definition of J, can be idealized for a detector of 
infinitesimal extension in the x-direction by taking the 
limit as xo» 0. In this case Eq. (22) takes the simpler 
form 


exp(ipx)dp. 23) 


—e/m)p5(x), (24) 


where 


xp (tpx)dp. 


We assume that no force acts on the electron, so that 
pz=const and x(t)=x(0)+ (p/m). Substituting 


q D 


) , 
Zmm ‘ 


into Eq. (4), 


carrying out the indicated integrations, one obtains 


the classical expression for G,(v), and 


G, Vv 2e”. 


We shall compare this result wi obtained by 
quantum-mechanical treatment. 
2. Quantum-Mechanical Calculation 


The Heisenberg operator corresponding to G,(v 
by Eq. (6), 


G,(s ffv-onm+s.is, 


x exp lw f lidt’, 26 


where now J,(t) is the Heisenberg time-dependent 


operator which is constructed from the classical ex 
pression for the dynamical] variable given by Eq. (24). 


That is,® 


exp iHt/h 
X[pd(x)+5(x)p.)exp(—iHt/h), (27 


le ) 
Jet e/2m 


for the x com- 
single free elec- 
+p,’). The ex- 


where pz inger operator 


consider a 


tron, for which H=(1/2m)(p/+p/ 


pectation value of the spectral density is 


dr. 28) 
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The wave function Yo at ‘=0 is assumed to be a wave 
packet of the form 


1 x 
Yo= f c(k) exp(ik- r)d*k. 
(2r)iv__ 


wu. . ° ° P 
rhe integrations are carried out in the order #, (’, r. 
Making use of the relations 
H exp(ik-r) = E(k) exp(ik-r), 
E(k) 


(29) 


(h?/2m) (k.2+k,?+k,*), 
we obtain for a typical ¢ integration: 


J exp| [E(k)— E(k’) +hw vat 
h 


x 


2rhdl E(k) — E(k’) +h |. 


The resultant expression for (G,(v)) is 


G(s an)? fff arene” Weck) Te). 


E(k’) {6 E(k) — E(k”) 
+6 E(k) — E(k’) +h }}. 


X(T) ue, xd EC) hus | 


(30) 


The form of this expression is similar to the usual result 
from perturbation theory for an electron that makes 
elastic transitions from k to k’ through an intermediate 
state k’’, whose energy differs from the initial state by 
thw. The matrix elements (J.)x,% have the specific 


form 
Ve) fovrres dr, 


oy = (29 4 exp(ik-r), 


J = (—e/2m)[_p5(x)+5(x) p. | 


| 


is the Schrédinger current operator. After carrying 


out the indicated integrations, (J,), , takes the form 


eh/ 4am) (k.+-k,') 
X5(k, 


(J 2) i, 


k,’)5(k,—R,’). (31) 


Further reduction of Eq. (30) is accomplished by carry- 
ing out first the integrations with respect to ky, ky’; ks, Re’ 
and finally the integrations with respect to k,, k,’, 
making use of relations such as*® 


} 
h 


2mw/h }? 


*P. A. M. Dirac, Quantum Mechanics (Clarendon Press, Oxford 
1935 
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rhe final expression for the expectation value of the 
spectral density 


3. Shot Effect for a Finite Detector 


The current operator for this case is 


i # (—¢ 2m)l p.f ae: 
where 


and x» is the width of the detector region. 
The calculation follows the same pattern as the 
previous case. If we define 


then the result for an electron with definite momentum 


We 


iS expression 
The specifi he spec tral density a 
the form of the wave pat ket 


as pres ribed by d 
| ne expression give 


n by Eq. (32) for (G,(» 
order to appreciate it | 

consider a specific case We 
ng case of an electron with a 


for w<wo, and 





» between ‘ 

At low frequen ior 
like” and the classical result At 
e order of w behavior is “wave 
like,” exhibiting a resonance such as would be expect 
for a photon 


frequencies of ti 


for tl hot effe 1) Classical : 

” ro-width « i um t j width detector 
| . : : 

' : ; 1 theory : finite 

0 aheoal en , 

ol circular frequency w 
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for w>wo. In Eq. (35), wo has the same meaning as Equation (36) is the familiar classical result for this 
before and r=xok,°/2wo is the transit time. We now case. 

consider a number of limiting cases in order to appreci- In the case of x»=0, the previous result of Eq. (33) 
ate the significance of Eq. (35). When x»-+0, and, for the spectral density was singular at w=wo. The 
therefore, r+ 0, Eq. (35) reduces to the previous present result for finite x» also has this property. Also, 
result of Eq. (33). In the classical limit #0 and fo, 
wp—> © in which case, Eq. (35) has the limit 


ro= 0, lim,...(G,(v))= 2. In the case of finite 
xo, lim,+.(G,(v))=0. In Fig. 2, some numerical calcula- 


G,(v wr)/ (4wr)?. (36) tions of the spectral density for various cases are shown 
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Transmission of Positrons and Electrons*t 
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beams of positror s and electrons with energies up to 9600 kev have 

rass, silver, tin, lead, and gold. The absorber forms the window of a 2x counter 
ter than 99°), down to a few hundred electron volts. Particles from a radio 
a 90-degree magnetic analyzer impinge perpendicularly on the absorber 

| transmission is therefore measured independently of forward ar gle ol 
Positrons are found to be transmitted to a greater extent than electrons 


These results are correlated wit previous backscattering « xperiments 
th theoretical calculations of Rohrlich and Carlson. The shapes of the 


niquantitatively with predictions of the Spencer theory of electron 
' ' 


I. INTRODUCTION be expected. Rohrlich and Carlson* have published the 


| 
: : . 

; ; . , ; ( oretical calcul: s ange al g 
HE author has previously reported an excess of results of theoretical calculations of range and stopping 


> we f j ale id | . 
electron backscattering over positron backscat- power of positrons and electrons, providing a qualita 
tering.'-* The question naturally arises as to whether, tive interpretation of the experimental results to be 

. ° " ‘ > 4 » e e 
in view of their excess backscattering, electrons are reported her 
transmitted to a lesser degree than positrons. As will be Recently, a theory of electron penetration in infinite 
media has been developed by Spencer.’ This theory 


shown in this paper, a lower transmission of electrons 

is usually. but not always observed does not quite apply to the present experiments because 
rhe problem ol t! penetration of positrons and 

electrons in thick foils has not been calculated at the 

present time. Bothe* ! nade estimates of the back- 

scattering of ctrons using nonrelativistic § single- 

scattering cr 1 iller® used Bothe’s results, 


1 


substituting t] ‘lativistic cross sections obtained by 
fartlett and atson® and Massey’ for electrons and 
positrons, | vel how that an excess of elec 
tron backscatteru | l n backscattering 1s to 
* This w repor at the ishington, D. C., meeting of 
the American P} al Society in May, 1954 [H. H. Seliger, Phys 
Rev. 95, 610 
t This pay i] Fa s submitted in partial fulfill 
ment of the requirements for t egree of Doctor of Philosophy 
at the University o 
H. H. Seliger 
2H. H. Selig 
*H. H. Seliger 
Standards Uirculi d i npubi 
*W. Bothe, Anr k G. 1. Scale drawing of transmission geometry 
‘W. Miller, Phys. Rev 52 (195 The Lucite lining is not shown 
* |]. H. Bartlett ar tsor "ny 56, 612 (1939); 
Proc. Am. Acad. Arts Sci 53 1 Rohrlich and B. C. Carlson, Phys. Rev. 93, 38 (1954 
H. S. W. Masse Pro ANGor AlS1, 14 (1942). . Spencer, Phys. Rev. 98, 1597 (1955 
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I 2. Curves 
showing V( V(0O 
for positrons in al 


the attenuation was rapid, especially for higher-Z 


absorbers, and accuracy was therefore difficult to ob- 


tain. Data were therefore taken initially between 159 


| , ] 


kev and 360 kev for both positrons and electrons. 
Subsequently, transmission measurements were made 


it 960 kev using 9-hour Ga®™ and long-lived Ce'— Pr'™ 


positrons and electrons, respectively. 
view of the large backscattering differences pre- 


momentum resolution ol 


be 


transmission differences. A 90-degree magnetic analyzer 
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Second-order fox using of energy loss down to an energy ol a few hundred 
were obtained with electron volts. The techniques of absolute beta counting 
meters diameter. All which made the experiments feasible have been de 

zer chamber were lined with _ scribed previously.” 

ig. The analyzer beam Figure 1 is a top-view scale drawing of the experi 

ie 


half-angle 2 degrees mental arrangement showing source, pole faces, particle 


he 2” counter In 


nged perpendicularly on the trajectories, collimating holes, and 
ace of an absorber which formed the window of a 2x position. 
} 


t 
I 

t 

t 


‘ 


absolute beta count particies eme ging from the The absorbers were introduced into the beam by 
opposite ce f i it > leat 


PI were detected regardless means of a sliding window assembly. The 2x counter 
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rhe direct evaporation of the metal films onto thin 


5-10 micrograms per square centimeter) plastic films 


| 
essful because of the formation of pin 


was not too sut 
holes, owing to minute dust particles on the plastic 


film during drying causing weak spots in the film. 


Uniform lead films could be floated off onto water from 


the surfaces of clean microscope slides on which sodium 


chloride had previously been vacuum evaporated. 


These films could then be picked up and mounted on 


aluminum-disk absorber mounts. The above technique 


was possible because the thin lead films remained 
ductile 

The silver films were brittle and did not respond to 
the sodium chloride technique. The water, in lifting up 
part of the film, cracked and split the film. However, 


grease free 


if silver is evaporated directly onto the 


order of 
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always present. Owing to the lower melting point of 
lead relative to tin, the thin tin films probably had a 
much higher percentage ol ead than the original tin 


foil used as the evapor g source 

Cs i Ce Pr vere used as sources of electrons 
ind Na* and Ga® were used as sources of positrons 
rhe sources were prepared by evaporation in air directly 
onto a cuppe 1 source yunt. Activities of the order of 
ee ries were necessary. All nuclides, with the 


ytion of Ga®*, were obtained from the Oak Ridge 
Ga was prepared by a 
Cu*(a.n)Ga™ reaction in the 
Washington 


gaillum was made with ¢ 


cyclotron of the Carnegie 
Phe chemical separation of 
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Fic. 9. Relative transmissions of 960-kev positrons 


1 electrons in lead 


III]. MEASUREMENTS AND RESULTS 


rhe transmissions of positrons and electrons were 


measured for discrete energies ranging from 159 kev to 


960 kev. The sequence of measurement was as follows 
1. The absorber was placed 1 


1 position in front ot 
the 2x counter and a number of readings of counting 
rate were taken for zero magnetic field (J =0). Owing to 


he low transmission of the analyzer and the use of 


? 
t 
Luc ite to minimize scattering, the net counting rate in 
for /=0 


to deflect 


helds 


the 2x counter was the same as for 
all part les past the exit 


sufhiciently high 
hole (J=« 


background for the 


These readings at /=0 constituted the 


particular absorber used. This 


point is important, for an absorber in front of the 2x 


counter in the presence of gamma rays acts as a radiator 
The background, as expected, increased slightly with 


with Z 
i 


held was increased from zero to the 


thickness of absorber and 


2. The 


magnet 
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os 


was explained on the basis of the cumulative effect in 


scattering of the larger electron single-scatter- 
rhe experimental ratio of electron 
8, of 1.3 
is in qualitative agreement with Miller’s calculations 
8* should 
That such is not the case is 


mY) 
Mui 


upie 
ing cross sec tions 


backscattering to positron backs« attering, 5 
However, on the basis of scattering alone, 8 
at low Z. 


evident from the solid curves of Fig. 10, where 8-/8* 


approach unit 


for aluminum is even greater than for lead. This would 
attribute the large excess of electron backscattering at 
low Z to a greater stopping of positrons rather than to 
an excess scattering of electrons. 

From the transmission data in aluminum given in 
Figs. 3 and 8, it follows that a cross over in transmission 
between positrons and 
and 960 kev. In all other cases studied the transmission 
of electrons was lower than that of positrons. 

Rohrlich and Carlson* have calculated positron- 
differences in energy loss and in multiple 


electrons occurs between 336 kev 


electron 
scattering in aluminum, tin, and lead, using the correct 
elastic and inelastic scattering cross sections. They find 
that, below 350-kev, positrons lose energy at a faster 
rate than electrons. This, coupled with the fact that 
at low Z the scattering of electrons is only very slightly 
greater than that of positrons, implies that at low energy 
and for low Z it is possible for a greater stopping power 
for positrons to overshadow a smal] excess scattering of 
electrons. At higher Z, the excess scattering (propor- 
tional to Z*) overcomes any energy-loss differences. For 


4 . F 


FRACTION OF TRUE RANGE, 


25 
- . r 


energies above 345 kev, the stopping power for positrons 
becomes smaller than for electrons and works with the 
excess S attering of electrons to make positron trans 
mission greater than electron transmission 

The multiple-scattering effect can be evaluated in 
terms of (cos@),, the average obliquity of the electron 
trajectories at a path length s after entrance into the 


medium. This is given by 


aay f ds’ f o(6.5’) 
6 = I 


cos#)d (cos) (5) 


COSD) 4 = EXD 


x1 


{ distance of penetration zg at which the particles have 
lost their initial orientation can be defined by the con 
dition (cos@), = 1/e, that is, 


a6 1 
aN f as’ f a (6,s)(1—cos#)d(cos#) = 1 (6) 
0 1 


Rohrlich and Carlson use zg as an index of the ability 
to penetrate. The larger the value of 24, the farther the 
particles penetrate before being turned around and 
diffused. For an initial energy of 358 kev, 24*/s4- = 1.04 
for aluminum and z4*/zg~=1.35 for lead. The present 
experimental! results also show the increase of the ratio 
of positron transmission to electron transmission with 








is given by the formula of Moliére.™“ 


Integration of the single-scattering cross section trom 


90° to 180°, i.e., single ] i ut of the forward 


: i ae 
ition of singie 


transmission curve. 

a thickness for 

nission can be derived. Table I is a summary 
experimentally observed transmissions at these 
icknesses. The departures from 0.99 trans- 


n show the extent whi he mult 


iple scattering 
hold, even at smal! penetration thicknesses. 

In order to study the shape of the transmission curves 

f itia] of the electrons, the 

absorber thick- 

ro, the true range 

reference 9. The 

336 kev, and 

silver, and 

nt for the 

hape with energy 

scattering or 

is “scaling” 

to simplify the 

ts for 

positrons.'® 

, using positron 

hown in I ig 12. 

ts range strag- 


p penetrations has 


and scattering 

v is the frac- 

Fig. 13, the quantity 
f (1—x) for 

ause of the 

led to be con- 

‘he curves can be 
arge portion of 

nt with the Spencer 
mall absorber 

fact that the 

at large ab- 
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sorber thicknesses is probably due to range straggling, 
which has been neglected in the theory. 

The present data are in qualitative agreement with 
the results of Bascova and Dzhelepov,'’ who measured 
a higher positron to electron transmission in lead and 
with the measurements of Chang, Cook, and Primakoff'* 
on positron-electron transmission through a 10.16- 
mg/cm? platinum end-window G-M counter. The latter 
workers measurements in 


made aluminum only at 


10.83 mg/cm? and no significant transmission difference 


‘7K. A. Bascova and B. S. Dzhelepov, Doklady Akad. Nauk 
(S.S.S.R.) 77, 1001 (1951 
‘8 Chang, Cook, and Primakoff, Phys. Rev. 90, 544 (1953). 


PHYSICAL REVII 


POSITRONS 


AND ELECTRONS 1037 
between positrons and electrons was observed. Thicker 
aluminum absorbers might have shown up the difference. 
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Interaction of Electromagnetic Waves of Radio-Frequency in Isothermal Plasmas: 
Collision Cross Section of Helium Atoms and Ions for Electrons* 
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INTRODUCTION 


I has been known for some time’ that when two low 


or medium-frequency radio waves traverse a com 


mon region of the 1onosphere, and one of the waves is 


of sufficient strength, an interaction between the two 


electromagnetic waves is observed. When the stronger 
wave is amplitude modulated, there is a measurable 
transfer of modulation from the stronger wave to the 


and Mart) n 


““ponospherK 


carrier of the weaker. B proposed a 


theory tor this p cToss 


modulation.” 


According to this theory, absorption of the inter 
ring waves increases the mean energy ol the electrons 


ionosphere. This in- 
creased mean energy of the electrons leads to a change 


As the ab 


wave in a region of the 


in the appropriate region of the 


In the coliusion trequet ne electrons 


sorption of an ele 


part, by the collision fre- 


ionosp! ere is de | 


* This work Air Force Cambridge Research 

Center 
‘B.D.H 
?V. A. Bailey and D. } 


vas sup] 


Tellegen, Nature 131, 840 (1933). 
Martyn, Phil. Mag. 18, 369 (1934 


~S00°K 


0 24.0 cm*/cm' at and 1 mm Hg 


n ¢ ollisior s of lor 


AnD L. Gou 
, Universit 


} 


waves in gaseous discharge 
wave interaction to the measurement of 
msidered 


3.12K 108 


for the probability of collision for 


ncy in helium, found to be 


ollision for singly charge« 
The ratio of the 


n atoms in the room temperature 


frequency 


th earlier theoretical predictions 


ion density of 10"/cn 


quency of the electrons in that region, the absorption 


of the “‘wanted” wave is modified by the presence of 


the absorbed “‘disturbing” wave. Bailey’ later extended 


this theory by considering the effect of the earth’s 


ic field. According to this more complete theory, 
radio 


he 


magnet 
an enhancement of transfered modulation at 
frequencies corresponding to the gyrofrequency of t 
electrons was predicted which has since been observed 
experimentally.** 

We have recently® described experiments of inter- 
action between microwaves, which are simultaneously 
propagated in gaseous discharge plasmas. These con- 
trollable laboratory experiments offer a method of more 
general exploration of the fundamental processes in- 
volved in these phenomena. The purpose of this paper 
is then twofold: First to describe the experimental 
techniques relative to the method, and second, to 


*V. A. Bailey, Phil. Mag. 23, 774 (1937) 

*M. Cutolo, Nature 166, 98 (1950) 

* Bailey, Smith, Landecker, Higgs, and Hibberd, Nature 169, 
911 (1952 

* Goldstein, Anderson, and Clark, Phys. Rev. 90, 151 (1953); 
and 90, 486 (1953) 
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INTERACTION OF ELECTROMAGNETIC WAVES 


An explicit solution in time cannot be given for this 
equation until a relationship giving the dependence of 
vy upon Q, is known (either obtained from experiment 
or postulated). G may also possess dependence upon 
Q,. To proceed, it will be assumed initially that the 
probability of collision of electrons with the molecules 
is independent of velocity. In helium and for electrons 
with energies below ~2 ev, this is a good approxima- 
tion." The “effective” collision frequency, with the aid 
of (4), becomes 

V nd (10) 


Ym = (4/3) qm 


where g, is the effective cross-sectional area of the 
molecule, V, is the molecular density, and i= (8k7,/ 
am)’, which is the arithmetic mean velocity of the 
electrons. One neglects, in general, the motion of the 
molecules. The cross-sectional area, gm, is related to the 


probability of collision for momentum transfer, P,,, by 
QmN m= Pup , where p 
mm Hg pressure and 0°C. 

9), and (10) the time variation of » may 


is the pressure normalized to 1 


From (7 
be obtained when a constant electric field, E, is sud- 
denly applied to the plasma (the subscript m pertaining 


to molecules is temporarily dropped) : 


(11) 


where vo is the initial undisturbed value of v, and vy’ 


is the final steady state value of v, after the field has 


been applied for a time sufficient to reach steady-state 


conditions; 
12) 


v’ obtains when the rate at which energy lost by the 
collisional contact of electrons with molecules equals 
the rate at which energy is received from the field. The 
increase or “rise” of y to approach y’ requires a lapseof 
time, but no simple time constant may be associated 
If the field is suddenly removed, we have for the “‘fall”’ 


1 


of v, back to the value » 


v(t) 


Again no simple time constant applies. However, if the 


difference (v’— vo) is made quite small, for example, by 
reducing the amplitude of £’, Eq. (13) approaches 


(y—» (v’— vp) ~ et, (14) 
The same can be shown for the “rise” of v. The condi- 
tion v’/vp~1 is quite important experimentally, since 

“LL. Gould and S. C. Brown, Phys. Rev. 95, 897 (1954); 
C. Ramsauer and R. Kollath, Ann. Physik 395, 536 (1929). 
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direct measurement of the relaxation time constant 
r= 1/Gy yields the collision frequency », if G is known, 
or vice versa. The theory of wave interaction applicable 
to the ionosphere may be expressed in a convenient 
approximate form (under the condition v’/»y~1) since, 
to date, the amplitude of field strength applied to the 
ionosphere is necessarily small, even with the most 
powerful radio transmitters. 

From the foregoing, it is seen that an electric field of 
sufficient amplitude can alter the electron collision 
frequency in an ionized medium and therefore modify 
its complex conductivity. If a second wave of low 
amplitude and appropriate frequency propagates in 
this “disturbed” 
by this wave is proportional to the altered conductivity 


region, the dissipative loss suffered 


caused by the first “disturbing” wave. Therefore, if the 
disturbing wave is amplitude modulated at a rate 


sufficiently low to allow the electron temperature to 
follow the field variation, some degree of amplitude 
modulation is impressed on the second wave. The 
second wave (sometimes referred to in ionospheric 
research as the “‘wanted wave’’) acts, then, much as a 
probe to determine the extent of alteration of the me- 
dium properties. Experimentally, the phenomenon of 
wave interaction provides a useful research tool, 
especially to determine the relaxation of the medium 
the disturbing wave. It 


the disturbing wave also 


wake of 
that 
suffers a form of self-distortion or self-modulation. 


properties in the 


should be remarked 

Che method of wave interaction leads by appropriate 
measurements to a determination of 

(a) the product of Gy in the isothermal or noniso 
thermal plasma; 

(b) the variation of the effective collision frequency 
as a function of electron mean energy and hence in 
to the probability of electron collision for 
This 


directly 


momentum transfer with molecules or ions. 


method complements the swarm method of Townsend 
and the beam method of Ramsauer, in that extremely 
low electron energies may be considered (~0.005 ev). 
measurements” in 


Preliminary cross-section 


possessing the ‘“‘Ramsauer effect’”’ have been reported 


gases 
by us and more complete work will be reported at a 
later date; 

(c) the variation of the electron density in the essen- 
tially isothermal plasma, as a result of the controlled 
temperature rise of the electrons in the presence of the 
disturbing field. The conductivity, Eq. (2), depends 


rT n, as well as v. By proper choice of conditions, 


*s in either » or nm, may be emphasized ; 
the effect of application of a magnetic field to 
the plasma (magneto-ionic effects, “gyro-interaction”’) ; 
(e) the electron temperature dependence of the 
# L. Goldstein and J. M. Anderson, “Interaction of Microwaves 
in Gaseous Discharge Plasmas and the Ramsauer Effect,” re- 
ported in the published record of the Fourteenth Annual Confer 
ence on Physical Electronics, Massachusetts Institute of Tech 
nology, March, 1954. 
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{ experimental apparatus. 


anges due to normal diffusion and elevated 
res are negligible. Wide-band amplifiers and 


514 AD Ost ill 


{ crystal-controlled timing generator 


oscope serve to display the 


lope 

ps basic repetition f ju rand also 
of high time-interval accuracy. Various 
hronizing are 


lse generators \ 
not be described here. An abbreviated 
experimental setup is shown in Fig. 1. 
‘d in the experi- 

ilbs supplied by Linde 
ion is given to main- 
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-d from 1 
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THEORY OF THE EXPERIMENT: MICROWAVE 
DETERMINATION OF ELECTRON DENSITY 
AND ELECTRON COLLISION FREQUENCY 
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he electron density uniformly fills 
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of the total insertion 


* by a measurement 

ive phase shift caused by the plasma in 

equation describing 

ropagation modes” which are 


} 


nhomogeneously fil ed 


y dependent (many modes 


tempt is made to propagate a 
mode) and a complete solution becomes ex 
tremely difficult to obtain and to use practically. 
proximate approach is employed. This 


Therefore, an ap] 
that the fundamental mode 


( 
1g 


min 
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amounts 
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ide of the electri 


This dic- 


ion in the plasma 
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the 
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tron ir case, less 
‘lectrons electron density 
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tron density, neglecting dissipative loss, may be calcu- 
lated in terms of the measurable guide wavelengths 
with and without the plasma present, by equating 
imaginary parts of the general expression, 


f foe sdndy / { f E’ *dxdy 


1 2x 
(15) 
Ago? 


where E’ is the field strength in the plasma-filled por- 
tion of wave guide, yo is the permeability of free space, 
y=a+ 8, is the measurable propagation constant in 
the plasma-filled portion of guide, consisting of an 


attenuation constant, a, and a phase constant 8 
=2n/X,, A, is the plasma-filled guide wavelength, and 


Avo is the air-filled guide wavelength. The transverse 


coordinates of the wave guide are x and y and propaga- 
tion is in the z-direction along the guide. Here the 
electron density is contained in the imaginary part of 


For the specific purpose of this 


the conductivity, o;. 
paper, that is, afterglows established in helium, we will 


assume that the electron density decay in the afterglow 
is principally due to ambipolar diffusion which dictates 
that the density distribution is described by the zero- 
order Bessel function form for our cylindrical discharge 
tube. This Bessel function may be closely approximated 
in the interest of simplified calculations by a cosine 


distribution: 


N_-= No COS(#xX/a ) COS(ry/a ), (16 


where mo is the peak density along the axis of the dis- 
charge tube, a’ is the internal diameter of the tube, y 
is in the direction of height of the wave guide, x is in 
the direction of breadth of the guide, and the origin 
of coordinates is taken at the central axis of the guide 
At important points of relatively high field, namely in 
the center of the guide, this approximation of distribu 
tion is quite good. 

The total loss under the above assumptions may be 
found for the case of electron-molecule collision fre- 


quency by the volume integral 


a’/2 a’/2 2 (E,’)? 
gf = of f f Claes” 
0 0 0 2 


eo Wx TY 
COS 
’ , 
a a 


. "*dxdydz, 


xX cos (17) 


cos 


where the field dependence along the propagation direc- 
tion, 2, is E’~e~®* and orinax™ is the maximum value of 
a, along the center of the discharge tube due to electron- 
molecule collisions 

For the case of effective electron collision frequency 


] 


with charged particles of the plasma, in particular, with 
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ee st theoretical calculati ay t Juced 
ions, v;,'* most theoretical calculations may be reducec 
to the functional form 


B f2T.T; 
Te+T; 
where the Debye shielding radius, 


k 7.1 ; 
Ap 
dren; T.4+T, 


is taken as the maximum impact parameter in the 
evaluation of the otherwise divergent integrals. Only 
singly ionized ions are considered. Here 7°; is the ion 
temperature, m,; is the ion number density per cc, and 
A and B are constants. For the plasma of our experi- 
ment n;=n,. The influence of limited variations of n,; 
in the logarithmic term of Eq. (18) on the variation of 
v; is negligible and »; may therefore be simplified, for 
T.=T,=T,= constant, to 


~ 


vCny, (19) 


where C is a constant. The effective electron-ion colli- 
sion frequency then varies with position in the cross 
section of the wave guide due to the inhomogeneity of 
electron density. The total power loss due to electron- 


ion collisions is 


s"/2 a‘/2 s } ‘\2 
P1 if f f Trimax 
9 P 0 2 


Ty Wx 


ec 244d rdydz, 


mus” mur 


Finally the integration of (17) and (20) for our experi- 


mental condition, a’/a=1.85/2.07, gives 


Pint PL; 


«IT 1.14e, x" +0.7650 7 21) 
But, from the definition of insertion loss, and wave- 
guide relations for power transmission, we have, 


P1= P incident (1- 
22) 


Equating the two independent expressions for power 

“ », is defined from a momentum transfer viewpoint. Electron 

collisions are they do not contribute 

directly to electrical conductivity however, may 
intervene in heat transfer considerations 


electron neglected since 


Such collisions 
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rate of change of loss obtains for different conditions at 
different points in the wave-guide cross section, even 
though rapid heat transfer may occur in the electron 
gas.'® However, when integration is performed over the 
cross section, a total rate of change of loss is obtained 
and set equal to zero. attainment of this condition 
is observed by the adjustme: ate of change of 
cross modulation to the wanted ve eq il to zero at 
f introduction of the di bing wave. 

of cross modulation in helium is shown by 
f the oscilloscope presentation on Figs. 
Here the detected incident-disturbing 

nicrowave ene gy at 8600 Mc/sec is 

shown as tra és 14 of bot! ‘ig 1) and 2 b), and is in- 
] 


eflection of the 
wave traces of each 
The disturbing 

» be present fora 

he 9400-M_0/sec con- 
the plasma 
la and 26 of 


traces 
mitted wanted wave 
wave pulse and 
ismitted wanted 


rave interaction in the decaying plasma est 


ti 


e1ascic 


: in the 
ward takes plac ‘ ywer than 
ived if 


these experimer t rrection due to 


has been computed, thin the experimental 
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power level disturbing wave pulse. The amplitude of 
the transmitted wanted wave is increasing with upward 
deflection of the oscilloscope trace. It will be noted in 
Fig. 2(a), where the gas pressure is relatively high 
(4.36 mm Hg) and the influence of electron-ion collisions 
is negligible, that the effect upon the transmitted wanted 
wave in the 
increase attenuation 
the relaxation of the electron temperature to the iso- 
thermal plasma temperature in the wake of the dis- 
turbing wave pulse was measured from a considerably 
enlarged photo to be ~2.6 microseconds which implies 


presence of the disturbing wave is to 
Che time constant associated with 


an electron collision frequency with helium atoms 
~ 1.4X 10° sec 


gas pressure 


, ata lower 


the attenuation of the 


‘at 4.36 mm Hg. In Fig. 2(b 
1.67 mm Hg), 
wanted wave is seen to decrease momentarily with intro- 
duction of the disturbing wave pulse. As the electron 


temperature increases in the presence of the disturbing 
wave pulse the wanted wave is seen to be attenuated in 
a manner similar to Fig. 2(a). As the electron tempera- 
ture 


returns to the gas temperature the transmitted 


wanted wave is seen to pass again through a region of 
decreased attentuation [extreme right of Fig. 2(b)]. 
The decreased attenuation upon introduction of the 
disturbing wave is presumed due to a decrease in the 
magnitude of 
increasing 
(18 


of electron-ion collision frequency with 


electron temperature as indicated by Eq. 


ith the conditions given above 


dP | w12 ps'l? st (E')? 
ome J 
dt | uo ) a 2 


Consistent w 


R 


By using (26), 2 
ned: 


working ex 


pression 1 


I 


0.533 %m2—0.770v,noC'T, 0.915C?T *n?=0, (29 
where C’= A[In(B73/n,')— 1], evaluated at time /=0, 
when 7,=T7;,. Note that the attainment 

Saal 


of this condi 
magnitude of the field 
E’, and frequency, w, of the disturbing wave 


} | 
novyed, 


ependent of the 


tion is in 
strength, 
or wanted wave em 


| and therefore independent 
of position along the discharge tube. The set of two 
equations, (23) and (29) suffice 
{ and B, 
5). The value of »,, for helium may 
15) at sufficiently 
densities to make electron- 


to calculate the two 


unknown constants if vy, is known and Mp is 
obtained from Eq. (1 
be found by use of and 


Eas 
high gas pressures or low ion 
Here a’ is replaced by a in the *x-integration for ease of 
handling. This is not likely to introduce more than a few percent 
error 
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MEASURED EFFECTIVE ELECTRON COLLISION FREQUENCY 
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Fic. 3. Measured “effective” electron collision frequency in the 
afterglow established in helium as a function of gas pressure and 
maximum electron density. 


ion collisions negligible. The 


value of vy, may also be 
obtained from time-constant measurements, Eq. (14), 
with cross-modulation techniques, again at higher gas 
pressure or low ion densities. The value of G to use for 
helium is the classical value= 2m/M.'* 


EXPERIMENTAL RESULTS 


It is necessary, at first, to establish the value of the 
“effective” collision frequency for electrons with helium 
atoms, Ym, in the isothermal plasma at room tempera- 
ture (300°K) 
relative phase shift and relative loss suffered by the 


Measurements were therefore made of 


microwave during propagation through the plasma 
The variables were the gas pressure and the time of 
measurement in the afterglow delayed from the time of 
establishment of the plasma. Initially the electron 
density and electron collision frequency were calculated 
from Eqs. (23) and (15) with no regard for electron-ion 
collisions (v;/¥,<“<1). The results of these measurements 
are given in Fig. 3. It will be noted that at high gas 
pressures the measured collision frequency is inde 
pendent of the density of electrons (and/or positive 
ions) but dependent upon gas pressure. The values of 
¥m aS a function of gas pressure obtained from Fig. 3 are 
A linear de 
pendence upon gas pressure is obtained as would be 


exper ted 


plotted as the crossed circles on Fig. 4 


A further check upon the value of »,, may be 
constant 
tT=1/Gim, the dis- 
turbed plasma, in the vicinity of 7,~=300°K. The 
results of such measurements give the values of v, 
indicated by the small circles on Fig. 4. It may thus be 


obtained from measurements of the time 


associated with the relaxation of 


concluded for our later purposes that the value of the 


'’ This is consistent with the work of Cravath [A. M. Cravath, 
Phys. Rev. 36, 248 (1930)] who concludes G= (4/3)(2m/M) 
= 2.66m/M, since the factor 4/3 is included in the definition of » 
used here, Eq. (10), while the » employed by Cravath is void of 
the 4/3 factor. 
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written 


(30) 


where m; is the ion density/cc, and 7, and 7, are elec- 
tron and ion temperatures, respectively. In the theo- 
retical determination of the electron-ion collision fre- 
quency, the influence of the dielectric constant of the 
plasma, which alters the Coulomb attraction forces, 
has been judged negligible for our experimental 
conditions. 

Before concluding the experimental results, it should 


be noted that an attempt was made to obtain a value 





of the factor G defined in a manner similar to that of 
Eq. (8), but for energy exchange in electron-ion colli- 
sions. It was not possible to give an immediate answer, 
but an observation of the nature of the cross modulation 
to the wanted wave indicated the G factor to be con- 
siderably smaller than that associated with electron- 
molecule collisions. The relaxation of the elevated tem- 
perature of the electron gas to the temperature of the 
gas appears always to be a function of the product of 
the prevailing »,, and G~2m,/M, and to bear little 


relation to the prevailing r, 


CONCLUSIONS 


\ value for the “effective” electron-molecule collision 

frequency in helium for the isothermal room tempera- 
strong density dependence of t! ion frequen ture (~300°K) plasma has been found equal to 3.12 
appears reasonable to postulat at nomaly”’ | < 10*/mm Hg. From the definition of effective collision 
due to the | tron-ion isions, v;, and frequency adopted for these experiments, Eqs. (4) and 
by utilizir q 3) the value of »,; may be d= (10), a value of probability of collision for momentum 
from vy resultant ror I llisions ; ne transfer, P,,, for electrons having energies ~0.04 ev 


tion of ele: n densit plotted as crosses on Fi may be calculated equal to 24.0 cm?/‘cm'. It is assumed 


A pattern may be 1 d to these crossed points, whi at P,, is reasonably constant over the range of elec- 


ates an alr near dependence upon electron on energies involved in this experiment. It is doubtful 
form given by hat this value of P,, differs by more than a few percent 


m the value of probability of collision, P,., obtained 
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in monoenergetic beam type experiments, since slow 
electrons (<1 ev) are, with good approximation, 
scattered isotropically. However, this value of P,,= 24.0 
is in some disagreement with a value recently found by 
Gould and Brown," namely, P,,= 18.3. It is curious to 
note that the ratio of these two different values of Po 
is almost the factor 4/3. The value, P,,=24.0, is, 
however, in excellent agreement with the slightly 
extended results of Ramsauer and Kollath,” which were 
made with monoenergetic electron beams at energies 
down to <0.2 ev. The effective cross-sectional area of 
the helium atom for electrons with energies ~0.04 ev 
may be found by Eq. (10) to be ¢,=6.8X10-* cm’. 
If this experimentally found g, is expressed in units 
of mao’ (where a9=0.53X10-* cm is the radius of the 
first Bohr orbit of the hydrogen atom), we obtain 
m= 7.7 (wao*). This is in good agreement (~12% dis- 
crepancy) with the recent theoretical work of Moisei- 
witsch* which predicts for the total cross section, a 
value of g= for helium atoms and electrons 
with energies ~0.04 ev. In the light of the above, how- 
ever, the total cross section is not likely to differ 
significantly from the momentum transfer cross section 

The magnitude of effective collision frequency of 
electrons with ions in the isothermal plasma at room 
(~300°K) has found. This 
experimentally determined collision fre- 


8.6(2a¢* 


temperature also been 

electron-ion 
. ] ; - 

and is plotted vs electron 

of Fig. 5. In a manner similar 


to the definition of effective electron-molecule collision 


quency was stated in Eq 


density as the solid line 


frequency, an effective cross-sectional area for collision 
of electrons with ions may be defined by 

Vi nv. 31) 
Such a procedure is not strictly correct but allows a 
comparison with the electron-molecule cross section. 
At n;=1X10" ele 


for electron-ion colli 


cc the effective cross-sectional area 
gi~2.0X10-" cm? in the 
The ratio of effective cross 


sions is 
s00°K 
sections for electron-ion and electron-molecule collision 
then is ~ 3.0K 10" 


This points up the importance of electron-ion collisions, 


isothermal plasma at 


" 


under the above stated conditions. 
even in plasmas with low degrees of ionization. 
It is 


for electron-ion 


interesting to compare the experimental results 
collisions, as stated in Eq. (30) with 
those theoretical works applicable to our experimental 
conditions. The best and almost exact correspondence is 
the work of Ginsburg® 
restated more correctly by Vilenski.“ From Ginsburg’s 


we ork 


with 


which has been recently 


we obtain 
re 

In 3 32K 10 

n,? 


for the case where 7,;=7,), 


” Brown, reference 11 
t. Kollath, 
Prox 


Moiseiwitsch, Roy. Soc ondon 


Gou 


L Id and S. C 
C. Ramsauer and 
m. ce 


® 
1953) 


reference 
2 


A219, 102 


M. Vilenski, J. Exptl. Theoret 1.S.S.R.) 22, 544 
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which is to be compared with Eq. (30) with 7, set 
equal to 7. 

The theoretical prediction of Burkhardt, Elwert, 
and Unséld,* recently restated by Burkhardt,™ gives, 
for our case, 

nj T,! 

Inj 8.4108 

J ni 


y,=2.25 (33) 


which appears to be a factor ~0.8 lower than the ex- 
perimental value given by Eq. (30). 

Other high-frequency effective electron-ion collision 
frequency predictions have been made by Westfold® 
and Majumdar,”* both of which appear to be higher 
than our experimental value by a factor ~1.3. 

A recent exhaustive work of Spitzer and Hiirm” for 
the de conductivity of completely ionized gases cannot 
be strictly compared to our experiment, since the 
validity of the approximate relation, Eq. (2), which 
reduces to 


(34) 


v=n.e/mo for w—0, 


cannot be assured for the high-frequency case. For the 
case of electron-molecule collisions and probability of 
collision independent of electron velocity, it can be 
shown that an error of ~ 13% enters by use of Eq. (34) 
when going from dec collision frequency to high-fre- 
quency collision frequency. However, this can be cor- 
rected by redefining the effective collision frequency 
properly for use in Eq. (34) ,as 


Vn = Em N md (35) 


from Eq. (5). This equation is valid only for a Max- 
wellian distribution of electron velocities which for the 
dc case implies small values of the electric field. The 
procedure of correction for the case of electron-ion 
collision frequency is not clear and will not be at- 
tempted. However, use of Eq. (34) and the results of 
Spitzer and Hirm give a value of dc effective electron 
collision frequency which is a factor ~0.6 lower than 
Eq. (30). 

A de value of electron-ion collision frequency given 
by Gvosdover* is a factor ~0.75 lower than Eq. (30). 

Some agreement between measurements of dc con- 
ductivity due to positive-ion scattering and theory has 
been obtained in the past, and are summarized by 
Rompe and Steinbeck.” 

It is interesting to note that a recent experimental 
work for dc conductivity due to mixed electron-molecule 
and electron-ion collision by Lin, Resler, and Kantro- 
witz™ gives a close correlation with the theory of 


*% Burkhardt, Elwert, and Unséld, Z. Astrophys. 25, 310 (1948) 

“G. Burkhardt, Ann. Physik 5, 373 (1950) 

*K.C. Westfold, Phil. Mag. 44, 712 (1953) 

* R. C. Majumdar, Z. Physik, 107, 599 (1937) 

7 L. Spitzer and R. Harm, Phys. Rev. 89, 977 (1953) 

*S. D. Gvosdover, Physik Z. Sowjetunion 12, 164 (1937) 

*™R. Rompe and M. Steinbeck, “The Plasma State of Gases,” 
in Ergebnisse der Exakien Naturwissenschafien (Verlag Julius 
Springer, Berlin, 1939), Vol. 18 

* Lin, Resler, and Kantrowitz, J. Appl. Pays. 26, 95 (1955) 
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APPENDIX. EXPERIMENTAL DETERMINATION OF 


THE PHASE AND ATTENUATION CONSTANTS 


were obtained 


GOLDSTEIN 
where the various symbols are those defined in the 
text. 

The value of Ao to use in 
experimentally in the presence of the glass discharge 
tube. At 8600 Mc/sec it was found that the presence 
of the glass altered the 
square guide from 6.49 cm to 5.64 cm 

As typical data we take the following: Data (1): gas 
pressure —17.9 mm Hg, attenuation—4.3 db, and phase 


3.97 cm shift of slotted line; Data (2): gas 


nust be determined 


“air guide” wavelength in the 


2.15 mm Hg, attenuation—-3.2 db, and phase 
cm shift of slotted line. The data relative 
hifts were obtained by the alternative scheme 
he text 

\, becomes 5.81 cm and from Eq. (37), 
Similarily, for data 
brought about by 

reased value of elec 
ilar, in the glass 
The measured 
» corrected for 
increased power proportional 
13 db 


nd for data (2), 3.2 db corrects to 2.75 db. 


corrects to 


is readily obtained from the definition 


ired and corrected 20 log ;e%?. 


experimental conditions of data (1), 
5.5 10° sec. Normalized 
mm Hg, at 300°K, the 

hea Now 
6.7 10° and from 


1.45 


38) gives v,. 


sotnerma 


plasma. 
pressure dati » Ws 
3.95 10° corresponding to 

he field ir f the probing 


not exceed 


here 86000 M 
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Minority Carrier Extraction in Germanium*? 


RALPH Bray 
Physics Department, Purdue University, Lafayette, Indiana 


(Received June 20, 1955) 


The concentration of minority carriers in a sample can be effectively decreased below its equilibrium value 
by an extraction process in which, (a) the minority carriers in the sample are swept out by an electric field 
in a time lifetime, while (b) the minority carrier flow into the semple at the entry contact, is suppressed. 
Procedures are discussed for making contacts satsifying condition (b). Such contacts have low resistance, 
and give photovoltages of opposite polarity to that of injecting contacts. With increasing field during ex 
traction, there is a saturation increase of sample resistance, corresponding to approximately complete 
minority carrier depletion. Saturation extraction suppresses the intrinsic decrease in resistivity for a range 
of some 50°C for a group of p-type samples with resistivities of 7 to 40 ohm-cm at 300°K. Limitations on the 
range of effectiveness of extraction are imposed by failure of conditions (a) and (b) to hold at higher tem 
peratures and/or deeper in the intrinsic range. Transport and transient effects associated with extraction 
can be used, as with injection, for measurement of minority carrier mobility and lifetime. Extraction is 


further useful for controlling collector contact properties 


ind for determining the composition of reverse 


current of point contact rectifiers, in terms of hole and electron components 


I, INTRODUCTION 


HE concentration of free minority carriers in 

germanium may be made to deviate from equi- 
librium value by various means. Since, in the absence 
of trapping, there is an equivalent deviation in free 
majority carrier concentration due to requirements of 
neutrality, one can speak of deviations in hole-electron 
pair concentration. As is well known, the concentration 
of hole-electron pairs can be increased above the equi- 
librium value by optical excitation within the funda- 
mental absorption band, or by injection of minority 
carriers at a p-n junction or a metal contact. It is also 
possible by several procedures to decrease the con- 
centration of hole-electron pairs below the equilibrium 
value. We shall use the term “‘extraction”’ to represent 
whatever process produces such carrier depletion. We 
refer only to depletion occurring over a region without 
appreciable space charge. Complete depletion corres- 
ponds to extraction of all hole-electron pairs, leaving 
behind only the majority carriers of extrinsic origin. 
The change in conductivity due to extraction increases 
very rapidly as the sample approaches intrinsic be- 
havior. Extraction may be an effective and useful 
auxiliary to injection for modulating bulk and contact 
properties. 

Three types of extraction may be distinguished : 

(1) Extraction, which utilizes the Suhl' effect, has 
been described in great detail by Welker.’ Electrons and 
holes in germanium are deflected in crossed electric and 
magnetic fields to a surface of high recombination 
velocity. If they recombine there more rapidly than 

* Work supported by a Signal Corps contract 

t Preliminary accounts of this work were presented at the 
American Institute of Electrical Engineers and the Institute of 
Radio Engineers, Semiconductor Devices Research Conference, 
Minneapolis, Minnesota, June, 1954, and the Chicago meeting of 
the American Physical Society, November, 1954. [Phys. Rev. 98, 
229 (1955). ] 

‘H. Suhl and W. Shockley, Phys. Rev. 76, 180 (1949 

*H. Welker, Z. Naturforsch. 6(a), 184 (1951); also, E 
haar and H. Welker, Z. Naturforsch. 8(a) 681 (1953 


Weiss- 


they can be generated in the bulk or at the other 
surfaces, the concentration of hole-electron pairs in the 
sample is reduced. 

(2) Extraction from the vicinity of reverse-biased 
rectifying contacts has been reported by Banbury* for 
the case of point contacts on lead sulphide and ger- 
manium and by Angello and Ebert‘ for p-m junctions 
in germanium. According to rectifier theory,®* the 
reverse current may consist in whole or in part of a 
diffusion of thermally generated minority carriers to the 
junction. This would lead to depletion of minority 
carriers over a distance of the order of a diffusion length 
from the junction, when reverse voltage is applied. A 
general statement of the condition for depletion at 
reverse-biased has been given by van 
Roosbroeck.’ 

(3) In the method of extraction*” to be discussed in 
this paper,} special contacts on n- or p-type germanium 
the current of 
minority carriers entering the sample, while imposing 


junctions 


are prepared which severely limit 


no barrier to majority carriers. Consequently, when an 
electric field is established in the sample, the minority 


+P. C. Banbury, Proc. Phys. Soc. (London) B66, 50 (1953). 
The term “extraction” was first used by Banbury to apply to this 
process 

*S. J. Angello and T. E. Ebert, Phys. Rev. 96, 221 (1954). 
They called the effect “egression.” 

* W. J. Bardeen and W. H. Brattain, Phys. Rev. 75, 1208 (1949). 

*W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), Chap. 4. 

7, W. van Roosbroeck, Phys. Rev. 91, 282 (1953) 

* All future references to “extraction” in this paper will be to 
type (3), except where specifically noted. Subsequent to the 
initiation of this work, it was brought to my attention by L. M. 
Ross that extraction by this mechanism had been observed in the 
course of experiments with unipolar transistors by G. Dacey and 
I. M. Ross, Proc. Inst. Radio Engrs. 41, 970 (1953). 

*Gibson has reported extraction in near-intrinsic n-type 
germanium, to which specially doped contacts were grown. A. G 
Gibson, Physica 20, 1058 (1954); also, Arthur, Bardsley, Brown, 
and Gibson, Proc. Phys. Soc. (London) B68, 43 (1955) 

$ Note added in proof.—Recently, it has been suggested that 
extraction of this type be called carrier exclusion [G. G. E. Low, 
Proc. Phys. Soc. (London) B68, 310 (1955) ] 
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centration is establishe t the edge of this contact, 


and swept into the interior. For extraction, the 


entering minority carrier current is completely sup- 


pressed : i.e., 7,.=0. The contact m iy be characterized 
} 


€ parameter ¥-,, the ratio of minority carrier current 


vw th 
ry 


o total current at the contact. The significant quantity 


y a 


for a contact is actually 4 Yo, Where yo 1S a 
+} ; 


1€ Same ratio in the interior, an 
lum carrier con 


n h 
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carrier concentration 
f minority to majority 

conditior y Y 
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ority carriers 

current into 

nd extensive 


h a boundary 


surface 


and ex- 


nium surface 
is surface and 
inority carrier 

< 7 } le 
iorward voitage 
he barrier in the 


ting 


‘ 


so be sat isfied 


, 
and 





MINORITY CARRIER 

Extraction of minority carriers was studied experi- 
mentally mainly in terms of the transient and steady 
state changes produced in sample conductance as a 
function of voltage and temperature. An expression for 
the change in conductance G, in terms of parameters 
of the sample is derived below for the linear, one- 
dimensional case. The sample is taken to be in the form 
of a bar of length L, and rectangular cross section A. 
Low-resistance, area contacts are made at the ends of 
the sample. 

The solution is obtained in the approximation that 
the continuity equations are linear, which is valid” 
under the condition mofo. Then, if a pulse of constant 
voltage, V, is applied to the sample, the electric field, 
E, being uniform and constant during extraction, is 
given by V/L. The change of conductance, AG, is 
independent of the spatial distribution of the deficit 
in carrier concentration in the sample. For simplicity, 
diffusion is neglected. 

When the pulse is applied to the sample, at !=0, a 
minority carrier current, 


Fe Nye n E (3) 


is introduced in the sample at the edge of the forward- 
b. Elsewhere in the sample the 
4 change in minority 
is quickly established at x=), 


biased contact, at 2 
minority current is still J, 
carrier concentration, An, 


h that 


tl Lilal, 


su 
(4) 


If AG/Go<1, tl 


en 


An/n \/ Yo. (4a) 
Here, An represents either an increase or decrease in 
>0O or 


concentration, depending on whether (y.—‘¥ 
1 <0 
interior with 


In either case, An is swept into the 


uk 
tude of An decays exponential] 
| 


constant velocity, proceeds, the magni- 
y in time, with the decay 
constant given by r, the minority carrier lifetime in the 
sample. The decay is due to excess recombination or 
thermal generation, depending on whether An>O or 
An<0. 

The 
perturbation reaches the end of the sample after a time, 

h may be 


t= L 
+} 


total change in e num 


steady-state condition is attained when the 


whi called the transit time. The 
ber of minority carriers in the 


sample, AN, is obtained by integrating the deficit over 


the whole sample. For /<1,, we get 


AN=AprAnf 1 -exp(—t/r 


The change of conductance is 


AG = cAN (b+1)u,L7*. (6) 


The conditions for li 


nearity have been thoroughly discussed 
by van Roosbroeck 7 


reference /) 
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On combining Eqs. (4), (5), and (6), we have the 
expression for the transient change of conductance, 


b+1 or 
fi—exp(—/ 
 § 


AG 


r) | 


(¥-— Yo) (7) 


Go 

The dependence of AG/G» on E in the steady state, 

f>1,, is given by 

AG b+1y4,Fr : 

—*¥0) {1—exp(— L/u,£r) 
G L 


(S) 


Of the several parameters of the sample, yo, may be 
calculated from the conductivity, and r and yw, may be 
measured independently. However, y, is an unknown, 
determined by the height and structure of the barrier, 
and it may be voltage dependent. Its general form will 
be deduced from the experimental dependence of AG/Go 


on E. For ideal extraction, y.-°0 and then, as L/nEr—-0, 


b+1 


Y . 
G OY ee b pot nod 


AG AG nyo(b+1) 


which is the maximum change due to extraction. 


Ill. THE CONTACT 
A. Methods of Formation 


Early experiments on near-intrinsic p- and n-type 
germanium to which low-resistance contacts had been 
soldered, revealed unpredictable injecting or extracting 
behavior of the contacts. These observations led to the 
study of extraction, and of techniques for obtaining 
reproducible behavior as regards injection or extraction 
with low-resistance contacts 

Most of the. contact experiments were made with 
relatively 20-40 ohm-cm) at 

reproduc ibility in 
made 
surfaces which had been strongly etched with, e.g., 
CP, 

7 he 
are summarized in Table I, where the contacts are 


high resistivity samples 
The 


when 


room temperature. greatest 


results was obtained contacts were to 


results obtained with various types of contacts 


Taste I. Behavior of different contacts on n- and p-type Ge, with 


respect to the production of injection (/) or extraction (/ 


Type of nta a-type Ge 
siuver paint / 

I Rhodium plate | 
Point contacts of tungsten or ] 


phosphor bronze 


Indium solder (L.T 
Indium solder (H.T 
Tin solder (L.T 
Tin solder (H.T 


all contacts were large area contacts 
low temperature for « 
to the melting point of the particular solder 
H represents a “high-temperature 
formed at I This treatment consisted of heating on a hot 
f more minutes in air 


mtacts soldered very close 


treatment of contacts initially 
plate at 300°C 


for one 
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Heat 
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roer oO 


when fields ~5O volt 


nversion from extraction to very 
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ocurred at lower voltages 
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several commercial solder mixtures containing tin, in- 
cluding a tin and indium mixture. The early unpre- 
dictability of behavior of soldered contacts is therefore 
traceable mainly to the dependence on the temperature 
of soldering. Such heat-treated contacts are designated 
Tt" 

It seems likely that when conversion is observed with 
H.T. contacts, it is due to doping of the contact region 
with donors, producing n-type layers on both p- and 
n-type Ge. 

No attempt was made to definitely identify the donor, 
although it seems to be associated with the presence of 
tin.’ Neither has the cause of the p-type behavior of 
the L.T. contacts been determined. In this case, ap- 
preciable influx of acceptors is not expected in the few 
seconds the contacts are heated at T< 200°C. Surface 
effects are likely to be predominant here. 

Deliberate doping to make contact regions which are 
of the same type as the bulk, but more extrinsic, is a 
recognized technique for suppressing excess minority 
carrier injection. Such junctions are usually made at 
appreciably higher temperatures (7 > 400°C) than those 
reported here, and may also be expected to give ex- 


obtained 


traction. Gibson et al.’ extraction with junc- 


tions made by growing a long, heavily-doped n-type 


section onto one end of a near-intrinsic n-type crystal. 


B. Contact Photovoltage 


rhe sign of the photovoltage generated at a contact 
should depend on the direction of bending of the energy 


As Fig. 1 


of the bands at the contact on the semi 


bands at the contact illustrates, the bending 


onduc tor side 
is expected to be in opposite directions for injection and 


extraction. It is expected, then, that the sign of the 


open-circuit photovoltage would have opposite polarity 
for these two types of contacts. Photovoltaic polarity 


tests were made on extracting and injecting contacts, 


contacts. Under illumi- 


using silver paint and sol 


nation, the metal contact became negative for injection 


and positive for extraction contacts on p-type Ge. As 


expected, just the reverse effects were found for contacts 
on n-type Ge. The photovoltages were all very small 
" 


ned hig! 


resistance contacts 


under strong illumination with 


compared to those obtai on 
and had to be observed 


white light 


IV. BULK CONDUCTANCE EXPERIMENTS 


In this section, the measurements of the changes in 


bulk conductan ng tion of minority carriers 


are described transient and steady- 


ate changes on voltage perature was explored 


ior Sampies of various resitivit 


ymmunicatior 
Research Laboratories to 
rity, have failed to 
1 the part of the tin. 


“MW. ( inlap, J 1d mmented (persona 
that attempts at th ner tr 

grow germ AIT th tin as an impu 
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A. Method 


All the experiments described below were performed 
with p-type germanium. The samples were bars, one to 
two cm long, with rectangular cross sections, about 
2 mm on a side; extracting end contacts were made by 
soldering with indium by the low-temperature pro- 
cedure. The resistance of the whole sample was meas 
ured in illustrated in Fig. 2 
Pulse technique was necessary not only to observe 


the bridge-type circuit 


transient effects, but also to minimize heating effects 
in steady-state measurements at high voltages. 

rhe pulse generator was a low-impedance source 
giving pulses up to 100 volts across the sampie, with 
pulse lengths variable between 0.1 usec and 1000 usec. 
Iektronix difference 
served on an os illoscope 


The detector in the bridge 


is a 
amplifier whose output is ol 
Either the total sample current can be displayed from 
the voltage drop across the small resistor, Rs, or the 
amplified change in current during extraction can be 
observed by adjust ng R 

rhe ly-state resistance was measured by sub 
I for the 
measurement inde- 


steac 
ndard-resistance box 
akes the 


Sta 


sample. This procedure n 


pendent of any discrepancies in the gain of the difference 
amplifiers, and of the calibration of the resistances in 


the arms of 


B. Approach to Steady-State Extraction 


The approach to steady state under extraction con- 


ditions is followed by observing the change of current 


with time for constant voltage 


lecrease j 


applied across the 


sample. This chanj flects the « n conductance 


as the defici 


mnie 


oncentration moves through 
1€ Samp! of de 

described by | reneral, this de 
and termin: when the deficit concentration 


nple. However, if t,.<r, 


+} 


iy of current with time is 


ay is nonlinear, 


reat I es I there 


is a linear decay with sharp termination. This is il- 


lustrated in Figs. 3(a) and 3(b) by oscillographs of the 
From tl 
drift mobil 


n current time 


1¢ measurement of t,, 
the minority-carrier 


give good 


ity is readily determined, 


and found to agreement with standard 


Vaiues 


The above discussion and Eq. (7) are valid as long 


no becomes appreciable, as the tem- 


f the sample is strongly illuminated, 


greatly increases in amplitude, 


and f 


ly 
linear increases appre- 
illustrated in Fig. 3(¢ 

3(b), but 


lower trace in Fig. 3( 


are 


lor the same used for 3(a) and 


Strongly lumi shows 


Same scaie 


the dark current or 


Essentially similar effe have been observed and 
+ Simils b. vations. but with 

4. Many, Pro 
wr extracting contacts by J. B 


weakly injecting 
Phys. Soc. (London 
Arthur ef al 


contacts 
B67, 


(refer 


have beer 


9 (1954), and fi 
ence 9 
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Ge 


Time — 


Fic. 3. Current decay characteristics during extraction in p-type 
Ge sample, p= 23 ohm-cm, L=1.38 cm, 7 =297°K; curves (a) 
and (b) correspond to sample in the dark, curve (c) in strong 
illumination. (a) Somewhat nonlinear: V = 14.7 volts, t,=35 sec, 
pn=3700 cm*/volt sec. (b) Linear: V=51 volts, t,=10 psec, 
n= 3700 cm*/volt Strongly nonlinear: V=51 volts, 
t,==16 usec; compare with smaller trace representing dark char- 
acteristic on same scale 


sex (¢ 


16 


in terms of the decrease in the velocity of 
transport of a given concentration of minority carriers 
*po. This transport velocity may become much 
smaller than the carrier drift velocity. This phenomenon 


explained’ 
as n 


is very important for extraction, since it imposes a 
limitation on its practicability as a sample approaches 
deeper into the intrinsic range 

This limitation becomes evident from examination of 
the general expression for the transport velocity'’ of 
the minority-carrier concentration, 


Ibn 
In 


€utp( Po— Mo) 14+ (b+ 1)no/ (p 


where J is the total current density. Not only is the 
transport velocity, v, low at the beginning of a constant- 
voltage pulse if ng—>po, but » becomes still smaller as / 
decreases during the extraction pulse. This means the 
carriers are being swept out with progressively smaller 
sweep field due to conductivity modulation. This 
essentially accounts for the nonlinearity of the decay. 

‘*M. B. Prince, Phys. Rev. 91, 271 (1953) 
contains previous relevant references. 

"' See reference 6, p. 329. 


This paper also 
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on voltage for y.; the form of this dependence is readily 
obtained. Thus for the 23 ohm-cm sample, y. turns out 
to be appreciably greater than zero at low voltage (for 
V~5 volts, 7 2) but 

voltage,” and either saturates or becomes very small 
For the other 


~y decreases with increasing 


as V becomes greater than 50 volts. 


sample, the discrepancy is smaller, implying y- at low 
voltage is already small and close to its saturation value. 
The fact that Eq. (5) is a poorer approximation in this 
case, where mo is much larger, is partially responsible 


next section it is shown for 


for the discrepancy. In the 
several samples, that for temperature below 340°K, 


y-~0, at least for V~100 volts 


It is clearly desirable for efficient extraction, that 
AG /G, rise and saturate rapidly with increasing voltage. 


The efficiency of extraction thus depends on how large 


and on how rapidly +. decreases and 
approaches zero. The latter is d 


e lifetime is, 
etermined by the struc- 


ture of the particular contact barrier. For example, if 
the barrier is thin, and if J., is the thermal emission 


current of minority carriers across the contact into the 


semicond then, with bulk diffusion current neg- 


ictor, 


IS €aSliy shown that 


lected, it 
tt notpnl (3) 


Here, y- will decrease with increasing field. The smaller 


extraction becomes 


D. Dependence of Extraction on Resistivity 
and Temperature 


normal resis- 


after extraction, p,, are shown 





have po between 7.0 


37.9 ohm-cm at 300°K. Measurements of p, were 











made a pulse voltages ol il 100 volts to provide 
Saturation extractor where possible. While po goes 
througn a maximum a begins to decrease approxi- 
mate expone tia ly W ri ature as the sample 
€ ers trinsic range, ¢ ies LO increase along 
the low-temperature, extrinsic-range curve. Only at 
higher temperatures, betwee 340° and 360°K for these 
ar ir samples, does p, rea 4 Maximum, and then 

ecreases rapidly Ratios of p,/po as high as 13 were 
achieved. This corresponds to extraction of about 8 out 
every Y carriers in the san 

lo le er i¢ 4 Ose ¢ act I ymes to removi g 
all hole-electron pairs of intrinsic origin, the data of 
Fig. 5 were con ‘ i ns of the change 
ur mductivity corresponding to complete depletion. 
The cal at s were based on E 9); the parameters 
, D and b were obtained fre the normal sample 


tivity, and the most recent empirical data of Morin 


and Maita™ for the magnitude and temperature de- 
Many has measured +, for weakly injecting contacts, and 
rease with voltage (reference 15 


%! E. J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). 
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pendence of the op» product and of mobility. The solid 
curves in Fig. 6 represent the calculated values of 
Ao/o at various temperatures between 300° and 340°K 
for samples with normal resistivities between 7 and 40 
ohm-cm at 300°K. It can be seen that the measured 
values fit well to the curves, indicating that depletion 
is almost complete in this temperature range. Thus, 
under the various conditions of this experiment, it may 
be concluded that y,-0 at high voltage. 

Extraction suppresses the intrinsic rise in minority 
carrier density for a range of some 50°K. There are 
several factors limiting the range over which extraction 
is effective. The difficulty with transport of minority 
carriers as the sample becomes more intrinsic, as moo, 
was discussed in Sec. IV B. Another important factor 
is the structure of the extraction contact itself. It may 
be expected that the emission current at the entry 
contact, J,,, will increase with temperature, thereby 
increasing y-, and making extraction less effective. For 
the samples investigated here, the peak in p, occurred 
at temperatures where the transit time was still appre- 
ciably less than the lifetime. The bending over of p, as 
temperature increases must then be due to the contacts. 
However, at somewhat higher temperatures, it is ob- 
served that the transit time does become very large, 
thereby invoking the transport limitation, causing p, 
to drop even more rapidly. 


E. Recovery after Extraction 


After the extracting voltage pulse is over, there is 
recovery to equilibrium concentrations by thermal 
generation of hole-electron pairs in the sample. If a 
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Fic. 5. Resistivity of p-type Ge samples as a function of tem- 
perature. The solid lines are for the normal resistivity measured 
at very small voltage or at beginning of an extraction pulse. They 
show the usual transition from extrinsic to intrinsic behavior. 
The broken lines represent the resistivity corresponding to extrac- 
tion for pulse voltage of 100 volts. These show the extension of the 
extrinsic region and delay of intrinsic region for a temperature 
interval of about 50°C 
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Vela fe ee ee 
P- Type Ge 
a90}— T+ 340°K 
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Resistivity ( ohm-cm) at 300°K 
Fic. 6. The relative change in conductivity at saturation ex- 


traction, as a function of the resistivity at 300°K. Solid lines are 
calculated using data of Morin and Maita for p-type Ge. The 
measured points are taken from the curves of Fig. 5. The agree- 
ment indicates that for the particular samples and extracting 
contacts, there is obtained almost complete depletion of thermally 
generated hole-electron pairs 


small constant measuring current passes through the 
sample, the decay in sample voltage (proportional to 
resistance) during recovery may be observed on an 
oscilloscope. From this decay, the minority carrier 
lifetime is readily determined. The technique is the 
same as has already been described for measuring 
lifetime from recovery after injection.” By making 
injecting contact on one end of a sample, and extracting 
contact on the other end, it was possible to compare 
decay curves on the same sample after injection and 
after extraction. For both cases the same value of 
lifetime was measured, whether for etched or ground 
surfaces. These measurements were made only at room 
temperature, where noX fo. 


V. COLLECTOR CURRENT MODULATION 


As a counterpart to the effect of excess minority 
carrier injection, the depletion of minority carriers in 
the vicinity of a collector contact by some external 
extraction mechanism may be expected to, and does,” 
decrease the collector conductance. A collector contact 
may therefore be used as a probe to detect the extrac- 
tion of minority carriers from a sample. In turn, ex- 


*% Navon, Bray, and Fan, Proc. Inst. Radio Engrs. 40, 1342 
(1952). 

Such an effect, produced by different extraction procedures, 
has been reported by Shockley (reference 6, p. 66), and Angello 
and Ebert (reference 4). 
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Fic. 7. Arrangement for studying the collector conductance 


modulation during extraction of minority carriers from the sample 
The change of collector current with time for constant sweep 
voltage is illustrated. There is a decrease of collector current upon 
minority carrier depletion, and a subsequent recovery when 
thermal generation restores equilibrium minority-carrier con 
centration 


traction is useful for determining the composition of 
reverse current in a collector. To the extent that the 
collector conductance is sensitive to minority carrier 
depletion, extraction can be used to modulate the 
collector conductance. 

The arrangement used for investigating the influence 
of extraction of minority carriers from a sample on a 
collector contact is shown in Fig. 7. Extraction contacts 
are soldered to the ends of a Ge sample. A pulsed electric 
field controls the degree of minority carrier extraction 
from the sample. The collector is a metal point-contact 
rectifier; the collector current, J,, is observed on the 
oscillos« ope. 

For a constant voltage pulse of duration /,, the time 
dependence of collector current is shown in Fig. 7. For 
t<0, there is a collector current, /4., corresponding to a 
given dc collector bias, V.. At />0, there is an additional 
collector current J,, due to added biasing effect by the 
pulse voltage. At time, ¢,, the deficit in minority carrier 
concentration arrives at the collector; 7, decreases to 
I.’. It stays constant again until time, f,, when the 
pulse voltage drops to zero; /,’ drops to zero, leaving 
1,.’. This is the collector current at the given dc bias, 
for the condition of depleted minority-carrier concen- 
tration in the sample. /,.’ then recovers to its steady- 
state value, J dec. 

The composition of the reverse current for the 
collector is deduced from the 7, curve. The change in 
reverse current at a given dc bias, due to extraction of 
minority carriers from the sample, is represented by 
Al. It may therefore be associated with that part of 
the reverse current due to diffusion of thermally gen- 
erated minority carriers from the bulk to the contact. 
It was observed that even for complete depletion, A/4, 
was appreciably less than /4.. For collectors made with 
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V,. (volts) 


Fic. 8. Collector current as a function of reverse bias on a 
collector point contact (phosphor-bronze on p-type germanium). 
/4¢ is the normal collector current. A/a is the change of collector 
current at the given bias, due to minority carrier depletion. 
Minority carriers in bulk are responsible for only part of total 
reverse collector current 


tungsten and phosphor-bronze whiskers on 20-40 
ohm-cm, p- and n-type samples having lifetimes of 
several hundred microseconds, AJ 4¢/Jae was rarely more 
than 0.5, and usually less, at room temperature, and 
in the dark. 

This ratio can depend on the collector reverse bias, 
as is illustrated in Fig. 8 by curves of Jae and Al ge, 05 Ve, 
for a phosphor-bronze contact to p-type Ge. The char- 
acteristics were taken at room temperature in the dark. 
In this case, 74. increases almost linearly with reverse 
bias, while A/4. is nearly constant. It is to be expected, 
however, that behavior of this kind may vary con- 
siderably with surface treatment and the forming of 
the rectifier contact. 

It may be concluded that, under the conditions de- 
scribed above, most of the collector reverse current is 
composed of majority carrier and/or surface leakage 
current. However, when the minority carrier concen- 
tration in the sample is made much larger, most of the 
reverse current can be composed of minority carriers, 
and then extraction is much more effective in controlling 
the collector properties. This is readily shown by il- 
luminating the collector so that the reverse resistance 
is greatly decreased. Upon extraction, it is possible to 
restore and even exceed the dark resistance. 


VI. SUMMARY AND APPLICATIONS 


Two conditions have been established for the effective 
extraction of minority carriers from germanium: (a) the 
injection efficiency, y-, at the entry contact must be 
close to zero, and (b) the minority carriers in the sample 
must be swept out in a time <r. With a series of p-type 
samples (7-40 ohm-cm at 300°K), to which Jn contacts 
were soldered, these conditions were generally satisfied 
for T < 370°K ; complete rninority carrier depletion was 
obtained for T<340°K. The decrease in effectiveness 
of extraction at higher temperature and/or deeper in 
the intrinsic range is attributed to increase in y- with 
temperature, and the decrease in the transport velocity 
of the minority carrier concentration as mo—po. Within 
its range of effectiveness, extraction is a useful supple- 
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ment to injection for modulating bulk and contact 
properties. Transient and transport effects associated 
with extraction can be used for measuring minority 
carrier drift mobility and lifetime. A special feature of 
extraction is its usefulness in extending the temperature 
range of operation of diodes and transistors. This may 
be accomplished with an auxiliary, extraction electrode 
and sweep field, or more simply, if less efficiently, by 
utilizing a base contact which satisfies the condition 
for extraction. In the latter case, when reverse current 
at the collector is high enough to permit appreciable 


EXTRACTION IN Ge 1055 
field in the base region, considerable minority carrier 
depletion, and consequent enhancement of reverse 
resistance of the collector can be observed. Thus an 
extraction base contact, not only suppresses undesirable 
excess minority-carrier injection, but it also depresses 
the minority-carrier current which would normally be 
present. 
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Effect of Shape Anisotropy on the Coercive Force of Elongated Single-Magnetic-Domain 
Iron Particles 


T. O. Paryg, L. L. MENDELSSOHN, AND F. E 


LUBORSKY 


Measurements Laboratory, General Electric Company, Lynn, Massachusetts 
(Received April 19, 1955) 


Elongated single-magnetic-domain iron particles, 150 angstrom units in diameter, have been prepared 
with properties that definitely confirm the existence of a shape anisotropy effect on coercive force. This 
conclusion is based upon four observations: (1) Torque curve analysis shows the predominating anisotropy 
effect to be uniaxial. (2) With increasing particle elongation, the temperature coefficient of coercive force 
departs from the temperature coefficient of crystal anisotropy and approaches the temperature coefficient of 
saturation induction. (3) Coercive forces greater than 2000 oersteds for iron have been measured. (4) A direct 
correlation is observed between particle coercive force and elongation 


I. INTRODUCTION 


BETTER understanding of the basic factors 

which determine the properties of high-coercive- 
force magnetic materials is emerging from studies of 
submicroscopic ferromagnetic particles, too small to 
contain magnetic domain boundaries. These “‘single- 
domain particles” cannot change their magnetization 
in response to an externally applied field by the rela- 
tively easy process of domain boundary movement, in 
the manner of soft magnetic materials, but respond to a 
field by the more difficult process of rotating their 
magnetization vectors. The magnetic anisotropy effects, 
opposing domain rotation, thus determine the coercive 
force of these particles.' Although the sources of mag- 
netic anisotropy are not completely understood, four 
effects have been suggested: magnetocrystalline ani- 
sotropy,? strain anisotropy,’* shape anisotropy,‘ and 
surface anisotropy.’ The existence of these proposed 
anisotropy effects has not been experimentally con- 
firmed, with the exception of crystal anisotropy, which 
was conclusively demonstrated in an investigation of the 


'C. Kittel, Phys. Rev. 70, 965 (1946); 
Phys. 21, 541 (1949 

7. Guillaud, thesis, Strasbourg, 1943 (unpublished). 

?C. Guillaud, J. phys. radium 8, 347 (1947) 

‘E. Stoner and E. Wohlfarth, Trans. Roy 
A240, 599 (1948) 

+L. Néel, Compt. rend. 237, 23 (1953) 


see also Revs. Modern 


Soc. (London) 


coercive force of fine particles of manganese-bismuth 
by Guillaud.? Crystal anisotropy has also been studied 
in iron by Néel® and in barium-iron oxide and related 
compounds by Went ef al.’ 

It is now eight years since Stoner and Wohlfarth,* 
Néel,* and Guillaud® first suggested that the shape 
anisotropy of an elongated single-domain particle of 
iron should be more than ten times as great as its 
crystal anisotropy. Although the existence of shape 
anisotropy has not been confirmed experimentally 
during this time, Weil,’ Galt,"' and Meiklejohn" have 
attributed discrepancies between observed and calcu- 
lated coercive force values to a possible shape-ani- 
sotropy effect arising from statistical fluctuations in 
particle dimensions, and Nesbitt" and Kronenberg'* 
have established the presence of an elongated precipitate 


*L, Néel, Compt. rend. 224, 1488 (1947). 

"Went, Rathenau, Gorter, and van Oosterhout, Phillips Tech 
Rev. 13, 194 (1952). 

* L. Néel, Compt. rend. 224, 1550 (1947). 

* L. Weil and S. Marfoure, J. phys. et radium 8, 358 (1947) 

” L. Weil, International Powder Metallurgy Day, Graz, July, 
1948, No. 17 (unpublished). 

" J. Galt, Phys. Rev. 77, 845 (1950). 

2 W. Meiklejohn, Revs. Modern Phys. 25, 302 (1953). 
wu Williams, and Bozorth, J. Appl. Phys. 25, 1014 

9 

“ ~ Nesbitt and P. Heindenreich, Elec. Eng. 71, No. 6, 530 
(1952). 

“K. J. Kronenberg, Z. Metallkunde 45, 440 (1954) 
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Il. DESCRIPTION OF THE PARTICLES 


observation of elongated iron 


*n 100 and 1000 angstrom 
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vented previous confirmation of the shape anisotropy 
effect. The particles described in this paper were pro- 
duced by electrodepositing iron into a molten metal 
cathode. This venerable technique was employed by 
Herschel'® over a century ago, and has since been used 
by Nagaoka,’’ Antik,’* Dean,'? Pawlek,” Mayer,” and 
Meiklejohn 7 
$y modifying 


to produce single-domain iron particles. 
his process in certain essential details, 


it was discovered that substantially elongated iron 


parti les could be prod iced. 
Figures 1 through 4 are electron micrographs of these 


parti } 


*s at 50 000X magnification made by dispersing 
the particles on a thin film for direct observation with 
a high resolution electron microscope.” This technique 


successfu tions down to 20 angstrom 


Ly ac hieved reso 
units, and permitted a direct measurement of particle 


size and shape. The diameter and length of each of the 





coercive force 1600 oersteds 


at could be resolved in a 
100 000 electron micrograph were measured to the 
corresponding to 25 


several hundred partic les tl 


nearest quarter of a millimeter 


angstrom units actual size), and distribution curves 
prepared for each sample. Typical curves are shown in 
Fig. 5. The diameter distribution was essentially 
(aussia wit! a standard deviati mon the order of 


nits for most samples. The length-to- 

* J. Herschel, Trans. Roy. Soc. (London) 114, 183 

’H. Nagaoka, Ar Physik 3) 59. 66 (1896 
Antik a T. Kubyschkina, Wis Ber. Univ 


(1824 


Mosk. 11 

143 (1934 
*R. Dea a ( Davis, | S. Pate 2,239,144 April 22, 
*™F. Pawlek, Z. Metallkunde 42, 451 
% A. Mayer and E. Vogt, Z. Naturt 
* M. Schuster and I ul 

653 (1946). The auth 

E. F. Fullarm, In 


graphs which have « 


1950). 
sch. 7a, 334 (1952 
m, Ind. Eng. Chem., Anal. Ed. 18, 
ndet ullam of 
letailed electron micro 
to this work 














EFFECT OF SHAPE 
diameter ratio of the particles showed a logarithmic 
rather than a linear Gaussian distribution. 

Figure 1 shows the almost spherical particles of 
sample A. The authors have prepared similar particles 
by the low-temperature decomposition of iron salts as 
described by Honda™ and others.*-** Particles from 
sample B with twice this elongation, but characterized 
by an irregular, roughened surface, are shown in Fig. 2. 
Even greater elongations with a somewhat different 
structure are shown in Figs. 3, 4, and 6. These views of 
samples C, D, and E reveal the presence of dendriti 
branches on many of the particles. Samples A through D 
have mean particle diameters between 140 and 150 
angstrom units; sample £ has a larger mean particle 
diameter of 175 angstrom units. These diameters refer 
to the main body of the particles without any correction 
for the dendritic branches. 





. fe «ge 


ticle iron D. Median elongation 4.0; 
coercive force 1600 oersteds 





It is interesting to note th: 
diameter ratio of the particles in sample E& is 4.6 and 
of this sample consists of particles with an 
elongation ratio greater than 10, with a few as high 


it the median length-to- 


that 25% 
as 40. Stereoscopic electron micrographs have shown 
that the dispersion technique used causes most of the 
particles to lie flat on the film, minimizing distortion 


due to third-dimension alignment 


Ill. MAGNETIC MEASUREMENTS 


To determine the intrinsic coercive force of each 
sample, the particles were dispersed in a liquid to a 


™K. Honda, Nippon Kinzoku Gakkai-Shi No. 1, 3 and 19 
1937 

* British Patent 590,392, April 7, 1942 

%F. Bertaut, ( pt. rend. 229, 417 (1949 

*F. Lil Acta Phys. Austriaca 4, 360 (1951 

7 BK ypeimar;r Ele Eng 71, No. § 447 1952 

* Stewart, Conard, and Libsch, J. Metals 7, 152 (1955 
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Fic. 5. Distribution of particle elongations for 


samples A, B, C, D, and E 


packing density below 5%, and then frozen in liquid 
nitrogen. The sample was then magnetized, and the 
reverse field required to reduce its intrinsic induction to 
—197°C. Zero induction was de- 
tected by a sensitive galvanometer connected to a 
search coil fixed in the demagnetizing field. Coercive 
force values given are reproducible to 2%, with an over- 
More precise magnetic 


zero determined at 


all accuracy well within 5% 
permeameter measurements of the complete hysteresis 
loops were made on bars prepared by dispersing the 
rhe 
measurements were confirmed 


by the permeameter, which is accurate to within 2% 


particles in a lead-tin-bismuth low-melting alloy 


intrinsic coercive force 


The particles dispersed in the low-melting alloy were 
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Fic. 6. Fine particle iron E. Median elongation 4.6; 
coercive force 1850 oersteds. 
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ANGLE FROM DIRECTION OF PARTICLE ALIGNMENT 


Fic. 7. Torque magneto é r 
suitable for precise measurements over the temperature 
range from 197 ( » +25 ‘ illowed the tem 
perature coefficients of induction and coercive force to 
be est ablist ed 
lo provide further information on the nature ol 


the amisotropy respor sible tor the 


properties, sampies were prepared sul 


magnetometer studies These one-in¢ 


ral 


24 mils thick, contained 25% iron by volume, and were 


directionalized by ga 5000 gauss field along the 


diameter during the solidification of the low-melting 


alloy matrix. The measurements were made by R. D 


Robinson using the recording torque magi etometer a 
the General Electric Research Laboratory 


DISCUSSION 


] e le tre ai rovrap ear re ta ec ¢ mya 

i ot the par es ind the magne properties 

observed are all consistent with the cor cept ot singie 

domau partucies of iron with a } igh coercive force 

derived from s ape anisotropy Each of the observed 
magnet propertie s will be « onsidered in turn 
A. Torque Magnetometer Curves 

The typical torque magnetometer curve shown In 

Fig. 7 indicates that the magnetic anisotropy of the 


; 


iniaxial rather than cubic. If any crystalline 


anisotropy is present, it was either not aligned by the 
directionalizing field, or was too small to be detected 


No torque was measurable on the round particle 


samples Electron microscope work to be published 


elsewhere reveals that the long axis of each particle is 


This in 


iniaxiail anisotropy, eiimi 


i conjunction 


aligned by the directionaliz 


with the observed 





iw field 





nates crystal 


anisotropy as the predominating effect 


B. Temperature Coefficient of Coercive Force 


isotropy should 


The coercive force due to crystal an 


be proportional to K/I,, while that due to shape 
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anisotropy is predicted to be proportional to J,, where K 
is the crystal-anisotropy constant, and /, the saturation 
induction.' By comparing the observed temperature 
coefficient of coercive force for the elongated iron 
particles with the temperature coefficients of K/J, and 
I, measured for bulk iron, it is possible to discriminate 
between crystal- and shape-anisotropy effects. 

The measurements reported in Table I show a clear 
correlation between particle elongation and temperature 
coefficient of coercive force. Round particles have the 
expected large temperature coefficient of coercive force 
proportional to the temperature coefficient of K/J,, but 
with increasing particle elongation the temperature 
coefficient of coercive force is observed to approach the 
smaller temperature coefficient of J, These results 
demonstrate that crystal anisotropy determines the 
coercive force of the round iron particles produced by 
the low-temperature reduction of iron salts, but with 
increasing particle elongation shape anisotropy becomes 
the predominating effect 


C. High Coercive Force 


To a first approximation the predicted coercive force 
of a round single-domain particle due to crystal ani- 


sotropy is: 
Hi=2K/I, 
H..=0.64K /1, 


for favorable orientation; (1) 
for random orientation; (2 


where AK is the 


$.2 


cubic crystal anisotropy constant 
10° ergs/cm® for iron) and J, is the saturation 
magnetization (1700 gauss for iron). This predicts a 
ive force of 490 oersteds for favorably-oriented 
iron particles, and 160 oersteds for random orientation. ' 
In view of the approximate nature of these calculations, 


coer 


is not 


surprising that the experimentally-observed 


values for round 
1000 


iron particles have run as high as 
oersteds.""-"! In addition, discrepancies may 
arise from the difficulty of producing ideal crystals, 
free of strains or elongation 

A length as 1.3 might 
account for the reported coercive force of iron particles, 
according to the calculations by Stoner and Wohlfarth.* 
They proposed that the coercive force of a randomly- 


oriented elongated partic le should be 


to-diameter ratio as low 


H.=0.479(Na— NDI, (3) 








Tape I. ¢ etwee i e elongation and 
te coemci i « ive lorce 
200" +25 
empe 
eficles ( 
Pre crystal anisotr K 97X10 
Ro ron f rmate re: 851079 
Sa eA, ¢ gati ratio 1.3 38x 10°% 
Sa B,« gation ratio 2.7 28x 10% 
Predicted for shape anisotropy (/, 7xX107% 











EFFECT OF SHAPE ANISOTROPY ON COERCIVE FORCE 


where Vz and .V, represent the demagnetizing factors 
of the particle along the diameter and length, respec- 
tively. For particles with a length-to-diameter ratio of 
1.3, a coercive force of 1000 oersteds is predicted. This 
increases to 4800 oersteds for particles with an elonga- 
tion of 10. 

The coercive force values as high as 2100 oersteds 
observed in the course of this work are much greater 
than crystal anisotropy could reasonably explain, and 
are strong evidence for the existence of the shape- 
anisotropy effect. 


D. Correlation between Particle Elongation 
and Coercive Force 


Table II summarizes the results of the elongation 
and coercive-force measurements. Figure 8 compares 
these results with Stoner and Wohlfarth’s predictions 
for single-domain prolate ellipsoids. It is assumed that 
the intrinsic coercive force of a sample made up of 
single-domain particles represents the condition of zero 
induction caused by the reversal of 50% of the particles, 
and that the coercive force of the sample will therefore 
be related to the median elongation. 

There are a number of reasons why the observed 
coercive forces might be substantially less than pre- 
dicted. The irregularities and dendritic branches of the 
actual particles are far from the ideal prolate ellipsoids 
assumed by Stoner and Wohlfarth. The particle diam- 
eters are less than optimum, so the smaller particles 
may lose coercive force by the thermal reversal mecha- 
nism described by Néel,” Bertaut,”* and Meiklejohn.” 
The inevitable agglomeration of these magnetic particles 
will certainly decrease the coercive force of the samples? ; 
infinite dilution was assumed in the calculations. Any 
omission of small round particles in the counting would 
make the median elongation appear to be higher than 
actual. The coercive force of a sample containing a 
variety of particle shapes and diameters is not well 
understood, and may be less than the median.” It has 
been suggested by Bean and Jacobs that the uniform 
rotation of the magnetization vector assumed by Stoner 
and Wohlfarth may not take place, and instead these 


TasBLe II. Measured properties of single-domain iron particles. 


Median 





length-to- Coercive force, 
Samp diameter ratio oersteds 
A 1.3 1090 
B 2.7 1366 
Os 3.0 1600 
D» 4.0 1600 
BE 46 1850 





* Particles with dendritic structure 


* L. Néel, Compt. rend. 228, 664 (1949 
* E. Wohlfarth, Research 7, No. 3, $18, March, 1954. 
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Fic. 8. Relation between median elongation and coercive force. 


particles may reverse their magnetization by an easier 
nonuniform process." Finally, the contribution of crys- 
tal anisotropy is not known, and may act to increase or 
decrease the coercive force of the particles depending 
upon the crystallographic orientation of the particle 
axis. Any of these factors may account for the dis- 
crepancies between the predicted and observed results. 
The measurements do not provide quantitative con- 
firmation of Stoner and Wohlfarth’s predictions, but 
the observed relation between elongation and coercive 
force confirms the existence of a shape anisotropy effect. 


V. CONCLUSIONS 


The uniaxial anisotropy indicated by torque mag- 
netometer curves, the agreement between the tem- 
perature coefficients of coercive force and induction, 
the coercive force values of 2100 oersteds observed for 
pure iron, and the direct correlation between particle 
elongation and coercive force, all confirm the existence 
of a shape anisotropy effect on the coercive force of 
single magnetic domain particles. 
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ELONGATED 


coercive force when in the random arrangement is about 
1500 oe (measured at — 196°C). Alignment may raise 
this to 1700 or 1800 oe in the parallel direction by 
about 1200 to 1400 oe in the transverse direction. The 
Stoner-Wohlfarth calculations predict about 3500 oe 
for the random-state coercive force and 7200 oe by 0 oe 
for the aligned state. This discrepancy warrants further 
attention. In what follows, there will be described a 
simple model with several variations which is capable 
of accounting for a number of experimental! observations 
made on this elongated fine-particle iron. 


“CHAIN-OF-SPHERES” MODEL 


An alternative model of an elongated particle is a 
chain of single-domain spheres, rather than the prolate 
ellipsoid employed by Stoner and Wohlfarth. In this 
idealized model the spheres are sometimes assumed to 
have only point contact, or even to be slightly separated 
so as to be magnetically isolated. We shall refer to this 
model as a “chain of spheres.” 

This sort of model has*been envisaged in the past,'*° 
and suggestions have been made for obtaining the chain 
experimentally. Beischer and Winkel* have noted a 
self-alignment feature in the model and presented some 
experimental evidence for it. Briefly stated, the self- 
alignment mechanism is that single-domain spheres 
have a tendency to line up with their moments along 
the common axis, due to magnetostatic interactions. 
To consider the alignment mechanism, we treat each 
sphere as a dipole of moment wu and diameter a, and 
examine their interactions. If dipoles yu; and w;, sepa- 
rated by a distance r;;, make angles 6; and 6; with the 
vector joining them, their energy is 


W = (uga;/1:?)[cos(0,—0;)— 3 cos, cosd; }. (1) 


Adding terms of this type, it is easy to show that two 
spheres in contact are most stable with their moments 
aligned along the line of centers. Similarly, for three 
spheres the aligned configuration is more stable than 
any other, including those which offer a sort of flux 
closure. This situation changes when we allow four 
spheres to come together. Now, the flux closure con- 
figuration of a square array, moments at 45° to con- 
necting lines, is more stable than the aligned configur- 
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Magnetization reversal of aligned chain or particle. 
symmetric fanning mechanism; B 
parallel 


Fic. 1 
Chain-of-spheres model: A 
parallel rotation mechanism. Prolate spheroid model: C 
rotation mechanism 


* U.S. Materials Advisory Board, Panel on Permanent Magnet 
Materials, Report MMAB-34—M, 1953 (unpublished) 
* I). Beischer and A. Winkel, Naturwiss. 25, 420 (1937). 
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ation. The self-alignment mechanism need not fail at 
this point, however, for if a fourth sphere approaches 
a straight chain of three, its most stable position is at 
the chain end, provided we admit no mechanism for 
deforming the chain. With this growth feature, aided 
by some unspecified welding of spheres, this scheme 
may be added to those previously considered for 
making connective chains. 


COERCIVE FORCE OF ALIGNED CHAINS 


The principal object of this paper is the calculation 
of the coercive force of dilute suspensions, using the 
chain-of-spheres model. We shall be concerned first 
with the coercive force when the chain is aligned with 
the field. This will be followed by the appropriate 
averaging over all orientations of the chain with respect 
to the field, so as to obtain the coercive force for an 
assembly of randomly oriented chains. At that point 
we may compare the predictions of the model with 
experiment. 

For the calculation, we assume that the spheres have 
no crystal anisotropy. The shape anisotropy of the 
chains will follow from the arrangement of the dipolar 
spheres as they interact with each other and with the 
external field. There are two reversal mechanisms which. 
will be considered for the chain of spheres. (See Fig. 1.) 
The simpler one is that of simultaneous parallel rotation 
of each of the dipole moments in the chain. (This will 
be designated as mechanism B.) This mechanism is 
identical to that employed by Stoner and Wohlfarth, 
with the exception that the specific value for the 
coercive force of a chain proves to be lower than that 
for an ellipsoid of the same axial ratio. The averaging 
procedure is identical, yielding the same numerical 
factor (0.479) relating the coercive force of the ran- 
domly oriented assembly to that of the perfectly aligned 
(noninteracting) assembly. The second mechanism is 
that in which the moments fan out in a plane, alter- 
nating in the sense of their rotation from one sphere to 
the next, proceeding along the chain. We assume here 
that there is no exchange-energy interaction where 
adjacent spheres are closest. In other words, the “wall” 
area is confined to the “point” of contact, or the spheres 
are slightly separated. It is easy to show that fanning 
in a plane is favored over any other arrangement of 
fanning with respect to the chain axis. A special case 
of this observation is that the mechanism of fanning in 
a plane yields a lower magnetostatic energy during 
magnetization reversal than does the simultaneous 
parallel-rotation mechanism. It is instructive, however, 
to include the calculations for the higher-energy process, 
as it may occur if the wall energy contribution becomes 
significant. It is important to note that a simplifying 
assumption is made in the calculations for the fanning 
mechanism, i.e., the magnitude of the angle of fanning 
is constant along the length of the chain. This assump- 
tion of symmetric fanning is rigorously correct for the 
two-sphere chain and for the infinitely long chain whose 
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ends meet. Separate calculations of the coer ive force, TABLE I Comparison of coercive force of chains or particles 
: , , , of iron aligned with magnetic field. (A) Chain of ms, symmetric 
made without the above restriction, for aligned chains fanning mechanism Eq. (9). (A’) Chain of , nonsymmetric 


of finite and semi-infinite length show the existence of fanning mechanism. (B) Chain of n, parallel rotation mechanism, 
an end effect. This leads to lower coercive forces than Eq : 4). (C) Prolate spheroid of axial ratio n, parallel rotation 
. mechanism 

those predicted by symmetric fanning. Exact solu 
are readily obtained for aligned chains of six or less 


< " 


spheres. For the semi-infinite chain a close approxl- Chain length - a: 
mation is obtained by starting with a trial solution = ‘ ‘ K ( 

Sa . 
suggested by a soluble model involving only nearest 0 0 0 0 ‘ 


1 

2 900 900 2700 5160 

3 1420 1400 3820 7260 

4 1690 1590 4430 8340 

5 1870 1680 4810 8980 ~. 

will be retained for detailed investigation. It will be 6 2020 1720 5070 9400 

Lane that the emnes omemetine it s use are smal j 2090 5260 9650 

snown that ne erro. TIPINACING | — a — g 2160 5300 9860 

e chains are not long. (We shall designate the 9 2220 5530 10 000 

ric-fanning process as A and the nonsymmetri 10 2270 5630 10 100 
/ ; 11 2310 5700 10 200 

process as A 12 2340 5760 10 300 


neighbor interactions. When considering the reversal 
by fanning of unaligned chains, the symmetric-fanning 


model is more tractable. Consequently this mechanism 





To calculate the coercive force for a chain aligned L 2700 1750 6470 10 800 
with the field, we consider the total energy of the chai a 
at some point during the reversal, being the sum of the 2 : ; af 
interdipole magnetostatic energy and the field energy We may tabulate the coercive forces for chains (or 
with the field directed opposite to the initial direction ¢longated particles) of various lengths (or axial ratios). 
of magnetization of the chain. This energy is minimized his is done in Table I, and includes the results for the 
with respect to its angle parameter to obtain an expres nonsymmetri fanning mechanism, A’, along with the 
sion for the equilibrium field for a given angle. The Coercive forces for prolate spheroids, C, calculated as 
coercive force js obtained from this expression b indicated previously. 
inspection. In the case of parallel rotation, 6,=6 9 Several points are of interest in connection with the 
iow all 3 n the chain of n. The total energy is then data of Table I. As implied above, the fanning mecha- 
nisms (A4,A’) have lower coercive forces than the other 
W, p?/a*)nK ,.(1—3 cos*6)+ null cosd - mechanisms. For experiments with elongated particles, 
where it is particularly significant that the maximum coercive 
‘ forces by fanning are considerably lower than the 
Kn=2(n ; , corresponding maximum attainable with parallel rota- 
tion of the magnetic moments in an ellipsoid (C). The 
Proceeding as described, the coercive force for parallel Jower coercive forces of the various chain models 


rotation, B, is compare attractively with existing experimental results. 


He. n= (u/a* ok, +) MAGNETIZATION OF RANDOMLY ORIENTED CHAINS 


In similar fashion, for the symmetric tanning mecha We have now to obtain the hysteresis loop for an 

ism where 6=0 0,=0 O4 , we write for assembly of randomly oriented chains of spheres, when 

the total energy: the magnetization reversal mechanism of a chain aligned 
with the field is the symmetric-fanning process, A. For ™ > 


W, u?/a*)nL,,(cos20—3 cos? “eer : 3 
nism A’, we shall use an approximation based 


on A, while B is similar to C, previously described.5 
_— The composite loop is synthesized from the family of 2 
}(m—1) <J< h(n 41 loops corresponding to different angles between the 
I LX n—(2j—1) n(2j—-1 ‘ field and the chain axis. As this angle approaches 90", 


he reversal mechanism will change over to that of 











i(n—2) <i<in simultaneous paralle] rotation. This feature is responsi- 
Ml 7. n—2j)/n(2 7) ble for an approximate equivalence of the random and 
{ iligned coercive forces. There is no universal random 


L+M,.=K, & loop, adjustable to chain length by a scale factor, 
vecause the ratio K,/L,, Eq. (9), is a slowly varying 
Thus we obtain for the coercive force in the fanning function of m. We carry out specific calculations for two 
mechanism, A, cases, a chain of two spheres and an infinitely long 
chain, and interpolate for chains of intermediate length. 

The choice of coordinates facilitates the calculation. 
ied along the z-axis, 


H.. a= (u/a*)(6K,—4L, 9 
} 


Noting that p/e?=x/,/6 which is about 900 oe for iron, Consider that the field, H, is app 
g 











ELONGATED FINE 
in the —z-direction. Let the chain lie in the xz-plane, 
its axis making an angle y with the z-axis. The sphere 
moments will be described by their polar angle 6, with 
respect to the z-axis, and their azimuthal angle ¢ 
measured in the xy-plane, with respect to the x-axis. 
During the fanning process, the angle @ alternates in 
sign from one sphere to the next along the chain, but 
¢@| is constant in accordance with our assumption for 
this process, A. In terms of this description, the total 
energy for a chain of m spheres, comprised of magneto- 
static and field energy terms, is given by 


W .(0,6,0,H) = W ms(0,6,W~)+W ;(0,H) 
= —3nK,,(u*/a’*)(siny sind cose 
+cosy cos@)?+-nL,,(u?/a*) (sin’? cos2o 


+-cos*@)-+nM,,(u?/a*)+nyuH cosé, (10) 


where K,, L,, and M,, are given by Eqs. (3), (6), and 
(7). To determine the hysteresis loop for a chain making 
a given angle y with the field, we calculate the equi- 
librium values of @ and ¢ at various values of the field 
H, i.e., minimize W, at fixed y, H. The loop is then 
formed by plotting the resolved relative magnetization 
I/T,=cosé versus H 
simultaneously are 


The equations to be solved 


(OW ms (11) 


st+dW,/dd=0. (12) 


(OW ,./dd)—= Od) g=0, 


{ ow, 06 $= OW m-/ O08 


From Eq. (11) we obtain a relation between 6 and ¢, 
which, upon substitution into Eq. (12), yields an 
equation in 6 alone, depending on ¥ and H as param- 
eters. We complete the solution for @ graphically, by 
fixing y, plotting (OW,,,/00), and —(dW,/d@) for a 
given H, and determining their intersection. A simplifi- 
cation is introduced by using sin@ as abscissa, in which 
case (dW,/d6) is a straight line whose slope is propor- 
tional to H. 
To describe 


the features of the reversal, we first 
examine the roots of Eq. (11), which are 
sing =), g@=OU,8F (13) 
and 
cos@ = A (yy cow, (14) 
where 


AW) = (3K,/4L,) sin2y/[1—(3K,/2L,) sin'y]. (15) 


The first of these indicates parallel rotation of the 
moments, leading to the results of Stonerand Wohlfarth. 
The correct choice for our model is obtained by in- 
voking a necessary condition for a minimum, i.e., 
(dW ,/0¢*)s>0. This condition is satisfied as follows: 

(a) by ¢=0, for O0<@<tan“A (y); 

(b) by ¢=cos™[A (W) cot], for |tané| > AW); 

(c) by ¢=z, for cot (—1/A (W)) <0<x. 


The reversal mechanism is some sort of fanning in 
range (b), but this range becomes smaller as ¥ increases 
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Fic. 2. Hysteresis loops for two-sphere chains oriented at various 
angles y to field. (Fanning mechanism.) 


until Y>ypo=sin"(2L,/3K,)' for which there is no 
longer a solution to Eq. (14). The angle Wo varies from 
54.8° for n=2 to 49.8° for n= 2. For ~>yWo, the com- 
plete reversal is by the parallel-rotation mechanism. 
The polar angle 6=tan~'A (W), marking the transition 
from parallel-rotation reversal to fanning reversal, 
increases with increasing ¥ until Y=Yo, at which point 
6(Yo)=2/2. Other features of the reversal appear in 
the graphical solution. For ¥<Wo, as H increases, there 
is a gradual change in cos@, followed by a discontinuous 
change just at the angle 6 marking the transition from 
parallel to fanning reversal. The only stable solutions 
occur in ranges (a) and (c), while range (b) is needed 
to permit fields lower 
than would occur with the parallel rotation mechanism 
alone. These fields mark 
loops in question. For ~>yWo, discontinuous changes 
occur at H>#H,, as described by Stoner and Wohlfarth. 

The results, in the form of graphs of representative 
hysteresis loops, are shown in Figs. 2 and 3 for n=2 
respectively. In Fig. 4, showing 7, versus p 
for mechanisms A and B, it is interesting to note the 
gradual rise in H, (fanning) from its value at y=0, 
until it meets H, (parallel rotation) at ~=yWo and then 
falls rapidly to zero. This comparison demonstrates the 
large difference between mechanisms A and B in their 
numerical ‘averaging’ relating the aligned 
coercive force to that for a randomly oriented assembly. 

Using data calculated for loops of constant W in 10 
intervals, we proceed to the synthesis of the loops for 
an assembly of randomly oriented chains, all having 
either n=2 or n=. The mean resolved value of the 
relative magnetization of the assembly at a particular 


the discontinuous reversals at 


the coercive forces for the 


and n= %, 


factor 
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nost important results are the values of the random 


coercive force, as follows: 


H 1.13+0.02)(2K.u/a*)=1.13H.(y=0), 


~ 
— 
— 


35+0.03)(2K,u/a*)=1.08H .(y=0). 


ings are novel, in that the random coercive 











. 
force exceeds the aligned coercive force, but, in practice, 
a number of factors may tend to mask this effect. 

Figure 7 presents a comparative summary and . 
evaluation of the results for the field of fine-particle i 
ferromagnetic material having shape anisotropy. Spe- 
cifically considered are the hysteresis loops for random 
and aligned assemblies reversing by three mechanisms, 

if 
48 
“6 
H 5 S y oriented 
uins. (Fa anis 
¥ . 
I g ! parallel rota B rr chains of 
ere raliei rotation (¢ lor prolate spheroids 
{ urves describe the magnetic behavior when the 
: * 

sphere D e chain appear isolated to the extent ol 
feeling no exchange forces, but are subject to strong 

ignetostat interaction. Curves B pertain when 

ere is Su é ommon bou ry between the spheres 

f the chain to allow a strong exchange interaction 
\ forces the reversal mechanism to be parallel 
rotation. This interaction raises the random coercive 
force but slightly, while the aligned coercive force 


| three over that in A. Curves C 
oercive forces over 
ose in B, illustrating the improvement in magnetic 
hain is “filled out” 


I From the theoretical 


prolate spheroid 
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side, there are three idealized models for analysis of 
actual situations which may be close to one of them, 
or lie between two of them. 


COMPARISON WITH EXPERIMENT 


The particle elongation distribution curves presented 
by Paine, Mendelsohn, and Luborsky"* enable us to 
compare the magnetic properties predicted by the 
various models with their results. For the chain-of- 
spheres model, only integral elongation ratios are 
allowed, so unit length is assigned to particles whose 
ratios lie between 1 and 1.5, length 2 to particles 
between 1.5 and 2.5, and so on. This information is 
converted to histograms showing the volume percentage 
of particles in each group. The existence of universal 
hysteresis loops for mechanisms B and C facilitates 






oe H(0°/2Kep wp) 





40 25 2.0 1.5 
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op of assembly of randomly oriented 


Fic. 6. Hysteresis | 


© -sphere chains (symmetric fanning mechanism 
the application of these data following the proc edure 
recently described by Wohlfartl His integration is 
j 


replaced here by a summation. When calculating the 


random coercive force for the symmetric fanning 
variation reduced 
hysteresis loops, Figs. 5 and 6, introduces a little more 
work. The for 


values of m is done in a straightforward manner, and 


mechanism (A), the with mn of the 


required interpolation intermediate 
the results are relatively insensitive to the exact method 
employed. For the nonsymmetric fanning mechanism 
(A’), only an approximate calculation of coercive force 
can be made, in the absence of a detailed hysteresis 
loop for a randomly oriented assembly. One simple 


approximation is to use the loop for a chain of two 


* FE. P. Wohlfarth, Research (London) 7, $1 (1954) 
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Taste II. Variation of relative magnetization with field for 
a randomly oriented assembly of s-sphere chains; s=2, n= 2 
(symmetric fanning mechanism) 


Upper branch Lower branch 
Il, : 

Ha /wlK, n=J.n= © nelaee@ 
0.0 +0.500* —0.500* 
0.2 +-0.453 0.542 
04 +-0.402 0.582 
0.6 +-0.349 0.620 
08 +-0.288 0.655 
1.0 +-0.220+-0.002 0.687 
1.2 0.195+0.005 +-0.140+-0.002 0.718 
1.4 0.495+0.005 0.150+0.050 0.747 
1.6 0.675+0.005 0.774 
18 0.7754-0.005 0.799 
20 0.822+0.002 0.822 
22 0.840+-0.002 0.841 
24 0.862 0.864 
26 O.884 0.884 
28 0.898 0.898 
3.0 0.913 0.913 
35 0.938 0.938 
4.0 0.957 0.957 
5.0 0.972 0.972 
6.0 0.981 0.981 
*® The data listed without error limits were interpolated from Stoner and 

Wohlfarth (reference 5), Table VI we gral al soluti is accurate to 


+-0,.002 except as noted 


scaling factor based on 
Table I. 

Calculations of the coercive force were made with 
different 
samples. The first of these, designated S—C 


spheres, applying a suitable 
the aligned coercive forces of 


the various models for two rather dilute 


(about 
reference 18), 


the same as sample C of is typical of 


those for which the chain-of-spheres model was devel 
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Fic. 7. Comparison of hysteresis loops for assemblies of ran- 
domly oriented and aligned two-sphere chains; three reversal 


mechanisms. A 
ments; ¢ 


fanning; B-~parallel rotation of sphere mo 
parallel-moment rotation in spheroid of axial ratio 2:1 
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magnetocrystalline anisotropy. This could add to the 
calculated coercive force an amount varying from 
2K/I, to —2K/I, depending on the degree of crystal- 

ne order along the chain. For iron at —196°C, the 
higher estimate amounts to about 600 oe. 

On the basis of the evidence up to this point, sample 
S—C seems best described by mechanism A, although 
we cannot reject mechanism B. This agreement with 
the chain-of-spheres model is not surprising inasmuch 
as this sample exhibits a symmetrically wavy profile 

the sides of its elongated particles. (See Figs. 2 

of reference 18.) With regard to sample S—A, 
the agreement with experiment of either of the two 
combination models is ifying. The prolate spheroid 
model C, also gives reasonable results for this sample. 
These estimates for S—A have a more quantitative 
than previous estimates for this type of sample.*:? 


,AS1S 
isl 4 


In recent work, Paine and co-workers” have investi- 
ed the effect, on the coercive forces, of the magnitude 
during lreezing of the matrix. 

a sample similar to S—C, in direc- 


1 perpendicular to the direction of the 


yw a small increase in H " and a rather 
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larger decrease in H.,. The magnitude of the decrease 
is more than twice that of the increase. This asym- 
metrical spread resembles the behavior expected from 
mechanism A. For the completely aligned state, each 
mechanism predicts H.,~0, but for mechanism 4A, 
H.,~H., as compared to the predictions for mecha- 
nisms B and C of H.,~ 2A... 

An additional comparison between theory and experi- 
ment may be made with the relation between random 
coercive force and median elongation ratio. Data have 
for samples ranging in median elon- 


been collected’*.* 
gation ratio (by frequency) from 1.3 to 4.6, with} article 
diameters lying between 140 A and 180 A. Fir the 
models, we assume that the median elongation ade- 
quately characterizes the behavior, and we determine 
the random coercive force of a sample of uniformly 
elongated particles (neglecting magnetocrystalline ani- 
Figure 8 presents the comparison of experi- 
and C. Mechanism C 


sotropy). 
ment with mechanisms A, A’, B, 


is ruled out at high elongation, as noted earlier. The 
! 


gl 
failure of models A, A’, and B at low elongation is also 
as expected. The general trend of predictions A, A’, 
and B is in fair agreement with the experimental 


results at higher elongations. In particular, despite the 
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crudeness of the assumptions, there is apparent support 
for the fanning mechanism J’ in this correlation. 


SUMMARY 


We have re-examined the predictions of magnetic 
behavior arising from shape anisotropy in single-domain 
particles. Several approximate models have been sug- 
gested which may exist in certain experimental situ- 
ations. Detailed calculations have been carried out for 
a “chain-of-spheres” model. Comparison with recent 
results on certain elongated iron particles favors the 
chain-of-spheres model as a suitable description of their 
magnetic behavior. A successful calculation has been 
made of the coercive force of material prepared by 
several earlier workers. A comparison of the new models 
with the older ones indicates a direction for experi- 


mental advance 
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Measuremer 


MnCl, have been carried out from 1.1 


t 


d to be essentially independ 


noma 


behavior this transition is interpreted as one of an 


ts of the magnetic susceptibility of pol 
to 4.2°K with an ac mutual 
nt of an applied magnetic 


uus behavior near 2°K indicating a n 


ycrystalline and single-crystal samples of anhydrous 


ductance bridge. The susceptibility was 


field up to 2400 oersteds throughout this region 


ugnetic ordering transition. In view of the ol 


antiferromagnetic nature, although 


f both the single-crystal and polycrystalline samples were found to rise slowly with 


perature below the transition region 


INTRODUCTION 


NHYDROUS Mn(C\l, is a member of the series of 

iron-group anhydrous chlorides. The magnetic 
and thermal! properties of these compounds have been 
previously investigated at a number of laboratories 
from liquid hydrogen temperatures to room temperature 
and above. An extensive study of the magnetic 
members of this group has been 


sus- 
ceptibilities of the 

* Reported at the New York meeting of the 
Society, January, 1955 

+ Graduate Fellow of the Oak Ridge Institute of Nuclear Studies 
from the University of Tennessee. This work was included in a 
thesis submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at the University of Tennessee 


American Physical 


This inte 


low 2°K. A calculation of the magnetic : 


rpretat is Supported by preuminary neut 


is in reasonable agreement with that 


carried out by Starr, Bitter, and Kaufmann' (SBK); 
references to earlier work may be found in their paper. 
This series of compounds is of interest because of the 
high density of magnetic ions which leads to strong 
magnetic interactions, and hence to magnetic ordering 
transitions at relatively high temperatures. Many of 
these compounds are crystallographically isomorphous, 
having a hexagonal layer structure, so that their mag- 
netic properties may be compared directly. Magnetic 
susceptibility measurements have shown well defined 
maxima in the susceptibilities of several compounds of 
this antiferromagnetic 


series, characteristic of an 


Starr, Bitter, and Kaufmann, Phys. Rev. 58, 977 (1940). 
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the 1948 temperature scale* with the cor- 
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pressure of the liquid helium above the 
] } 


' 
and measured 


his scale as given by Erickson and Roberts.’ 
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Ihe measured vapor pressures were correcte: 


normalized 
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MAGNETIC AND THERMAL 


SINGLE-CRYSTAL SUSCEPTIBILITIES 


The crystal structure of MnCl, is a hexagonal layer 
The Mn** ions assume a 
; each sheet of Mn*+ 
ions. The 


structure of the CdCl, type.’ 


in sheets ions 


hexagonal structure 
is sandwiched between two sheets of Cl 
crystalline c-axis is perpendicular to these layers of 
Mn? and CI ions, w! 


in the layers. Susceptib 


ile the a- and b-axes are contained 
measurements were per- 
formed on ne specimen so as to measure, 
g the c-axis (x,). The crystal 
to the cryostat so 
was parallel to the crystallo- 


the crystalli 
first, the susceptibility alon 
was with 
that the measuring field 

graphic ab planes; the susceptibility measured in this 
] 
s 


then reoriented respect 


enoted xa». The orientation of the c-axis 
al was determined by neutron 


O03 


orientation is ¢ 

erical cryst 
diffraction from the 
terms of a hexagonal system 


and (006) planes (indexed in 
The (006) reflections 
were found to be sharp and single, indicating an unique 
c-axis in the spherical specimen studied. 


he measurements of x, and xa» are 


The results of t 
shown in Fig. 1. The ordinate in Fig. 1 represents the 


susceptibility only, the 
gligibly small and tem- 


reactive component 


resistive ¢ omponent 


perature independent 
In order to examine the field dependence of both x, 
, external fields from an air-core solenoid up to 


pied to 


and xa 


2400 oersteds were aj the sample parallel to the 


is was done over the entire 
at 1.13°K for xa,. No 
a 


found 


oscillating measur) 


temperature rans nd 


evidence of field depe ce was 


ility of MnCl 


arrows locate specific heat maxima 


spherical crystal) as 


closec circies represent different 


Hoard, Z. Krist. 74, 546 (1930 


PROPERTIES OF MnCl, 


of MnCl 


l ; 
rows iocate speciti 


powder sample) as a 


heat maxima 


Fic. 2. Magnetic susce 
nction of temperature 


see reference & 


These measurements were carried out in collabo- 


ration with Dr. R. A. Erickson 


POWDER SUSCEPTIBILITY 


The techniques used in measuring the susceptibility 
of the polycrystalline sample were the same as those 
The data 


points, shown in Fig. 2, were obtained from the bridge 


applied in the single crystal measurements 


readings by applying a small, approximate shape cor- 


rection and normalizing to the powder average (x,) of 


the single-crystal susceptibilities, Fig. 1, at 4.2°K. By 


virtue of the symmetry of the MnCl], lattice, x, is taken 
to be 


Xp 


The curve in Fig. 2 is this average; it is seen to be in 
good agreement with the data points tor the poly 


crystalline sample This good agreement 15S taken as 


evidence that the single-crystal material was not con- 


taminated in the process of crystal growing and 


machining to a spherical shape. As before, the ordinate 


the reactive component of the susceptibility 


istive component being negligible 


DISCUSSION 


rhe irregular behavior of the susceptibility observed 
in both the single crystal and polycrystalline samples 
near 1.9°K, Figs. 1 and 2, 
type effect due to electric field splittings, or a co- 
magnetic ordering transition. In that the 
over-all splitting of the spin multiplet of an S-state ion 
(Mn? Ids 
ably be expected to be quite small compared with 2°K, 


suggests either a Schottky 
operative 
due to crystalline electric fie may reason- 
we dismiss the possibility that this transition is due 


M. H. L. Pryce, Phys. Rev. 80, 1107 (1950 
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perature (Part II*). Within this assumption, the ob- 
served anisotropy should be accounted for mainly in 














re of o-operative terms of magnetic dipole interactions and crystalline 
transition is electric field effects. We consider first the effect of 
ve ruled out magnetic dipole interactions. 
‘ rements since Keffer"? has shown that the contribution to the mag- 
“ virtually field netic anisotropy of a single crystal arising from dipole 
ft ysteresis iteractions is given approximately by 
f ear 2°K as 
attested tow the Ku Xa= (Xu Xs) (-—%z), (1) 
here ®. and >, are dipole sums taken over the neigh- 
: > an bors of a Mn** ion, x,, is the susceptibility measured 
€ res parallel to the crystalline summetry axis (x,), and x, 
; . serTO- at measured perpendicular to the symmetry axis 
pne ransit Xa»). The dipole sums ®,. and #,, whose values are 
re ‘ er letermined by the crystalline symmetry and lattice 
‘ ent of the parameters, were evaluated numerically in this case by 
‘ ‘ the Oak Ridge digital computer, the ORACLE. The 
I Ar “© sums were performed over neighbors contained within 
emperature i sphere, and were evaluated out to 510° neighbors. 
‘ lerromag rhe numerical value of these sums converge rapidly as 
| ents . i tu tion of the number of neign bors counted. The 
In view of the esults of the calculation give @ 0.163, &,=0.081. 
be e Née Inserting these values into Eq. (1), along with the 
erive ‘ ignet ies of x. and yg, measured at 4.2°K, we obtain 
Ir ( . 0.090. This is to be compared with the 
t Ande served anisotropv of —0.068 
. 3 a We turn next to the contribution from crystalline 
an tile aii ectric fields. Pryce’’ has shown that the predominant 
term in the spin Hamiltonian of a Mn** ion, arising 
Mn? 5 Ue larges t the eraction of the Mr harge distribution 
> & e tetragonal component of the crystalline field, 
CVErtneless a s of the form DS,*, where D is a constant and S, is the 
K a ver ympone uf the spin a momentum operator. 
( Ligne inisotropy due to such an interaction 
( as hee " € by Yosida 
t f Ta ré 
. } rv bv ’ X=) D/kRT)}\ O.4S8S(S+1 0.3 2 
Pre ry results = 
m ne : at ere .) 1S e sp qual mber, equal to 5 x 
' ae e calculation of the coefficient D in Eq 2) can be 
E : 7 nes rit nly to an order of magnitude. A rough 
a “d m2 stimate, similar to that given by Keffer, indicates that, 
1.9°K. No evidence : ; 
rr MnCl, D is negative and of the order of hundredths 
1 wave number. We note that exact agreement with 
e observed anisotropy requires D 0.06 cm", 
is within reason. It should be noted that the 
ee reca S take rile ng the crystal with respect 
urise fr 1) t he cryostat were not elaborate, so that the observed 
. 5 ay ou - sotropy 1s nsidered to be known only to + 20%. 
ys ~ on r view ol s, and the ipprox ite ature of the 
ACHIEVE x yn of € anisotropy, it is considered that the 
R 0, S yree ent 1S Satistact Ty 


$ la Progr. Theoret. Phys Ja an) 6, 691 (1951 
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Magnetic and Thermal Properties of MnCl, at Liquid Helium Temperatures. 
II. Specific Heat* 


R. B. Murrayt 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received July 28, 1955 


The specific heat of anhydrous MnCl, has been measured from 1.25° to 4.2°K in a search for the anomaly 
associated with the magnetic transition observed near 2°K. The measuring techniques are discussed briefly 
The results of a series of experiments show two A-type anomalies, each of magnitude 12 joules/mole-degree, 
located at 1.81° and 1.96°K. These two maxima are interpreted as arising from a multiple transition from 
the paramagnetic to an antiferromagnetic state. A plot of magnetic entropy vs temperature, obtained by 
. integration of the specific heat data, shows that approximately { of the available spin entropy has been 





achieved at the upper transition point 


INTRODUCTION 


EASUREMENTS of the magnetic susceptibility 

of MnCl, at liquid helium temperatures, dis- 
cussed in the preceding paper (Part I),! demonstrated 
an unusual anomaly near 2°K which was interpreted 
as arising from a transition to the antiferromagnetic 
state. This paper reports a study of the specific heat of 
MnCl, in the same temperature region in a search for 
the specific heat anomaly associated with this transition. 


EXPERIMENTAL PROCEDURE 


Specific heat measurements were carried out by the 
techniques of low temperature adiabatic calorimetry. 
Two polycrystalline samples of MnCl, were studied, 
samples I (0.2056 mole) and II (0.3078 mole). The 
preparation of the anhydrous material is described in 
the preceding paper 
coarse powder of average particle size 1 to 4 mm. 


sample I was in the form of a 


Large particles were used to decrease the total] surface 
area of MnCl, powder, so as to minimize adsorption of 
the helium heat exchange gas sealed into the calorimeter 
cup. In the preparation of sample II, the dehydrated 
powder was melted in a cylindrical platinum cup and 
cooled slowly to form a single, fused mass within this 
cup. In the preparation and handling of both samples, 
the anhydrous material was kept in a dry, inert atmos- 
phere at all times to avoid contamination with water 
vapor. Chemical analysis after the specific heat meas- 
urements gave the following results: sample I, 43.22% 
Mn, 56.35% Cl, 0.46% H,O; sample IT, 43.29% Mn, 
56.14% Cl, 0.25% 43.65% 
Mn, 56.35% Cl. 

A schematic diagram of the calorimeter with sample I 


H.O; theoretical values, 


in place is shown in Fig. 1. The chips of MnCl, were 
sealed with helium exchange gas (20 cm Hg pressure at 


* Reported at the New York meeting of the American Physical 
Society, January, 1955 [Bull. Am. Phys. Soc. 30, No. 1, 41 
1955) } 

t Graduate Fellow of the Oak 
Studies. This work was included ir 
fulfillment of the requirements for the 
Philosophy at the University of Tennessee 

R. B. Murray and L. D. Roberts, preceding paper [ Phys 
Rev. 100, 1067 (1955) } 


Ridge Institute of Nuclear 
a thesis submitted in partial 


degree of Doctor of 


room temperature) into a thin-walled brass calorimeter 
cup. A carbon resistance thermometer R (Allen- 
Bradley, }-watt size) with its exterior coating ground 
off was sealed in the cup in direct contact with the 
MnCl.; thermometer leads were brought out through 
vacuum tight Kovar seals. A heater coil, H, of Con- 
stantan insulated from the 
exterior wall of the calorimeter cup by a thin layer of 
Araldite cement. The calorimeter cup was suspended 


wire was bound to and 


under spring tension from a brass cage by nylon threads 
T as shown. The use of spring tension provides a rigid 
sample mounting and reduces vibration induced heating 
of the sample during measurement. Thermometer and 
heater current leads between the sample and ‘helium 
bath were of 0.005-inch Constantan wire coated with 
soft solder so that they were superconducting at liquid 
helium temperatures. Current and potential leads, 
joined at the bottom of the vacuum jacket, are taken 
through the helium bath to standard resistors and a 


precision potentiometer for all electrical measurements 





Fic. 1. Calorimeter assembly for MnCl; sample I 
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ing functions overlapped several tenths of a degree. 
Such a procedure permits a very accurate fit of the 
observed data with a calculated function. In a typical 
calibration, all data points fell within 0.002° of the 
calculated curve while a majority of the points were 
within 0.001°, these deviations being comparable to 
the uncertainty in the temperature scale. Having de- 
termined the four constants for a given temperature 
interval, the slope of the curve at a particular tem- 
perature 7) is obtained by analytically evaluating 
(4/dT)(\nR) at To. 

During the measurement process the vacuum jacket 
was evacuated by a high-speed diffusion pump (MCF 
300 
time was followed for 7 
h was usually 


and the thermometer resistance as a function of 
10 minutes before and after a 

3 minutes. Thermal 
hieved in 30 seconds 


heating period whit 
equilibrium in the sample was a 
or less after a heating period. The resistance-time curves 
before and after heating, which were normally straight, 
almost horizontal lines, were extrapolated to the mid- 
point of the heating period for the determination of the 
initial and final resistance, R; and Ry. The temperature 
T) at which the specific heat was determined was taken 
to be that corresponding to the average logarithmic 
period, } InR;R,, 
determined from an accurate plot of the calculated 


function InR vs T. The 


resistance during the heating and was 


specific heat is then given by 
IVr d 


A(InR) \d7 To 
where J and V are the heater current and potential, 
r is the length of the heating period, and A(InR) 
In(R,/R;). Between 1.3° and 2.2°K, where the 
specific heat is varying rapidly, the temperature change 
uring a heating period was made small (0.030°- 
0.050°K); at higher temperatures the increments were 
of the order of 0.075°-0.100°K. 
The measured specific heats of samples I and II 
agreed well throughout the liquid helium region, Fig. 3. 
not be satisfactorily 


Measurements on sample I could 
carried out below 1.5°K as the external heater tends to 
degas the exterior wall of the calorimeter cup at the 
lowest temperatures. This effect was avoided in sample 
II by bonding the heater coil to the sample container 
within the sealed calorimeter cup. 

The small contribution to the measured specific heat 
from the calorimeter cup, heater, etc., was calculated 
and corrected for. Its maximum contribution to the 
total specific heat occurs at 4.2°K and amounted there 
to only 1.4%, in the case of sample IT. 


RESULTS AND DISCUSSION 


The results of a series of experiments on both samples 
I and II are shown in Fig. 3. The measured specific heat 
can be taken as either Cp or Cy, since their difference is 


negligible at such low temperatures. The most striking 








MAGNETIC AND THERMAL PROPERTIES OF 


feature of the specific heat behavior is the appearance 
of two well-defined A-type anomalies, located at 1.81° 
and 1.96°K. It was initially thought that such behavior 
might arise from the presence of two crystalline lattice 
phases; such a two-phase system could conceivably be 
brought about by mechanical deformations in the 
layer-lattice structure in breaking up sample I into 
coarse chips before loading the calorimeter cup. The 
subsequent experiments on sample II, which was sub- 
ject to no mechanical working after solidification, agreed 
quite well, however, with the earlier results on sample I. 
X-ray diffraction studies at room temperature on 
MnCl, (carried out by R. D. Ellison of this laboratory) 
indicated that the crystalline lattice is unaffected by 
the mechanical working suffered by sample I. The 
crystalline cell size of sample I agreed with that reported 
in the crystallography literature.t Preliminary results 
from neutron diffraction studies in progress at this 
laboratory! show that MnCl, does not undergo a 
crystallographic phase change between room tempera- 
ture and 1.4°K. This is supported by the specific heat 
measurements®:* between 14°K and room temperature, 
which showed no evidence of phase transitions. In view 
of these facts, and with particular reference to the good 
agreement between two different samples studied with 
an entirely different thermometer, heater, and sample 
assembly, it is concluded that the two specific heat 
maxima are an inherent property of MnCl». Throughout 
the series of measurements, the specific heat was found 
to be independent of the thermal history of the sample. 
An independent study of the specific heat of MnCl, 
at liquid helium temperatures has recently been re- 
ported by Kostryukov,’ whose measurements show a 
single maximum near 1.96°K. The double peak ob- 
served in our measurements, however, may have been 
masked in the work of Kostryukov by the scatter of 
his data points in the region of the anomaly. 
Reference to Figs. 1 and 2 of Part I' shows that the 
temperatures at which the specific heat maxima occur 
coincide with the region of the susceptibility anomaly. 
The sharply peaked shape of each maximum is charac- 
teristic of a cooperative transition. As discussed pre- 
viously, the magnetic susceptibility and neutron diffrac- 
tion that a transition from the 
paramagnetic to an antiferromagnetic state occurs near 
1.9°K. The appearance of two \-type specific heat 
maxima indicates, moreover, that this transition is of 
a multiple nature, i.e., the peak at 1.96°K arising from 
the onset of long-range order, the peak at 1.81°K 
corresponding to a reorientation of the spin system to 
the low-temperature antiferromagnetic state. In the 
absence of any observed incipient ferromagnetic be- 


studies indicate 


*L. Pauling and J. L. Hoard, Z. Krist. 74, 546 (1930 
*O. Trapeznikowa and G. Miljutin, Physik. Z. Sowjetunion 11, 
55 (1937 


*K. K. Kelley and G. E. Moore, J. Am. Chem. Soc. 65, 1264 
(1943 

7M. O. Kostryukov, Doklady Akad. Nauk S.S.S.R. 96, 959 
(1954 
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Fic. 3. Specific heat of MnCl, as a function of temperature. 


havior, it appears that the state between 1.81° and 
1.96°K may be one of antiferromagnetic order also. 
In such a case, the long-range antiferromagnetic order 
in this very narrow temperature interval would be only 
partially developed. 

Multiple transitions involving a magnetic structure 
change as suggested above have been observed in other 
materials, e.g., MnBi® and MnAs.® In these cases, the 
structure transition is apparently one from ferromag- 
netism to antiferromagnetism and occurs at a high 
temperature, i.e., above room temperature. The evi- 
dence of a structure transition in MnCl, is most unusual, 
however, in view of the extremely low transition tem- 
perature (~1.9°K) and the very narrow temperature 
interval (0.15°K) separating the specific heat maxima. 
In this case it is difficult to visualize a mechanism which 
would bring about two transitions at such a low tem- 
perature in the absence of any evidence of crystallo- 
graphic transformations. The suggestion of Smart,” 
that magnetic structure transitions might arise as a 
result of the temperature dependence of crystalline 
lattice parameters, would not seem to apply here. 

Turning now to the specific heat above 2°K, it is of 
interest to examine the behavior of the high-temperature 
specific heat tail for comparison with the prediction of 
Van Vleck," 


Cung™ 9 T?—d/T*+---, (1) 


at temperatures above the transition point. It is usual 
to drop terms of order 1/7* and higher, taking only 
the leading 1/7? term. In order to examine the behavior 
of the magnetic specific heat alone, it is necessary to 
subtract from the measured specific heat the contribu- 
tion arising from lattice vibrations. The lattice specific 
heat in the liquid helium region can be estimated from 
the measurements of Trapeznikowa and Miljutin® above 
14°K. An examination of their data between 14° and 

*C. Guillaud, J. phys. radium 12, 223 (1951). 

* A. Serres, J. phys. radium 8, 146 (1947). 


“J. S. Smart, Phys. Rev. 90, 55 (1953). 
" J. H. Van Vieck, J. Chem. Phys. 5, 320 (1937). 
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temperatures arises from the two-dimensional character 


hows that the specific heat increases very nearly 
than the usual Debye 7° 


dependence of the 


rather dependence. 


lattice specific heat at low 


of the MnCl. laver lattice structure. In the absence of 


measurements between 4.2 14°K, 
behavior can be 


specific heat and 
the assumption was made that the T 
extrapolated to the liquid helium region. This extrapola- 
3, taking ¢ 


deg as the best fit to the data of Trapeznikowa and 


tion is shown in Fig 0.01067? joules/mole- 


This contribution to the total specific heat at 





1 helium temperatures is quite small (7.5% at 
+1.2°K, decreasing rapidly with falling temperature), so 


that a rel ‘ly large error in its determination will 


have little effect on the evaluation of the magnet 
specific heat. 

An examination of the magnetic specific heat of 
MnCl. above the transition region reveals that be- 


and 4.2°K the data cannot be fitted with 
the usual 6/T The product Cynsg7? 
increases from 36.5 joule-deg/mole at 3.0°K to a value 
of 40.0 joule-deg/mole at 4.2°K. A good fit to the data 
points is achieved, however, by including a d/7* term. 


tween 3.0 


approximation 


A least squares fit of the data points, corre ted for the 


lattice contribution, gives 


~ 


C mae = 48.9 


T? 36.6/7 Z) 
and 4.2°K 


We may note at this point 


between 3.0 


that the 


conclusions in 
the above paragraph are qualitatively unchanged if the 


lattice specific heat at helium temperatures goes as 7” 


n> 2, since in this case the lattice specific heat would 
be smaller than that obtained by extrapolating the 
T? law 
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It is interesting to note that the specific heat is 
falling rather slowly with decreasing temperature in the 
region near 1.4°K, rather than the steep fall-off usually 
characteristic of magnetic ordering transitions. It would 
be of interest to extend the measurements to the 
region below 1°K. 


CALCULATION OF THE ENTROPY 


In the absence of specific heat data below 1.25°K, 
it is not possible to evaluate the magnetic entropy as 
a function of temperature by the relation 


T GES 
sir)= f ——dT. 
a 


Since the Mn** ion is in a *Sy state, however, the total 
spin entropy realized at a high temperature must be 
given by 


S=R In(2S+1)=R In6. 


With the use of Eq. (2) above 4.2°K, the entropy at 
4.2°K is given approximately by 


s(4.2)=Rin6— f (48.9/T?—36.6/T*)dT. 
4 


Numerical integration of the specific heat data at 
helium temperatures then results in the entropy curve 
shown in Fig. 4. 

On the basis of this calculation, approximately } of 
the total spin entropy has been achieved in the transi- 
tion region (~2°K), so that 4 of the entropy remains to 
be gained above the critical temperature through short- 
range order in the spin system. It is interesting to 
note that the entropy behavior of antiferromagnetic 
CuCl,-2H,O (critical temperature 4.3°K) is quite 
similar, 3 of the spin entropy being realized at the 
Néel point.” 
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Measurements of extrinsic resistivity and Hall effect have been carried out for a group of single crystals of 
silicon containing a wide range of boron concentration, with particular stress on samples in the near- 
degenerate range, 10° to 10" boron atoms per cm*. The anomalous Hall mobility effect previously observed 
by Morin and Maita in silicon was studied in finer detail over the temperature range 25°K to 300°K. For 
degenerate samples the 300°K Hall mobility is approximately 46 cm?/volt sec 


INTRODUCTION 


N extensive study of the electrical properties of 

single-crystal silicon containing a wide range of 
boron and arsenic impurities has been made by Morin 
and Maita,' yielding values of the forbidden band gap, 
the ionization energies of these impurities, the lattice 
scattering mobility dependence on temperature, and 
the Hall mobility dependence on impurity concentra- 
tion. An anomalous low-temperature behavior of the 
Hall mobility of several of the boron- and arsenic-doped 
samples suggested that impurity band conduction 
might be occurring at low temperatures with low- 
mobility charge carriers. Impurity band conduction 
has been experimentally observed in germanium? at 
temperatures of less than 10°K. The temperature at 
which impurity band conduction becomes experiment- 
ally observable shifts toward room temperature with 
increasing impurity concentration. The data reported 
in this paper were principally taken on samples in the 
near-degenerate range of silicon with impurity concen- 
trations of 10'* to 10'* per cm*. Measurements to 25°K 
were sufficient to observe the Hall mobility anomaly. 


METHOD 


The single crystals used in this experiment were 
prepared by the Czochralski technique. A highly con- 
centrated boron-silicon zone melt was used as the doping 
material’ and added to the melt in weighed quantities 
before each crystal was pulled. Samples were cut 
transverse to the crystal axis with approximate dimen- 
sions 2.5 2.010 mm. Phosphor bronze springs were 
used in the sample holder to make contact to rhodium- 
plated areas on the etched samples. The sample holder 
was glued to a thin mica sheet held against a copper 
backing strip, the latter in turn being coupled through 
a heater strip and stainless steel heat leak to a liquid 
nitrogen or liquid hydrogen reservoir in a cryostat. The 
Hall field was provided by a 900-gauss permanent 
magnet which could be rotated through 360° about the 
sample. Voltages were measured with a vibrating reed 

! F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954); see also 
G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 

*H. Fritzsche and K. Lark-Horowitz, Physica 20, 834 (1954); 


C. S. Hung and J. R. Gliessman, Phys. Rev. 96, 1226 (1954) 
*F. H. Horn, Phys. Rev. 97, 1521 (1955 


electrometer, and the temperature with a potentiometer 
and calibrated copper constantan thermocouple. 


DATA AND RESULTS 


Figures 1 and 2 are plots of the extrinsic resistivity 
and Hall coefficient as a function of the reciprocal of the 
Kelvin temperature. Note the rapid change in electrical 
properties between samples 51D and 120H. Their im- 
purity concentrations differ by less than a factor of four 
at room temperature. Hole concentrations shown in 
Fig. 3 were calculated from the Hall data using the 
relation p=1/ Rye throughout the concentration range. 

Hall mobility, taken as Ry/p, is given as a function 
of temperature in Fig. 4. Curves obtained by Morin 
and Maita' are plotted in the same figure for com- 
parison.‘ For the purer samples, the data in this report 
give steeper slopes, but lower room temperature mo- 
bilities®>; for sample RR48A, wy«T**. The data 
reported here were taken at a constant field of 900 
gauss; a possible dependence of Hall coefficient, and 
hence Hall mobility, on magnetic field was not investi- 
gated.* The positive slopes in the Hall mobility curves 
for crystal sample 51D and Morin and Maita’s sample 
141 indicate a mobility temperature dependence greater 
than the } power characteristic of ionized-impurity- 
scattering mobility.’ Neutral-impurity scattering* could 
not give rise to such a rapid drop in mobility at low 
temperatures. 

The model of impurity-band conduction described by 
Hung and Gliessman* can be characterized as follows. 
Conduction in a p-type semiconductor can take place 
not only in a valence band but also in an acceptor im- 
purity band. At extremely low impurity concentrations, 
there is essentially no overlap of impurity-atom wave 
functions and hence no impurity banding. With in- 
creasing concentrations, the larger overlap of wave 
functions will cause a broadening of the impurity band. 
For large impurity concentrations, the conductivity in 





‘Net carrier concentrations given by Morin and Maita for 
their samples are: M 127—7.0K10"; M 117—2.4X10"; M 119 

2.0K 10"; M 141--1 10"; M 125—1.5x 10". 

*P. P. Debye and T. Kohane, Phys. Rev. 94, 724 (1954) 

* Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954). 

7 E. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950); 
H. Brooks, Phys. Rev. 83, 879 (1951); P. P. Debye and E. M. 
Conwell, Phys. Rev. 93, 693 (1954). 

*C. Erginsoy, Phys. Rev. 79, 1013 (1950). 
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the impurity band can become comparable to that in 
the valence band at sufficiently low temperatures. 
When the impurity concentration becomes great enough, 
the impurity band formed will overlap the valence band 
and a simple mode! of two parallel conducting bands 
will not be valid. 

The question of the sign of the charge carrier in the 
impurity band is not fully settled. In germanium,* no 
change in the sign of the Hall coefficient is observed 
over the temperature range in which impurity band 
conduction dominates the conductivity process, leading 
to the conclusion that in an acceptor impurity band the 
charge carriers are holes. The present data and that of 
Morin and Maita' for silicon also indicate no change in 
Hall coefficient. For samples RR120B and RR120H, 
resistivity and Hall coefficient are nearly temperature 
independent from 70°K to ~30°K, indicating Fermi 
degeneracy and conduction by holes in the acceptor 


TaBLe I. Room-temperature data for boron-doped silicon samples 


Cryostat data 300°K 
Hall Condux 
effi Hall Net hole tivity® 
Resis cient mobility concen- mobility 
tivity cm? em?/volt tration cm?/ volt 
Crystal Sample* ohm-cm Coulomb ne cm™? oe 
RRSS 46 
RRS4 G 0.0014 47 
RRS3 A 0.0053 46 
RRS2 A 0.0092 53 
RRi21 G 0.0090 0.44 49 1.410" 
A 0.013 0.55 49 1.1 x10" 
RR1i20 H 0.018 1.16 65 5.4 x10" 
B 0.020 1.43 72 44x10" 
A 0.020 1.48 74 4.2 x10" 
C-St-228 Ss 0.033 2.57 78 2.4 K10"" 
0.035 3.12 89 2.0xK10"" 
RRS1 I 0.037 3.07 82 2.0 x10" 
D 0.043 3.7 86 1.7 k10"" 
B 0.049 3.8 78 1.6 X10"" 101 
RRSO B 0.225 48 213 1.3 X10 202 
RR A 1.65 430 260 1.45 x10" 288 
RR48 A 26 6000 230 1.0 x10" 
*Samples marked A are taken from transverse cross sections approxi 
mately one-third way down the crystal; other samples are from cross 
sections further down the crystal 


* Computed from data of Horn. See references 3 and 10. 


impurity bands. The crossover of mobility curves for 
these samples may perhaps be accounted for by an 
increase in hole mobility in the impurity band with 
increasing acceptor concentration. For samples RR51D 
and M141, the data point to the possibility that the 
Hall mobility will become zero between 10 to 20°K due 
to a sign change in Hall coefficient. This possibility is 
supported by the Seebeck effect data of Geballe and 
Hull® which shows a sign change in the thermoelectric 
power of sample M141 at 19°K. Their data indicate 
that electrons are the charge carriers in the acceptor 
impurity band. 

The ionization energy for the boron impurity level 
has been computed for sample RR50B (impurity con- 
centration ~10'? cm~*) from the Hall data with best 
fit for E=0.044 ev and hole mass=0.8M,, in agreement 
with previous work.' Since the slope of the Hall curve 
for sample RR51D (impurity concentration ~10"* cm~*) 


* T. H. Geballe and G. W. Hull, Phys. Rev. 98, 940 (1955) 
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in Fig. 2 is changing with temperature, a unique ioniza- 
tion energy cannot be determined. For the temperature 
range 50°K to 150°K, best fit is given by E=0.020 ev 
with 0.5M,. For more heavily doped 
crystals, degeneracy sets in at higher temperatures and 


a hole mass 


the ionization energy becomes zero. 

Table I gives the room-temperature cryostat data 
with mobility and net hole concentration calculated for 
each sample. Also given are conductivity mobilities 
computed from the data of Horn.” Carrier mobility 


mobilities tabulated iz 3 were 


Table III of reference 
uted Irom resistivities a8 usted ther t assuming different 
atom concentration 1 on ysis of crystal 
directly from the boron-silicon doping 


nalvses of the oror ontent f crystals 


material 
RRS54 and 


consistent with tl hts of doping material 
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appears to be constant in the degenerate range at 
46 cm?/ volt sec. 
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used in growing these crystals. The concentrations given by Horn 
were based on the analysis of crystal RR54, but better agreement 
of net hole concentration computed from Hall effect data and the 
boron atom concentration is obtained when crystal RR55 is used 
as the standard 
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#f electrons passes through a thin foil 


have been studied 
n thickness from 14 to 85 wg/cm?* have 


1 Tanging i 


osses appear at multiples of 14.9 ev and 10.7 ev 


ly one loss is found in Cu at 22.6 ev. Mean free paths for the losses lie 


2 and 90+30 pe /cm? for the three metals. The 


magnitudes of 


of Pines and Bohm for Al and Mg if the number of free 


valence. In addition 


INTRODUCTION 


HE first extensive study of the discrete energy 
losses suffered by electrons passing through ab- 
sorbers originated in the experiments of Rudberg' on 
several metals and metallic oxides at rather low bom- 


barding energies of several hundred electron volts. 
Much 
resulting in the accumulation of data on a wide variety 
and 


totaling over 


experimental work has been performed since, 
of metals, metallic oxides and sulfides, organi 
inorganik 
fifty substances in all and at incident electron energies 
ranging from a few tens of electron volts to 115 kev. 
Emphasis in the experimental work has been on the 
achievemeni of extremely high resolution in order that 
electron beams of high energy may be employed to 
minimize scattering effects and so that losses of only a 


gases, and various plastics,’ 


few electron volts may be investigated. The magnet 
deflection method of energy analysis appears to have 


* This paper represents a portion of a dissertation submitted 
by one of us (AWB) to North Carolina State College in partial 
fulfillment of the requirements for the Ph.D. degree 

t Fellow of the Oak Ridge Institute of Nuclear Studies 

' E. Rudberg, Proc. Roy. Soc. (London) A127, 111 (1930). 

* For a review of the literature, see A. W. Blackstock, Ph.D 
thesis, North Carolina State College, 1955 (unpublished 


the mean free path as a function of 


been exploited most successfully by Ruthemann’ in 
his work on Al,O;, Be, Al, and Ag, and by Lang? in his 
investigation of Al, Cu, and Ni. Electrostatic deflection 
for the determination of electron energy has been used 
by Reichertz and Farnsworth’ in the study of the elec- 
trons reflected from the (100) face of a copper single 
in his study of Auger peaks in 
Al and Be wherein he noticed in the energy distribution 
of his primary beam additional peaks displaced from 
the incident beam energy by amounts corresponding to 
the losses reported by Ruthemann. 

More recent work has utilized the chromatic aberra- 
tion present in off-axis rays of certain electrostatic 
lenses for the separation of the energy components of 
an electron beam after it has traversed a thin foil, when 
such components differ only slightly in energy. This 
technique, originated by Mollenstedt’ in his work on a 
dozen or more different materials, has been carried on 


crystal and by Lander® 


Ruthemann, Ann. Physik 2, 113 (1948) 
Lang, Optik 3, 233 (1948 
P. Reichertz and H. E. Farnsworth, Phys. Rev. 75, 1902 


*G 
“W 
‘ Pp 
(1949). 
* J. J. Lander, Phys. Rev. 91, 1382 (1953). 
7G. Mollenstedt, Optik 5, 499 (1949) 
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most completely by Marton and Leder® who have in- 
vestigated not only losses in many metals and non- 
metals but also the increase in the energy loss® in the 
oxides and sulfides of the same metals. Additional ex- 
perimental work using this method has been reported 
recently by Watanabe.” 

A fourth experimental method first reported in 1954 
by Blackstock, Slater, and Birkhoff and described in 
detail in a recent paper” employs a stopping potential 
method with an electrostatic analyzer for the final 
energy separation. Such an apparatus was used in the 
investigation described here. Incidental to this series of 
experiments, a summary of the losses obtained previ- 
ously is found in Table I for the metals Al, Mg, and Cu. 
It will be noted that losses found by some workers are 
not found by others, a characteristic of most of the 
substances which have been investigated by more than 
one group. 

In some cases identification of losses has been possible 
as in the study of collodion" in which losses at 298 ev, 
400 ev, and 546 ev corresponding to the K-shell ioniza- 
tion energies in carbon, nitrogen, and oxygen, respec- 
tively, have been found. Similar experiments'® utilizing 
metals and gases ranging in atomic number from 4 to 
30 have found similar agreement. Generally, however, 
the small losses such as those listed in Table I have not 
been explained. The recent plasma oscillation theory of 
Pines and Bohm'*-* has at last offered some possible 
basis for understanding the losses in conductors. 

Two predictions of the theory can readily be tested 
experimentally ; the energy lost to the plasma, and the 
number of free electrons which must be assumed to 
account for this loss; the mean free path for the inter- 
action. The latter has not been investigated previously 
and constitutes the principal purpose of the present 
paper. 

It is interesting to note that the fine structure which 
has been found on the K edge in x-ray absorption spec- 
tra appear to be separated by discrete energy intervals 
which correspond roughly to those found in the electron 
experiments. For instance, Cauchois” has given ab- 
sorption curves in Al showing absorption maxima 
differing from the K edge by amounts corresponding to 
some of those found by us and others. 


* L. Marton and L. B. Leder, Phys. Rev. 94, 203 (1954 

*L. B. Leder and L. Marton, Phys. Rev. 95, 1345 (1954 

” H. Watanabe, Phys. Rev. 95, 1684 (1954 

" H. Watanabe, J. Phys. Soc. Japan 9, 920, 1035 (1954 

2 Blackstock, Birkhoff, and Slater, Phys. Rev. 95, 303 (1954 

3 Blackstock, Birkhoff, and Slater, Rev. Sci. Instr. 26, 274 
(1955). 

“4G. Ruthemann, Naturwiss. 30, 145 (1942 

‘6 J. Hillier and R. F. Baker, J. Appl. Phys. 15, 663 (1944 

*T). Bohm and D. Pines, Phys. Rev. 82, 625 (1951) 

‘7D. Pines and D. Bohm, Phys. Rev. 85, 338 (1952 

'* D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953 

* 1). Pines, Phys. Rev. 92, 626 (1953 

” Y. Cauchois, Acta Cryst. 5, 351 (1952) 


ES IN METALLIC FOILS 


TaBLe I. Summary of measurements of energy 
losses in Al, Cu, and Mg.* 


Energy loss (ev) Al 
This 
(7) (7) (8) 11) research 


6.5 
14.8 
23 
30.0 


4.2 
59.8 





Energy loss (ev) Cu 
This 
research 


7 5) ) (in) 
3.0 
6.0 6.9 
12.3 11.3 
20 19.6 


Energy loss (ev) Mg 
This 


(il research 
10.5 
21.5 


31.6 


10.3 
20.7 
31.2 
41.5 


The numbers in parentheses are reference numbers 
( 


u on collodion 


a 
t 
. 


Cu on zapon 


THEORY 


The existence of multiple discrete energy losses by 
energetic electrons incident on metals has been at- 
tributed to the excitation of electrons from the conduc- 
tion band to allowed unoccupied bands of the metal” 
and, alternately, to the excitation of plasma oscillations 
in the free electron sea.'*-” In the first case it is assumed 
that a single electron in the metal makes a transition 
under the influence of the incoming electron. In the 
Pines-Bohm theory, on the other hand, it is the collec- 
tive oscillation of a number of nearly free electrons, each 
one absorbing only a small amount of the energy, which 
gives rise to discrete losses. 

Pines and Bohm have calculated the mean free path 
for excitation of plasma oscillations by the impinging 
particle, using a correspondence principle argument. 
We shall discuss their theory by the use of the con- 
ventional optical theory of metals. The results of the 
present experiments will be compared with this theory. 

It is well known that for collisions of the incident 
particle with electrons situated at large distances from 
the particle track, the electronic medium may be 
described in terms of its dielectric properties and the 
passing charged particle may be treated as an electro- 
magnetic pulse.” From dispersion theory, neglecting the 


" FE. Rudberg, Phys. Rev. 50, 138 (1936). 

 E. Fermi, Phys. Rev. 57, 485 (1940) ; 0. Halpern and E. Hall, 
Phys. Rev. 73, 477 (1948); P. Budini, Nuovo cimento 10, 236 
(1953) 
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Lorentz correction, the dielectric constant of a metal 


may be written 


tr Ve" 
5 


1) 


where N is the density of atoms in the medium. The 
effect of free electrons in the medium is represented by 
a term in the above sum for which the “binding fre- 
quency,” w;, say, is very small. In this case the oscillator 
strength f; is the effective number of electrons per 
atom in the conduction band. The other terms in the 
sum represent the contribution from electronic inter- 
band transitions with transition frequencies w,, oscilla- 
tor strengths f;, and damping constants g;, 

Using Maxwell’s equations, one may calculate the 
classical expression for the energy lost per cm, dW /dx, 
with velocity V to nearly free 
= One 


by an impinging electron 
electrons belonging to impact parameters b> 6 
finds approximately 

dW 4rfi\Ve 1.123V 


in 
m\ wed 


where @ wi+4rf, Ne/m Now if the binding fre- 
quency w,’ of the nearly free electrons is smal] compared 
with the “plasma frequency” wo=[44N f,e?/m }}, 
1.123V 

in 


wob 


which is just the Pines-Bohm formula. In the quantum 
limit the smallest unit of energy which may be absorbed 
in plasma oscillations is fw. Pines and Bohm use dmin 
~Ap=[ vp*/ 3a? }!, the Debye length in the plasma. 
is the maximum velocity in the Fermi-Dirac 


Here vy, 
plasma, i.e., vp?= (34° /8mr)!(n'/m)? 

To determine the mean free path A for loss of a 
in the thickness dx by the 


quantum of energy hu 


incident elec tron, one sets 


dx =hwodx/d 
Then 
hwy V? 
wo’e” In(1.123V /woro) 

Now, if one assumes that plasma oscillations may be 
excited only in single-quantum jumps involving ab- 
sorptions of the energy ftw» and that no double or higher 
order transitions are possible, the probability that an 
impinging electron shall lose fw in traversing a thick- 
of the foil is given by dx/\. Then it may be 
that & quanta 


ness da 
easily shown that the probability p.(a 
are lost in a foil of thickness x is given by the Poisson 


{- 


distribution, i.e., 


RITCHIE, 


AND BIRKHOFF 

It may be noted that optical data on the reflection 
and absorption of light by metal surfaces may be useful 
in interpreting discrete loss data. In particular, optical 
measurement of the transition frequency, i.e., that fre- 
quency at which a metal ceases to be a reflector and 
becomes transparent, furnishes an independent deter- 
mination of the plasma frequency for that metal. Such 
measurements are available only for the alkali metals.” 
The optical transition occurs at 2100A and 3150A 
corresponding to quantum energies of 5.9 and 3.9 ev 
for sodium and potassium, respectively. These values 
compare well with the electron beam values obtained 
by Marton and Leder.* For sodium on backings of 
quartz and collodion, the losses of 5.4 and 10.7 ev, and 
5.1 and 10.8 ev respectively, may be added and the sum 
divided by six, the number of quanta assumed to be 
involved. The result of 5.3 ev compares favorably with 
the optical data. In addition, the same authors report 
results on potassium on backings of silicon and collodion. 
Although the smallest losses occur at 7.8 and 8.0 ev, 
higher losses are spaced at increments of about half 
these values, indicating a quantum energy of their 
order. If all the losses are added and the sum divided 
by the assumed number of quanta involved, an average 
of 3.8 ev for the quantum energy is obtained, again 
comparing well with the corresponding optical value. 

Ferrell, using the quantum-mechanical approach of 
Pines and Bohm, has investigated the angular distribu- 
tion of electrons after loss of a quantum of energy to 
plasma oscillation. He finds that the differentia! cross 
section for scattering through an angle @ per plasma 
electron is given by 

1 Or 
a(d)dQ dQ, 
2ragn bet 
v<p (2mE)', 

where 0 ¢=hwo/2E, ao= Bohr radius, p. is the cut-off 
momentum ~h/Xp, and n is the density of free electrons. 


APPARATUS 


The electron accelerator and spectrometer have been 
described in detail in the literature” and so will be dis- 
cussed only briefly. Electrons from a 5BP1 cathode-ray 
gun are accelerated down a conventional accelerating 
tube typical of those employed in Cockcroft-Walton 
and Van de Graaff machines. The beam then enters an 
identical tube which is used as a decelerator and derives 
its potential from the same source as the accelerator. 
Electrons are slowed to an energy of 100 ev and then 
enter an electrostatic analyzer set for this energy. 
Detection is accomplished with a Faraday cup at one 
end of the analyzer. The use of the analyzer eliminates 
defocusing and secondary emission problems en- 
™R. W. Wood, Phys. Rev. 44, 353 (1933); R. W. Wood and 
C. Lukens, Phys. Rev. 4, 332 (1938) 

“R.A. Ferrell, Phys. Rev. 99, 647(A) (1955) 
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Fic. 1. Energy spectrum of electrons initially at 45 kev after 
passing through a 15-ug/cm* Al foil. Peak to right represents 
electrons which lose no energy. Other peaks at ~15-ev intervals 
represent discrete losses to the conduction electron plasma 


countered when collection is attempted at zero energy. 
Energy lost in foils placed between accelerator and de- 
celerator may be restored to the beam by reducing 
slightly the decelerator voltage or by raising slightly 
the accelerating voltage with a small biasing potential, 
thus permitting collection of electrons in the cup. In 
practice either of these potentials may be scanned by a 
motor-driven potentiometer with the resulting current 
distribution being drawn on a Brown recorder driven 
by an electrometer amplifier. A resolution of 2 volts 
(an improvement over the value of 2.9 volts given 
previously") is obtained which is independent of beam 
energy in the range 15 kev to 115 kev, thus providing 
an energy resolution of 0.0017% at the highest energy. 
The beam may be focused by adjusting electron gun 
potentials and may be moved radially either with the 
electrostatic deflecting plates of the gun or with the 
magnetic fields set up to compensate for the earth’s 
field. 
RESULTS 

All foils were prepared by vacuum evaporation of the 
various metals onto thin films of Zapon or Formvar 
which were shown to contribute no energy losses for 
the film thicknesses and sensitivities of detection used. 

The energy spectrum resulting when 45-kev electrons 
strike an aluminum foil 15 ug/cm? in thickness is shown 
in Fig. 1. The peak to the right represents electrons 
which have lost no more than one electron volt energy 
and will henceforth be called the “no-loss peak.” 
Spectral distribution of incident electrons may be 
represented by an isosceles triangle 2 electron volts 
wide at half-height for these and all other data. It is 
apparent then that the no-loss and all other peaks are 
somewhat wider than the resolution of the instrument, 
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Energy 
Fic. 2. Same as Fig. 1 except that initial energy is 100 kev 
the exact reason for which is not understood. The next 
peak indicates a group of electrons which have lost an 
energy of 14.2 electron volts, presumably to the elec- 
tron plasma in the metal. Additional maxima are 
attributable to multiple losses of the same incremental 
energy. 

The ratio of the foil thickness to the mean free path 
may be obtained by taking the ratio of the area under 
any one peak to the area under any other peak and 
applying Eq. (5) in the section under theory. In practice 
the area under each maximum is compared with the 
area under each other maximum, thus affording several 
estimates of x/A from each spectral distribution. These 
are then averaged and, if the foil thickness is known, 
the value of \ may be calculated. 

A comparison of Fig. 1 with Fig. 2, a similar dis- 
tribution but with a bombarding energy of 100 kev, 
indicates a change in \ with incident energy. As is 
anticipated, the no-loss peak has increased in area at 
the expense of the 15-ev peak, indicating an increase of 
mean free path. 

The quantum energy is obtained by adding all the 
losses, including those in which more than one quantum 
is involved, and dividing the result by the total number 
of quanta. For multiple experimental runs over two 
different Al foils with 174 losses being recorded in all, 
an average loss of 14.9 ev with a probable error of +0.1 
ev is found. This average appears to be slightly higher 
than the average of the single-quantum loss values but 
the latter is within the experimental error. 

Substitution of this average loss in Eq. (2) gives a 
value of 2.68 for the number of free electrons per atom 
in aluminum, a number about equal to the normal 
valence. If in turn this number is substituted into Eq. 
(4), a theoretical estimate of the mean free path may 
be calculated for various incident energies. Figure 3 
shows the relatively good agreement between theo- 
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between these values of \ and the theoretical values, 
which range from 13 wg/cm* at 40 kev to 27.5 ug/cm? 
at 115 kev, is about 20%. 

Measurements of mean free path in Cu were difficult 
because of the small area under the loss peak and the 
absence of multiple-loss peaks characteristic of the other 
metals. A mean value of 90+30 ug/cm? was obtained 
over the energy range 45 to 115 kev which compares 
with theoretical values ranging from 38 to 74 uwg/cm? 
over the same energy range if the experimental value of 
the number of free electrons per atom is used. Attempts 
to obtain multiple losses in Cu by increasing foil thick- 
ness were unsuccessful. It was impossible to decide 
whether this lack of success was due to the inability 
of the decelerator to focus beams of electrons which 
have been badly scattered by the foil, or whether such 
nultiple losses simply do not occur in Cu. 


CONCLUSIONS 


It is apparent that the data obtained on Al agree 
within experimental error with the plasma oscillation 
theory as regards the number of free electrons per atom, 
the quantum energy of the oscillation and the mean 
free path for the excitation of the plasma. Such agree- 
ment extends over an energy range from 20 to 100 kev. 
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Similarly the data for Mg agree with the theory on 
the number of free electrons and the plasma energy. 
The ambiguity in foil thickness determination makes 
difficult any quantitative assessment of mean free path 
from the available data. Plainly a more careful prepara- 
tion and treatment of the Mg foils is necessary before 
this question may be resolved. Preferably the foils 
should be evaporated, used, and weighed without ever 
leaving the vacuum system, thus preventing oxidation 
and the adsorption of water vapor. 

In Cu both the lack of multiple losses and the large 
number of free electrons needed to account for the large 
single loss indicate a disagreement with the plasma 
theory. The large width of the single peak is in contrast 
to the sharp lines characteristic of the other metals. 
In a recent paper, Wolff*® has estimated the effect of 
the electrons in the 3d shell on the plasma frequency 
and the width of the plasma resonance. The rapid 
transfer of plasma energy to a single d electron has the 
effect of broadening the width of the resonance in 
accordance with the uncertainty principle. The ratio of 
width to plasma energy is of the order of one to two 
in Cu on the basis of optical absorption data. Thus the 
width of the lines in Sc through Ni should increase as 
the 3d shell is filled. However, Marton and Leder® in 
their work on Ti, Cr, Mn, Fe, Co, and Ni indicate 
that “this may not be the case.” 

A shift in the plasma energy of about 10 electron 
volts toward higher energy due to the interaction with 
the 3d electrons is also to be anticipated according to 
Wolff. Subtracting this energy from the observed energy 
would give a plasma frequency which would in turn 
lead to a more reasonable value for the number of 
free electrons per atom. 

The 7-ev loss in Al found by some (Table I) but 
not by us may be explained with reference to the large 
angular aperture of our instrument (30X10~* rad) as 
compared with, say, the chromatic lens of Leder and 
Marton (10-* rad). According to Ferrell,™ for 30-kev 
incident electrons the angular distribution of those 
which have lost 15 ev should be reduced to half the 
value at 6=0 at an angle of 6g=0.25X10°* rad and 
should extend out to a cut-off angle @¢= 22X10" rad, 
whereas the angular range for those losing 7 ev should 
be more narrow with @g=0.12XK10™ rad and @¢=22 
X 10-* rad as before. That is, an instrument of aperture 
10-* rad will see about twice as many electrons which 
have lost 7 ev as of those which have lost 15 ev, thus 
making the cross sections for the excitations of the two 
processes appear to be more nearly comparable. 

Experimentally, it is difficult to distinguish between 
an excitation of the electron plasma as against a loss to 
a single bound electron because: (a) the amount of 
energy transferred in the two cases is of the same order 

* Pp 92, 18 (1953). 
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Fic. 5. Same as Fig. 4 except for 115-kev electrons incident 
on a 66-~g/cm? Cu foil. Spectrum is typical of heavy elements in 
that only a single wide loss peak is observed 
of magnitude; (b) the Poisson distribution for multiple 
losses would be expected to hold in both cases; (c) the 
stopping power (and mean free path) would be the 
same. That is, Eq. (3) may be derived from classical 
Bohr collision theory without reference to the plasma 
phenomenon; and (d) the angular distributions in both 
cases will be similar.”* 
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The magnetic susceptibility of a variety of Ge specimens has been measured as a function of temperature 
over the range from 70 to 300°K. The susceptibility of high-purity specimens shows an unexpected tem 
perature dependence : a decreasing diamagnetism with increasing temperature. By subtracting the suscepti 
bility of high-purity Ge at each temperature from that of impure material, the charge carrier susceptibility 
has been obtained for a number of n- and p-type specimens. The effective mass of electrons obtained from 
susceptibility measurements on n-type Ge is in agreement with values yielded by cyclotron resonance 
Analysis of the range of transition from classical to Fermi-Dirac statistics suggests that the energy surfaces 
of the conduction band can be described by four rather than eight ellipsoids of revolution in k-space. In 
p-type Ge the agreement with cyclotron resonance results is not nearly so good in that a larger hole effective 
mass is required by the susceptibility data. Measurements have been made on one n-type specimen bom 
barded with fast neutrons. After exposures sufficient to produce essentially intrinsic behavior, there was no 
trace of the paramagnetic component expected from unpaired spins of trapped electrons. This result has been 


interpreted as indicating that the energy levels associated with bombardment-produced defects form over 
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lapping degenerate impurity bar 


I. INTRODUCTION 


HE magnetic susceptibility of conduction electrons 
in solids has been a subject of interest for many 
years. The weak, temperature-independent paramag 
netism of the simple metals was first explained in terms 
of the paramagnetism of a degenerate electron gas by 
Pauli.' Somewhat later, Landau? showed that, because 
of quantum effects, free electrons should exhibit an 
orbital diamagnetism whose magnitude is precisely one- 
third of their spin paramagnetism. Stoner’ has given a 
complete treatment of the combined effects in the case 
of free electrons. In a solid, Peierlst has shown that 
because of interactions between the conduction elec- 
trons and the periodic potential of the crystal, Landau’s 
result holds only when the Bohr magneton is replaced 
by an effective Bohr magneton which takes account of 
the interactions in terms of the appropriate effective 
mass of the charge carriers.® 
Although much can be learned concerning the band 
structure of metals from the temperature dependence of 
their magnetic susceptibility,* because their electron 
gas is essentially completely degenerate, it is virtually 
impossible to separate experimentally the contribution 
of the conduction electrons from the total susceptibility 
in most metals with static magnetic susceptibility 
measurements. In semiconductors, however, this limita- 
tion does not apply. Here statistics governing the be- 
havior of charge carriers range over the domain of 
classical as well as Fermi-Dirac statistics and the 


magnetic behavior of a classical gas of quasi-free elec- 


W. Pauli, Z. Physik 41, 81 (1927 

?L. Landau, Z. Physik 64, 629 (1930 

*E. C. Stoner, Proc. Roy. Sax London) 152, 672 (1935 

‘R. Peierls, Z. Physik 80, 763 (1933); 81, 186 (1933 

* H. Frohlich, Theorie der Metalle (Verlag Julius Springer, Berlin, 
1937), pp. 144-156 

*C. J. Kriessman, Revs. Modern Phys. 25, 122 (1953); C. J 
Kriessman and H. B. Callen, Phys. Rev. 94, 837 (1954 


ds for the « xposure in question 


trons or holes is well understood.’ Consequently, it is 
possible in many semiconductors of interest to examine 
separately the susceptibility of the charge carriers, a 
property which, as we shall see, provides a significantly 
new approach to the study of the electronic structure of 
semiconductors. 

The importance of magnetic susceptibility in elec- 
tronic structure investigations of semiconductors was 
first recognized by Busch and Mooser.*® From a sys- 
tematic study of the susceptibility of gray or a tin, 
they were able to determine the forbidden energy gap, 
the ionization energy of various doping impurities and 
the effective masses of electrons and holes in this 
material. The effectiveness of such an approach is 
brought out even more forcefully when it is remembered 
that, at the time of their work, a Sn was available only 
in the form of powder or pressed compacts. Con- 
sequently, the more customary approach involving 
measurements of electrical conductivity and Hall con- 
stant were rendered ineffective because of the inter- 
particle resistance in the compacted specimens. This 
limitation indicates the unique advantage of magnetic 
susceptibility measurements in that the carrier sus- 
ceptibility is essentially independent of transport or 
scattering processes. 

Since the outstanding work of Busch and Mooser, 
this method of study has been applied to two other 
diamond-lattice semiconductors: InSb and Ge. Analysis 
of the magnetic behavior of InSb in both the intrinsic 
and extrinsic ranges’ yields a forbidden energy gap of 
0.262 ev in reasonable agreement with the value ob- 
tained from electrical measurements,” and an electron 
effective mass of ~0.028mp. 

’See for example R. H. Fowler, Statistical Mechanics (Cam- 
bridge University Press, Cambridge, 1937), Chap. XII. 

*G. Busch and E. Mooser, Z. physik. Chem. 198, 23 (1951); 
Helv. Phys. Acta 26, 611 (1953 

*D. K. Stevens and J. H. Crawford, Phys. Rev. 99, 487 (1955). 

” M. Tanenbaum and J. P. Maita, Phys. Rev. 91, 1009 (1953); 
R. G. Breckenridge e al., Phys. Rev. 96, 571 (1954 
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The magnetic properties of Ge have been investigated 
by several workers. The first measurements of Ge 
specimens of known impurity content were made in 
1952 by McGuire" over the range from 77 to 300°K. 
Although his results suffer to some extent from poor 
sensitivity, they are in qualitative agreement with 
those reported here. In a preliminary report’* of the 
present work, it was shown that the carrier suscepti- 
bility x. is of sufficient magnitude in both n- and p-type 
material to make a magnetic investigation worthwhile, 
and, in addition, an unexplained temperature-dependent 
diamagnetism which can only be attributed to the 
lattice atoms was observed in high-purity specimens. 
A subsequent analysis'® of the earlier results gives 
electron effective masses which are consistent with those 
obtained from cyclotron resonance experiments."*’* 
Moreover, in the case of n-type Ge, the data suggest 
that the energy surfaces of the conduction band are 
best represented by four ellipsoids rather than eight 
which is the expected result if the minima of the E vs k 
curves along the [111] direction lie at the boundary of 
the first Brillouin zone rather than within it.’* Recently 
Busch and Helfer’? have extended the range of measure- 
ment to high temperature and, besides observing the 
onset of the intrinsic process, have noticed a curious 
hysteresis in the susceptibility on cycling through 
temperatures in excess of 650°K. They attribute this 
effect to the thermal introduction of lattice imperfec- 
tions. In a subsequent paper van Itterbeek ef al.'® 
report susceptibility measurements in the liquid hydro- 
gen range and have observed the recombination of 
carriers with their parent donor and acceptor centers. 

In this paper we wish to summarize the results of 
a study of the magnetic behavior of a wide variety of 
Ge specimens. This investigation was motivated by a 
long-standing study of the effect of fast-neutron bom- 
bardment on the semiconductivity of Ge.” It was 
hoped that a study of the susceptibility of irradiated 
specimens would be of value in understanding the 
nature of the bombardment-induced energy levels. 
Consequently, in addition to results on unirradiated 
specimens, we include preliminary information obtained 
on specimens exposed to fast neutrons. The experi- 
mental results have been interpreted in the light of 
recent ideas concerning the band structure of Ge. 


" T. R. McGuire (unpublished) 

"1D. K. Stevens and J. H. Crawford, Jr., 
(1953) 

ad Crawford, 
(1955). 

“4 Dresselhaus, Kip, 
Phys. Rev. 95, 568 (1954 
‘6 Lax, Zeiger, Dexter, and Rosenblum, Phys. Rev. 
(1954): Dexter, Zeiger, and Lax, Phys. Rev. 95, 557 

Lax, Zeiger, and Dexter, Physica 20, 818 (1954). 

*C. Kittel, Physica 20, 829 (1954). 

17 G. Busch and N. Helfer, Helv. Phys. Acta 27, 201 (1954). 

8 van Itterbeek, de Greve, and Duchateau, Appl. Sci. Research 
B4, 300 (1955). 

® Cleland, Crawford, Lark-Horovitz, Pigg, and Young, Phys 
Rev. 83, 312 (1951); Cleland, Crawford, and Pigg, Phys. Rev. 99, 
1170 (1955). 


Phys. Rev. 92, 1065 


Schweinler, and Stevens, Phys. Rev. 99, 1330 


and Kittel, Phys 
; Phys. Rev. 98, 


Rev. 92, 827 (1953); 

368 (1955). 

93, 1418 
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Il. THEORY OF SUSCEPTIBILITY IN GERMANIUM 


The total susceptibility of a semiconductor may be 
represented as the sum of three components: the con- 
tribution of lattice atoms x4, that of the impurity 
atoms xy, and the carrier susceptibility x,. In the general 
case, each of these components has been treated in 
detail by Busch and Mooser.* Consequently, we shall 
confine our attention to those points of immediate 
interest as regards Ge. Our task is to obtain the carrier 
susceptibility and this requires that there be an account- 
ing for the impurity and lattice contributions. 


A. Lattice Susceptibility 


The diamagnetism of an assembly of atoms is usually 
expected to be rather small (<10~* emu/g) and essen- 
tially temperature independent.” The theory is appli- 
cable, however, only to spherical, closed-shell atoms, 
the resultant diamagnetic susceptibility of a solid 
being taken as the sum of the atomic contributions. 
In diamond-lattice structures, the covalent binding is 
produced by the sp* hybridized orbitals of the valence 
electrons and, because of the directional nature of such 
bonds, the usual assumptions no longer hold. It is 
expected, however, that the contribution of the cores 
can be obtained in good approximation by such an 
approach. We have computed the susceptibility of the 
Ge** ion from the Hartree functions*' and the customary 
relation 


Xion = Naver"), /6mc*, ( 1 ) 


where NV is the number of ions per gram of Ge, 2; is 
the number of electrons per ion and (r*), is the average 
of the squares of the radii. The value obtained is 
Xion = 1.265 10-7 emu/g. This value would be reduced 
somewhat if Hartree-Fock functions were used, but 
these unfortunately are not available. As we shall show, 
this value is greater than that observed for the total 
diamagnetism for a pure specimen, the latter including 
the effect of the valence electrons as well. Moreover, 
the observed x4 is appreciably temperature dependent. 
The reason for this curious behavior is not yet under- 
stood. Consequently, we rely anneny, on experiment 
for the value of x4. 


B. Carrier Susceptibility 


The results obtained for the susceptibility of a 
perfect electron gas, modified appropriately for the 
periodic potential of the lattice, may be applied directly 
to conduction electrons.’ If one neglects higher order 
terms in the magnetic field, the specific susceptibility 
for electrons is 


Xe= (8"/3pk)oCMITH(3—(f-2)u)F y(n), (2) 


where 8 is the Bohr magneton, p is the density of 
Ge, w, is the statistical weight or degeneracy of 


» See, for example, P. W. Selwood, Magneto Chemistry (Inter- 
science Publishers, Inc., New York, 1943), Chap. TI. 
™ Hartree, Hartree, and Manning, Phys. Rev. 59, 306 (1941). 
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states (exclusive of spin) in the conduction band, 
C=[44(2m,k)! \/h*, M.™ is the effective mass ratio for 
the density of states expression (M =m*/mpo) and (f.")n 
is the appropriate value of the square of the reciprocal 
mass ratio tensor for orbital motion of the electrons in 
the magnetic field. The function F;’(n), where n= {/kT, 
is the first derivative of the Fermi integral 


F y(n) -f xiLi+e**} dz. (3) 


0 


The values of Fy() and, by means of the tabulated 
functions,”* Fy’(n) may be obtained from the electron 
concentration m and the relation 


n=w(MT)IF j(n). (4) 


For sufficiently high temperatures or low carrier con- 


centrations (7<—3), classical statistics apply. Under 
these conditions Eq. (2) becomes 
X-= (87/3 pkT)n(3—Cf.*)m), (5) 


from which it is evident that the slope of the x, vs 1/T 
(3—(f.7)m). Since n is readily 
w May 


curve is proportional to 
obtained from Hall coefficient measurements, (/,” 
be obtained from Eq. (5) in the classical range. Al- 
have treated conduction electrons only, 
analogous expressions apply to holes in the valence 
band. Since the extrinsic range is the only one of 
interest here, we shall not treat the carrier suscepti- 


though we 


bility in the intrinsic range.” 

The values of effective mass ratios appropriate 
the density of (M{™) and 
TM = ((f)_)~*) depend on the curvature of energy 
surfaces in k-space. Cyclotron resonance experiments'* 
have firmly established that for the conduction band 
of Ge the energy surfaces can be represented by 
ellipsoids of revolution whose major axes lie along the 
[111] k directions. Hence, the energy surfaces are 
described in terms of two mass parameters, M, and M,, 
which are the transverse and longitudinal effective 
mass ratios respectively. The values of the effective 


to 


states orbital motion 


mass ratios may be obtained conveniently by a trans- 
formation of coordinates. In the case of M,™ a trans- 
formation of the momentum coordinates with respect 
to each minimum into an isotropic coordinate frame 
results in the introduction of the factor w,(M?M,)! into 
the expression for the classical partition function. The 
quantity , is equal to the number of complete minima"* 
and takes a value of eight if the minima lie within the 
first Brillouin zone or a value of four if they lie at zone 
boundary. Hence MM, = (M2M;)' 

The method of averaging used for 
Here, a similar transformation of mo- 


f.2\4 is somewhat 
more complex 
mentum coordinates made in the expression for energy 
in the presence of a magnetic field requires a further 


* 7. McDougall and E. C. Stoner, Trans. Roy. Soc. (London 
4237, 67 (1936 
"For a treatment of the intrinsic range see references 8, 9, 


and 17 
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transformation of the magnetic field components. When 
the details of the computation are carried through, the 
appropriate combination of principal mass ratios turns 
out to be 

(fe?) m= (2M 14+-M)/3M 2Mi. 


Using now the reported values for the principal 
masses! (M,=0.083 and M;=1.4), we obtain M,% 
= 0.216 and (f,7)4= 54.1. If in addition we use w,=4, as 
indicated by an analysis of the temperature dependence 
of the susceptibility of n-type Ge,"* Eqs. (2) and (4) 
may be written 


Xe= 4.26% 10°T IF,’ (n), 
n=2.12X10"T%F;(y). 


(2a) 
(4a) 


The calculations of Kittel ef al.“ and Herman* 
indicate that the valence band is composed of three 
doubly-degenerate, nonspherical bands and is therefore 
somewhat more complex than the conduction band. 
The maximum of these bands appears to fall at k=O, 
two of them coinciding at that point to form the 
valence band edge. Because of spin-orbit interactions 
the third band which is nearly spherical lies below the 
other two by the interaction energy AE. In order to 
evaluate the effective mass parameters of Eq. (2), it is 
necessary to use the energy expressions for these bands 
which, to a good approximation for Ge, are given by 
Kittel ef al. in terms of three curvature parameters. 
The value of M,°? is obtained directly from the 
classical partition function, which can be summed 
rigorously by using the energy expressions. Such a sum 
for the two upper bands leads directly to the double 
integral 


1 dQ 
M,,:!= ff - ——, (6) 
4x {A+[B?+C%g(8,¢) }}! 


where the subscripts 1 and 2 and the upper and lower 
signs in the integral refer to the “light” and “heavy” 
bands respectively, the curvature parameters are identi- 
cal to those of Kittel ef al.“ except for the factor 


h?/2mo), and 


g(0,¢) =sin'd cos*¢ sin’?g+sin*? cos. (7) 

The lower band (Band 3) gives 
M,'=A-4. (8) 
Numerical integration cf Eq. (6), using the appropriate 
values of the curvature parameters, yields M! values of 


0.0091, 0.199, and 0.0213 for Bands 1, 2, and 3 respec- 
tively. Hence 

M°$=0.208+0.0213e-44/*7, (9) 

The orbital effective mass presents additional diffi- 

culties, and a rigorous treatment requires an approach 


for each band similar to that used for electrons. How- 
ever, it was observed in the integration of Eq. (6) that 


~ ™ F. Herman, Physica 20, 801 (1954). 
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the corrections for lack of sphericity were small even 
for the most nonspherical band (Band 2). Consequently, 
we use an approximate approach in which the error is 
probably not greater than 5°. To a good approxima- 
tion, even in the magnetic field, 


1 
M,s=- ff {A+[B*+C%g(8,¢) }4)4d2. (10) 
4 
Integration leads to M,~! values of 4.80, 1.74, and 3.605 
for Bands 1, 2, and 3 respectively. Hence 


(fx?) = MyM 31.4414. 1e-42/47, (11) 


Consequently, both MM,” and (f,")» are temperature 
dependent through the Boltzmann factor containing 
the spin-orbit splitting energy. Optical absorption of 
holes in Ge suggests*® that AE~0.3 ev. If such is the 
case, the mass parameters are expected to be essentially 
temperature independent in the temperature range 
used here and M,%?!=0.208 and (/,?)4= 31.4. A similar 
calculation using the slightly different curvature param- 
eters of Lax ef al.'® gives almost identical values. 


C. Impurity Contribution 


In the specimens used here we are interested only in 
the usual acceptor and donor doping impurities of the 
third and fifth columns of the periodic system. Since 
these impurity atoms presumably fit substitutionally 
into the semiconductor lattice, they may be treated 
as hydrogen-like systems to an approximation suffi- 
ciently good for this purpose. Busch and Mooser* have 
examined this case in detail both for the low-concentra- 
tion limit in which the impurity atoms may be treated 
independently and for concentrations sufficiently high 
that the impurity wave functions overlap and form 
degenerate impurity bands. Because of their substitu- 
tional arrangement, one expects an appreciable con- 
tribution only when they are un-ionized. Besides the 
paramagnetic term associated with the unpaired elec- 
tron-spin, these authors show that for a large dielectric 
constant the electron or hole orbit is of such a size 
that an appreciable diamagnetic term may also exist in 
the small concentration case. If one uses the numerical 
constants appropriate for Ge, the low concentration 
limit gives 

xr = N/T1.17X10-*T—'— 3.41072], (12) 
where NV,’ is the concentration of un-ionized impurities 
of the type in question. In obtaining the diamagnetic 
term it is assumed that the effective mass of the bound 
carrier is equal to the electronic mass and germanium 
has a dielectric constant of 16.1. In the case of impurity 
bands, equations analogous to Eq. (2) are obtained 
which contain the effective mass ratios appropriate to 
the impurity band. There is no way available at 
present for evaluating these mass ratios. 

In nearly all specimens used here, the ionization 
energies are so small that the impurities are essentially 


% A. Kahn, Phys, Rev. 97, 1647 (1955) 
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completely ionized over the entire temperature range 
(70 to 300°K). Therefore, the impurity contribution 
discussed above is not of immediate interest. For the 
irradiated specimens, however, an estimate of the con- 
tribution of the trapped carriers is important, In order 
to do this, a model of the bombardment-introduced 
defects is necessary and the only one available at present 
which is to any extent justified is that proposed by 
James and Lark-Horovitz.** This model, which has been 
tested experimentally,” requires that each interstitial 
and each vacancy be responsible for two localized 
states in the forbidden band. When these defects are 
present in equal concentration, there are two vacant 
states capable of trapping conduction electrons in 
n-type Ge: one which lies below the middle of the 
forbidden band and is therefore capable of acting as an 
acceptor in p-type Ge, and another much more shallow 
one which has been experimentally located at 0.2 ev 
below the conduction band. On irradiating n-type Ge 
with a high initial electron concentration n°, both levels 
are to some extent occupied until the concentration of 
defect pairs becomes equal to one-half n°. Further 
irradiation favors population of the lower acceptor 
state until all electrons are trapped therein and con- 
version to p-type occurs. Therefore, at the minimum 
conductivity, essentially all of the electrons are trapped 
in a state that has been tentatively identified as one 
corresponding to a singly ionized interstitial atom. If the 
defects are randomly distributed and their associated 
wave functions do not overlap appreciably, a para- 
magnetic contribution equal to that for n° free spins 
should result. The diamagnetic contribution depends 
on the radial extent of the wave functions of the trapped 
electron. Since the interstitial ion has a residual charge, 
the electron orbit will be considerably decreased over 
that estimated above for a hydrogen-like impurity and 
the diamagnetic contribution is expected to be quite 
small. Should the defect functions overlap, a para- 
magnetic contribution of much smaller magnitude and 
temperature dependence would result. Such a condition 
may exist even for relatively short irradiations if the 
defects are highly localized in the region of the primary 
(fast-neutron) collision. 

In this picture the vacancy should be occupied by 
two electrons at the conductivity minimum. Here the 
diamagnetic contribution might be appreciable. Both 
the Coulombic repulsion of the electrons and their 
relatively loose binding (they presumably fill two of the 
four half-filled orbitals extending into the vacancy) 
would tend to produce a large orbit. Unfortunately, 
it is not possible to make a quantitative estimate of 
their contribution on the basis of present knowledge. 


Ill, EXPERIMENTAL 
The magnetic susceptibilities of single-crystal cubes 
having edge lengths of approximately 5 mm were 


*M.H. James and K. Lark-Horovitz, Z. physik. Chem. 198, 
107 (1951) 
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measured by the Faraday technique using a balance 
similar to that of McGuire and Lane.” In order to 
increase the balance sensitivity, the phototube-optical 
system was replaced by a linear differential transformer 
and the beam suspension was fabricated out of Elgiloy 
rather than nichrome or phosphor bronze. The sample 
cubes were suspended from the balance on 0.001-in. 
diameter molybdenum wire into the fringing field of an 
Arthur D. Little electromagnet, the field of which could 
be controlled and reproduced to approximately +0.01%. 
Sample temperatures were taken as those of the wall 
of the copper sample tube adjacent to the specimen, 
helium at a pressure of 125 microns of Hg being used 
as a heat-exchange medium. 

The absolute value of the room temperature suscepti- 
bility of each sample was measured using oxygen at a 
known pressure and temperature as a calibrating agent. 
The force exerted on a body of volume v and volume 
susceptibility « suspended in an inhomogeneous field H 
is given by 

Fo=4(x—xo)s¥ (H?), (10) 
where xo is the volume susceptibility of the surrounding 
medium and ¥(H") is the gradient of the square of the 
field at the sample. The susceptibility of an irregularly 
shaped body is given by the expression 


F, 
. KO, 11) 
Fi—F, 


where F, is the force experienced by the body when 
suspended in a vacuum and F is the force experienced 
when suspended in a medium having a susceptibility xo. 

In this work F, was measured at four values of the 
field ranging from 12 to 20 kilo-oersteds. Oxygen was 
then admitted to the system, the measurements re- 
peated at the same field settings, and « calculated for 
each field value. A systematic trend of « with field was 
considered an indication of ferromagnetic contamination 
and the sample was recleaned. Otherwise, the calcu- 
lated values were averaged to obtain the absolute value 
of the room temperature susceptibility of each sample. 
When this technique is used, the absolute accuracy of 
this point is +0.6%. The susceptibilities at other tem- 
peratures were determined relative to this room tem- 
perature point with a precision of +0.1% 


were obtained from 


Carrier concentrations Hall 
coefficient and conductivity measurements obtained on 
control specimens which were cut from the original 
ingot adjacent to the susceptibility cube. In several 
cases, when inhomogeneity in the impurity distribution 
was suspected, Hall plates were prepared from suc- 
cessive ingot slices cut radial to the cube and per- 
pendicular to the direction of growth. The average 
concentration obtained on these plates was used. 

Instr 20, 489 


7 T. R. McGuire and C. T. Lane, Rev. Sci 
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One cube, together with its control specimen, was 
given successive exposures to fast neutrons in a fission 
chamber in the Oak Ridge Graphite reactor. The 
irradiations were carried out at ~30°C and suscepti- 
bility and Hall coefficient measurements were made 
after each exposure. 


IV. RESULTS 
A. High-Purity Germanium 


For extrinsic carrier concentration <10'* cm-*, x, is 
below the limit of detection in the temperature range 
employed. Consequently, values of x obtained on high- 
purity specimens should yield x4 for Ge directly. The 
temperature dependence of x for two n-type specimens 
(n=1X10" cm~* and 1X10" cm) is shown in 
Fig. 1. Because of the absolute precision from one curve 
to the other of only +0.6%, the curves were adjusted 
to correspondence at 150°K. As expected, the points 
for both specimens fall essentially on the same line. 

As mentioned above, the atomic diamagnetism is 
expected to be only slightly temperature-dependent. In 
contrast, the curve of Fig. 1 exhibits a very appreciable 
temperature variation. Normally a relative increase of 
diamagnetism of the same order as the cubical expansion 
coefficient might be expected. For Ge, however, the 
dependence is in the opposite direction and the relative 
change is an order of magnitude greater than the 
expansion coefficient (d logy/dT = 2.3 10~ at 300°K). 
Although we assume that the nature of the binding in 
the diamond lattice is responsible, the reason for this 
curious behavior is not yet known. In order to investi- 
gate this point further, a specimen of high-purity silicon 
cm~*) and a gem-quality diamond were 
examined. The silicon specimen gave a x vs T curve 
which is quite similar to that of Ge, while for the 
diamond x is temperature independent within experi- 
mental error (+0.1%) in this temperature range. 


(n~10"* 





susceptibility of two high-purity 
For com- 


Fic. 1. The 


diamagnetic 
germanium specimens as a function of temperature 
parison, the curves are adjusted to correspondence at 150°K. 
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B. n-Type Germanium 


The diamagnetic susceptibility »s temperature curves 
for a number of n-type Ge specimens of known electron 
concentration are shown in Fig. 2. Also shown for 
comparison is the curve for a high-purity, zone-refined 
n-type specimen (n <10" cm~*). In every case except 
the latter the contribution of the extrinsic electrons is 
evident. 

The values of x. are obtained for each specimen by 
subtracting, point by point, the susceptibility of the 
high-purity specimen. The resulting values for three of 
the specimens are shown in Fig. 3 in the form of 
—x- vs 1/T curves. The curves are essentially linear in 
the high-temperature range as predicted by Eq. (5). 
Toward lower temperature the curves begin to fall off, 
indicating a transition from classical to Fermi-Dirac 
statistics. In Table I we have summarized the data on 
n-type Ge. The second column lists the high-tempera- 
ture (low-1/T) linear slope. The third column lists the 
values of nm obtained on comparison Hall specimens 
appropriately corrected for impurity scattering®* and 
carrier degeneracy.” After such corrections the values 
of n were found to be temperature independent over the 
entire range to ~5% with the exception of sample 1. 
In the fourth column we list the values of (/,*), obtained 
from the slope and values of m. These values are accurate 
to about 15%. 
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Fic. 2. The diamagnetic susceptibility 2s temperature curves of 
four n-type germanium specimens. Curve 0 is that for high-purity 
germanium while the numbers of the other curves correspond to 
the sample numbers of Table I 

* VY. A. Johnson and K. Lark-Horovitz, Phys. Rev. 82, 977 

1951). 
* V_A. Johnson and F_M. Shipley, Phys. Rev. 90, 523 (1953 
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Fic. 3. The carrier diamagnetism zs reciprocal temperature for 
n-type germanium. The curve numbers refer to the sample 
numbers listed in Table I. 


It is interesting to note that for the purer specimens 
agreement of (/.*)4 with the expected value of 54 is 
quite reasonable, while with increasing donor concen- 
tration the value of (/,*)s decreases markedly. Herring™ 
has pointed out that the presence of an impurity band 
which is expected to overlap the conduction band at 
high donor concentrations would be expected to change 
the effective mass of the carriers when the overlap 
becomes appreciable. 

Except for sample 1 of Table I, the x, vs 1/7 curves 
of the n-type specimens depart from linearity toward 
the higher 1/7 values, exhibiting a downward con- 
cavity. In the case of samples 2 and 3 this curvature 
can be accounted for quite adequately on the basis of 
transition from classical to Fermi-Dirac statistics pro- 
vided w,=4 rather than 8. With this value of w,, 
Eq. (2) yields an acceptable fit to the data over the 
entire temperature range. The results of this analysis 
have already been reported'* and these have been taken 
as evidence that the minima of the E os k surfaces lie on 
or within kT of the zone boundary. Attempts to fit the 
more impure specimens (4 and 5 of Table I) within the 
framework of the cyclotron resonance results were not 
successful nor could a suitable correlation be obtained 
by using Eq. (2) and the experimental values of (/.7)« 
while treating M,? as an adjustable parameter. The 
experimental curves fall off more rapidly at low tem- 
perature than those calculated, in a manner which 
suggests that the effective mass decreases with in- 


* C. Herring (private communication) 
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donor and conduction states might also occur in 
samples 2 and 3. In this regard, Johnson and Shipley® 
have made a careful analysis of the temperature de- 
pendence of the Hall coefficient of a specimen containing 
a net donor concentration of 2.16 10'* cm~* and they 
find an ionization energy of —0.005 ev. Hence the 
ionization energies of the specimens in question are 
expected to lie closer to the band edge than 0.005 ev. 
For the temperature range in question, since effects of 
carrier degeneracy are not excessive, we expect the 
donor states to exert only a small influence on the 
effective mass of conduction electrons for these speci- 
mens. In further support of the choice of w,=4, Debye 
and Conwell find that an average effective mass ratio 
between 0.2 and 0.5 gives the most consistent fit to all 
arising 
Y) (w,)4. 


their data. The average effective-mass ratio 
from the density of states expression is M,*= M, 





TEMPERATURE (°K) 


carrier diamagnetism ts reciprocal temperature for 
The numbers refer to the sample numbers 


This gives average mass ratios of 0.51 and 0.85 for w, 
values of 4 and 8 respectively. In order to establish 
the value of w, conclusively, it is necessary to examine 
the behavior of x. on a higher purity sample (m—~10"" 
cm~*) in the range of lower temperatures. 


C. p-Type Germanium 


Measurements similar to those on n-type material 
have been carried out on several p-type samples. The 
temperature dependence of diamagnetism is shown in 
Fig. 4 and the —x, vs 1/T curves in Fig. 5 for repre- 
sentative specimens. The data are summarized in 
Table II. The values of (f,7)» with one exception 
(sample 2) are considerably smaller than the value of 
31.4 indicated by cyclotron resonance. Again, as for 
n-type material, this departure from expectation appar- 


#VY_ A. Johnson and F. M. Shipley, Report of the Purdue 


Research Foundation to the Signal Corps, August, 1952 (unpub- 


lished) 
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ently increases with increasing acceptor concentration. 
Since the deviation seems to set in at a much lower 
carrier concentration than in n-type material, it is 
possible that the critical acceptor concentration required 
for the formation of an overlapping impurity band is 
smaller than for donors. However, even for 8X 10'* 
acceptors cm~* (sample 1 of Table IT) the (/,?)« is only 
~20 and for such a small acceptor concentration an 
overlapping band does not appear likely. Consequently, 
we conclude that the discrepancy between observed 
and expected (f;?)s values is real. The reason for the 
lack of agreement is unknown. It is possible that the 
energy-surface curvatures in the valence band are 
sufficiently complex that the cyclotron resonance results 
obtained at 4°K are no longer applicable in this tem- 
perature range. In this connection, it is noteworthy 
that a detailed analysis of the field dependence of the 
p-type Ge Hall coefficient,” although in agreement 
with the general features of the valence band as revealed 
by cyclotron resonance, also fails to give a quantitative 
correlation. The results of this analysis indicate that 


TABLE IT. Summary of results obtained on p-type specimens 
The sample numbers correspond to those given on the curves of 
Figs. 4and 5. Columns 2, 3, and 4 list the classical slopes of the 
x- 18 1/T curves, the hole concentrations, and the values of (fi?) 
respectively. 


5 
pa fu?) ny 


Sample 
10 7.8X 10'* 20 
1077 1.9 10" 26 
10? 4.410" 18 
10°? 5.1% 10" 20 
(10-7 5.4X 10" 18 
1o-* 5.3X 10"* 12 


? 
7 
x 
2 


NN&wNK uw 
oo 


™ 


and carrier-degeneracy corrections were 
made in obtaining these values, the magnetic field dependence of Hall 
coefficient, which is known to be appreciable in p-type Ge (reference 31), 
was not accounted for explicitly. The error involved, however, should not 
be large 


* Although impurity-scattering 


the fraction of holes in Band 1 is only 0.02 of the total 
whereas the ratio of effective masses indicates a value 
of 0.045. A smaller than expected population of Band 1 
would also explain the deviation reported here. 
Attempts to fit the x. vs 1/7 curves of Fig. 5 for 
samples 1, 2, and 3 of Table II according to Eq. (2) 
with experimental carrier masses reveal that there is a 
significant concave downward curvature toward high 
1/T values which is too great to be explained by either 
transition to Fermi-Dirac statistics, higher order terms 
in H in the susceptibility equation, or a combination of 
these. Since analysis of Hall coefficient and resistivity 
data for these specimens indicates that the hole con- 
centrations are essentially constant over the tempera- 
ture range in question, it appears that (/,”)4 decreases 
to some extent with decreasing temperature. Although 
the contribution to (f,”)« of the third valence band is 
temperature-dependent through a Boltzmann factor 


* Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954). 
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Fic. 6. The diamagnetic susceptibility #s temperature of a fast- 
neutron-bombarded n-type germanium specimen listed as sample 2 
in Table I. The exposures are indicated on the curves. The curve 
of a pure specimen is shown for comparison. 


containing the spin-orbit splitting energy, it was indi- 
cated above that this is not expected to introduce 
appreciable temperature dependence in this tempera- 
ture range because of the large value that has been 
indicated for AE. 
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Fic. 7. The carrier plus defect susceptibility es temperature of 
the fast-neutron-bombarded germanium sample after the indi- 
cated exposures. 
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Tape III. Summary of results obtained on n-type specimen 
(sample 2 of Table I) irradiated with fast neutrons. The integrated 
fluxes are listed in column 1. Columns 2, 3 and 4 list the classical 
slopes, the electron concentrations, and (f,7)4 values respectively 
Column 5 gives the values of electron concentration ny calculated 


from the classical slope assuming ({7)— = 54 
Ex; ’ n x10 nu X10 
eutr fay 1 ir tes ct ° 
0.7210 1.13«10°* 5.17 59.0 5.68 
1.2710 5.3310 2.72 53.0 ) 68 
1.6110 2.2810 1.33 47.0 1.15 
1.84 10 1.5710 0.85 50.4 0.79 
20710 1.2510 O81 42.5 0.63 
23010 RO «10° 0.45 48.5 0.40 
3.00% 10 11 x10" 0.06 


D. Bombarded Germanium 


The effect of fast-neutron bombardment on the mag- 
susceptibility was investigated on one n-type 
specimen The susceptibility was 
measured as a function of temperature after each 


neti 


sample 2 of Table I 


successive exposure and representative results are shown 
in Fig. 6. The combined carrier and impurity (defect) 
susceptibilities were obtained by subtracting the values 
of a pure specimen at each temperature and _ this, 
designated as —Ay, is plotted against 1/7 in Fig. 7. 
The data are summarized in Table III. Column 1 lists 
the integrated fast neutron flux, Column 2 the linear 


slope, the electron concentrations obtained from an 


' 
analysis of the Hall coefficient and resistivity are given 
3 and 


obtained from the slopes are given. The reciprocal mass 


in Column in Column 4 the values of (fx 


ratio is in good agreement with the expected value of 54 
and the scatter gives a good indication of experimental 
Also shown in Table III are the values of nm calcu- 
54. The variation 


error 
lated from the slopes assuming (/,7)” = 


of m with exposure is compared with the conductivity ¢ 





Fig. 8. Values of m obtained by the two methods 
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(columns 3 and 5) show a variation with exposure 
which is quite similar to that of ¢. 

Examination of the x vs 1/T curves obtained after 
long exposure (not shown in Fig. 7} reveals that, 
although the curves are quite linear at low temperature, 
there is a marked upward concavity at high tempera- 
tures (low 1/7). This behavior may or may not be 
real. Although it is possible that exposure has decreased 
the temperature dependence of x4 in the high-tempera- 
ture region, thus introducing an apparent curvature 
into the Ay vs 1/T curves, this behavior may also be 
explained as being caused by a variation of the sample 
suspension length with temperature. The thermal ex- 
pansion of molybdenum, though small, is sufficient 
between room and dry ice temperatures to move the 
specimen into a lower region of H dH/dz provided the 
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Fic. 9. The diamagnetic susceptibility ss temperature of the 
bombarded specimen after irradiation into the intrinsic region. 
Curve 1 is for the specimen with approximately 5X 10" electrons 
per cm’ remaining in the conduction band at 300°K. Curve 2 is 
after the specimen has become p-type and has less than 10” 
carriers per cm’ at 300°K. Curve 0 is for a pure specimen, dis- 
placed downward by 0.7% for clarity. Curve 0’ is curve 0 to which 
has been added the expected paramagnetic contribution of 7.5 
< 10" unpaired spins per cm’. 


position at room temperature were at the place where 
the gradient of the square of the field is a maximum. 
More careful measurements are necessary before this 
effect can be interpreted. In any event, since molyb- 
denum is a high-temperature metal, its expansion coeffi- 
cient is quite small below 200°K and the temperature 
dependence of Ax in this range (70 to 200°K) should be 
valid. 

It is interesting to note that there is no indication of 
the temperature-dependent paramagnetism expected to 
result from unpaired electrons. In Fig. 9 we compare 
the x vs T curves for a pure specimen (curve 0) and the 
two longest exposures (curves 1 and 2) for which 
essentially all electrons have been trapped. For clarity, 
Curve 0 has been displaced downward by 0.7% in order 
to avoid congestion. Also shown (Curve 0’, dashed) is 











the expected x vs T curve relative to Curve 0 for a 
specimen containing 7.510" unpaired spins per cm’. 
It is clearly evident that such a paramagnetic term is 
not present in the irradiated specimens. This is taken 
as evidence that the levels responsible for removing 
electrons are so dense that they have broadened into 
degenerate bands. At a concentration of 7.510" this 
does not appear too likely, especially in view of con- 
siderations concerning the singly ionized interstitial 
atom as discussed above. Consequently, we tentatively 
conclude that the defects are not randomly distributed 
but rather are to a large extent localized in the region 
of the primary collision of the fast neutron. The latter 
situation would produce localized regions of high defect- 
level density which could be described effectively in 
terms of degenerate impurity bands. In order to estab- 
lish this point to any degree of certainty it is necessary 
to examine lower concentrations of trapped electrons. 
This can be done quite effectively by extending the 
range of measurement to liquid helium temperatures. 
Apparatus is being constructed to this end. 


Vv. SUMMARY 


The results have revealed a number of points of 
interest regarding the magnetic behavior of Ge. The 
first and most unexpected of these is the temperature 
dependence of the susceptibility of high-purity speci- 
mens. That this is a common property of semiconductors 
of the diamond-lattice type is suggested by a similar 
behavior of Si and an indication of such in InSb.’ It 
should be noticed, however, that diamond itself has a 
temperature-independent susceptibility. In view of its 
existence in the lower melting members of the group 
(both elements and compounds), it would be worth- 
while to re-evaluate the results obtained on a Sn in the 
light of such a behavior. 

The magnetic behavior of n-type Ge is consistent 
with expectation based on results of cyclotron reso- 
nance. The appropriate averages of electron mass 
ratios are in reasonable agreement with those obtained 
by the Berkeley" and Lincoln Laboratory"® groups for 
the smaller values of m. At the large n-values the 
effective masses increase markedly; this increase is 
probably due to a degenerate donor band which overlaps 
the bottom of the conduction band. Fitting the data to 
theory in the range of transition from classical to Fermi- 
Dirac statics suggests that the energy surfaces of the 
conduction band are represented by four rather than 
eight ellipsoids of revolution in k-space. 

In p-type Ge, agreement with cyclotron resonance 
experiments is not as convincing. We find that generally 
the values of (/,")» are smaller by at least 30% than the 
predicted one. The results of a detailed analysis of the 
Hall coefficient field dependence in p-type Ge 
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also fail to yield quantitative agreement.” It is 
possible that the complex band shapes yield differ- 
ent effective mass ratios at temperatures appreciably 
above the temperature of liquid helium at which the 
cyclotron resonance measurements were made. A tem- 
perature-dependent effective mass is to be expected 
because of the lowering of Band 3 by spin-orbit coupling. 
However, if the energy lowering is ~0.3 ev as is indi- 
cated by optical absorption data, such a temperature 
dependence would be negligibly small. It is interesting 
to note in this connection that an examination of hole 
mobility™ also indicates a variance between theory and 
experiment which could be explained if the effective 
mass were temperature dependent, A more careful study 
of the hole susceptibility, particularly at lower tem- 
perature, is necessary to clear up this matter. 

Studies of fast-neutron-bombarded Ge reflect only 
the decrease of electron concentration and reveal no 
spin paramagnetism which would be expected if the 
electrons were trapped unpaired in localized states. 
This behavior is interpreted as indicative of localized 
fluctuations in the density of fast-neutron-introduced 
lattice defects. 

We are deeply indebted to Miss Louise Roth of 
Purdue University and to Dr. C. S. Fuller of the Bell 
Telephone Laboratories who furnished the single crys- 
tals of Ge and Si used in these studies. Our thanks also 
to Mr. Chapman of Kimball’s Jewelry, Knoxville, 
Tennessee, for making available to us the excellent 
diamond specimen, and Mr. T. R. Green of the Elgin 
National Watch Company who supplied us with an 
unheattreated main-spring blank used in the construc- 
tion of the balance. We finally wish to thank J. C. 
Pigg, Glenn Craig, and W. T. Adams of this labora- 
tory for their invaluable assistance with instrumenta- 
tion problems and Professor R. L. Sproull of Cor- 
nell University for many valuable discussions and 
suggestions. One of us, (D.K.S.) wishes to express his 
appreciation to Dr. H. D. Crockford of the University 
of North Carolina who, in the capacity of faculty 
advisor, gave freely of his time and energy in coming to 
Oak Ridge for consultations concerning much of the 
early work connected with this problem. 

Note added in proof.—Since the completion of this manuscript, 
another paper relative to the susceptibility of Ge has come to 
our attention. C. Enz [Helv. Phys. Acta 28, 158 (1955)] has 
analyzed the data of Busch and Helfer (reference 17) in the in 
trinsic range. Within the limitation of certain assumptions con- 
cerning the intrinsic range and the lattice susceptibility, he 
finds that a better fit to the intrinsic susceptibility is obtained by 
assuming four rather than eight ellipsoids to describe the ene 
surfaces of the conduction band. It is encouraging that this 
result is in agreement with that reported above for an entirely 
different range of behavior. 


*“ H. Ehrenreich and A. W. Overhauser, Phys. Rev. 98, 1533(A) 
(1955). 
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Reco atio esse ellurium have been investigated, chiefly by use of the techniques of photo 
vi Stu re ule single crystals having acceptor densities of about 10'* per cm’. By using 
sed illumination, the decay t ynstant of photocurrent was found to be 20 ysec, in fairly good agree- 
‘ with resu aime 5 rom steady-state photocurrent sensitivity 
I terpretat vf the resu f the various photoconductivity experiments leads to the conclusion 
" Te at 100°K direct recom ation dominates over recombination through localized centers (traps) 
st all light intensities. To explain this isual result, it is proposed that as a rule in small-energy-gap 
raps sl r t 4s agents of reco on. It follows that small-gap materials 
ha g s; thus they shou sually be sensitive photoconductors. Furthermore, since the 
rect © i robabilit reases as the gap becomes narrower, there should be some optimum 
4 } ergy ga robat é J.D € that wi rise to the longest realizable lifetimes. Some con- 
4 r a ar support this proposal 
\ t t a t 4 € € tted in the recombination process was unsuccessful, 
ss a“ 1 ‘ « 


I. INTRODUCTION 


of recombination processes in semicon- 


ing study i 
du t rs ind insu ators 


for both theoretical and practical reasons. Experimen- 


is receiving much attention 


tally, the most fruitful approach to such studies has 
" " ] 
hee thre investigation ol photoconductivity, al- 


igh some new techniques appear promising. This 
vork re presents a st iv of the pl otoconductive proper- 


ties of Te with the goals of determining carrier lifetime 


yhta gy iniormat on on the recombination process 
In work on Te rep rted earlier, steady-state photo- 
urrent experiment were used to determine carrier 
fetime as f the epel dence ot pi otosensitivity 
on temperature, light intensity, and wavelength The 
results obtained be s marized here for our 
nresent roses 
Figure | ows the observed dependence ot photo 
current 10 ght intensity J,» at a wavelength of 3 for 


og scales, the slopes 1 and 4 


Te at 100°K. On the log 


orrespona t ) linear and square root dependen e, Tesper 

tive hy | thre inear reg wl ere the igt t level 1s iow, 
carrier lifetime is a well-defined quantity and is a 
direct measure of the p otosensitivity As shown in 
reference 1, we may estimate this low-level lifetime ro 


by using the relation 








where ¢= magnitude f electr charge, w= carrier 
mobility (properly u.+ua), &= electric field strength in 
sample, ar iW ith of sample | light flux and field 
I} is met! | fave a value rr yf 5> 10 ~t for i Te 
crvstal at 100°K. Because of the difficulty in calibration 

* Thi aner is ased a thesis submitted to the [ ve f 
Pe inia PI De t i artial fulf f the 
requirements for the degree of Docto Philosophy. The work 
was § ipally Sox y-Vacuum Oil ¢ Any 
and in part Dy Une U.S. Air l a the Off e of Naval Resear 

'D. Rect P wed 160 mference (John Wiley and 
Sons, Inc., New York, to be ishe 


intensity, this may be regarded only as an 
similar value ob- 


of light 
order-of-magnitude figure. A 
tained, however, by Aigrain in some apparently unpub- 
lished work using the photoelectromagnetic (PEM) 


was 


techniques.” 

It is well known that the simple theory of direct 
recombination of free electrons and holes will lead to 
just the type of intensity dependence of photocurrent 
shown in Fig. 1.2 However, except for phosphorous and 
possibly selenium, this sort of dependence has never 
I observed, presumably because trapping states 
seem to dominate the recombination processes in nearly 


peen 


ill known materials. We shall now consider in detail 
the possible effects of traps using as a basis the statistical 
treatment of Shockley and Read.‘ (R. N. Hall has 
arrived at a very similar theory and has found some 


experimental confirmation.*) 


Il. DISCUSSION OF TRAPS 
A. General 


In considering the effects of traps for our purposes, 
it is most fruitful to establish the principles involved 
by treating a single type of trap. Then the possibility 
of multiple levels may be treated by superposition, and 
if necessary, some interactions among different levels 
added later. It is clear on intuitive grounds and is 
pointed out in reference 4, that recombination through 
traps may be regarded as a flow through two resistors 
in series, so independent types of traps may be treated 
as parallel combinations of such pairs of resistors. In 
fact, this view allows also the inclusion of direct recom- 
bination as a single resistor in parallel with the possible 
other pairs 


private communicatior 


Moss, Phot 


? P. Aigrain 

*See, for example, T. S 
Press, New York, 1952 

‘W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952 

*R. N. Hall, Phys. Rev. 87, 387 (1952). 
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Therefore, we shall consider now a single set of 
localized trapping states characterized principally by 
four quantities: (1) cross section for capture of an 
electron by the trap when empty, o,; (2) cross section 
for capture of a hole by the trap when occupied, o; 
(3) energy level of the states, E, (see Fig. 2); (4) density 
of traps, .V;. Because of the great difficulty in getting 
quantitative data on any of these, the approach will be 
a general one wherever possible so as not to require the 
assumption of values for these quantities. 


B. Shockley and Read Formalism 


The recombination of photoelectrons and holes is 
considered to occur only through the medium of the V, 
traps per cm’. The effective lifetime is defined as 


r=dn/U, (1) 


where U’=recombination rate density, and én (=6p) is 
the excess electron density over the dark value mp. 
This definition for tr embodies both steps of the recom- 
bination process. The lifetimes for these two steps are 
r, for free electrons and r+, for free holes. In general, 
T, Tn, and 7, may be concentration dependent. How- 
ever, in the limit of very strongly p-type material all 
the traps will be empty and 7, becomes a constant: 
r.—Tn0=(| BN, }", where B.=[.0] is the “recombina- 
tion coefficient” for electron capture, and »= thermal 
velocity. Similarly, in very strongly n-type material all 
the traps will be full and +r, becomes a constant: 
tp p= (BN. }", where B,= [anv]. 

It is shown in reference 4 that for 6n smal] compared 
to mot po, r reduces to a low-level lifetime independent 
of concentration: 


notn, potpr 
To= Typo +T no , (2) 
Not Pr Not Po 
where 
n= N, exp[ (E,— E.)/kT ] 
and 
pi= N, exp[ (E,— E,)/kT). 


Density of nergy 
States . 
-€, 
. ialalstahstahtatateeteetintataias E, 
Ny — - -~--~~----~- ----~-® 
NY Eg, 
€,-E,+0.32 ev 
Fic. 2. Energy-level diagram used as a model for Te 


Thus m; and p,; are functions of temperature only for 
any given trap level. It should be noted that the fact 
that ro is independent of 5 implies that the relation 
between 6n and U (or the excitation rate density /) will 
be linear as expected at low levels. 

For larger values of dn the lifetime becomes dependent 
on 6n in a manner given by 


1+ adn 
T=) : (3) 
1 T con 
where 
r 1 (flo-> Pr ‘Xx 
and 
Tp Tr 
a ; 
T po( Not 1) + T nol Pot Pi) 
Note that at high carrier densities r= roa/c= Tao 
+Tpo= Tx. Since r is a measure of the slope of photo 


current as a function of light intensity, Eq. (3) shows 
that @ must be less than c if we are to be able to explain 
the data of Fig. 1 with this model. Using r from Eq. (3) 
in the general relation 6n=7f, we find the curve of 
Fig. 3 relating én to f. Thus it appears that this model 
of trapping could account for the data on Te provided 
only the experimentally available intensities do not 
reach into the highest region of Fig. 3. We shall now 
examine the implications of this explanation in view of 


the known properties of Te. 


C. Application to Tellurium 
1. Location of Trap Level 


One useful simplification of the problem results from 
the fact that at the temperatures of interest (100°K) 
Te is always strongly p-type, i.e., po>>no. Thus Eq. (2) 
becomes 

Not ny 


i 


pot pr 
Po es Po 


(4) 


+ . 
7 T pO 


P 


Now since ro>t.=T,0t+T po for a<c, it is apparent 


that either m;> po or p> po may satisfy the condition 
a<c. These cases are shown in Fig. 4. It may be seen 
that either (a) the trap level must be closer to the con- 
duction band than the Fermi level (in the dark) is to 
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Slope 1 


“Slope 1/2 


tog Bn 





the valence band; or (b) the trap level must be closer 


valence band than the Fermi level is. Only in 


to the 


these cases can a be less than ¢ It should be noted that 
these conclusions are valid regardless of the magnitudes 
of 7,0 OF T nence the capture cross sections 


It is possible, in fact, to obtain some quantitative 


information on this same basis. Looking again at Fig. 1 
we see that the square-root dependence (slope 4 
extends over a factor of about 4 in én. We may estimate 


the location of the transition point between the linear 


and square-root regions by extrapolating the two 


straight lines until they meet. This should correspond 
to the level at which én~« Let us suppose that the 


of Fig. 1 


| ig. 3 


curve is going to bend up toa slope of 1 again 


as in just beyond the region of observation 

This trar 
of the two transition points must be at least a factor of 
Phat is, « 


aifficuit 


sition occurs at bn~a hen the separation 


25 on the scale ot én > 25a 
Now it is not 


condition that 


to show that this inequality 


leads to the for case (a 


the trap level 
may lie at most 4 as far from the conduction band as 
the valence band; or for 

" 


case (b) the trap level may lie at most 4 as far from the 


Fermi level does from the 


valence band as does the Fermi level 


In Te under the conditions of these experiments, 


a reasonable location of the Fermi level is about } of 


or about 0.1 ev) up from the bottom of 


the distance 
the forbidden gap. Therefore the traps may lie a/ mos! 


the upper or lower 10 percent of the gap, or within 
0.03 ev of a band 


’ ; 


Sensiliviuly 


In addition to the foregoing conclusions regarding 
which could 


of Shox kley 


explain the 
and Read’s 


qualitative 


the location of a trap level 


behavior of Te on the basis 


model, it is also possible to obtain some 


nfiormation on the sensitivity, Le., on + 
may now be further simplified, 


Equation (4) for +r 
i 


using the conditions (a) or (b) which must be fulfilled 


in our present discussion, | sing the same arguments 
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0) >p, D) A >Po 


Fic. 4. The two cases satisfying the condition a<c. 


which allowed localization of the trap level, we find 
that ro takes the form 


Case (a): ro= 1 p0(m1/ po) +7 n0T po(m1/ po), (Sa) 


or 


Case (b): ro= 7 p0(mo/ po) + Tno( Pr/ Po)—™T nol Pr/ po). (Sb 


Now under the usual assumption (only partly justifi- 
able) that the capture cross sections (hence 7,9 and 7 po) 
are not strongly dependent on temperature,® then in 
the extrinsic region where po is constant, 7 will depend 
on temperature only through m, or p, in Eqs. (5). It is 
clear, then, that either m, or p, will make ro a function 
which increases exponentially with temperature. In 
germanium, where traps are well established as the 
dominant means of recombination, the lifetime is ob- 
served to increase exponentially with temperature in 
most cases.’ In Te, however, the sensitivity decreases 
rapidly as the temperature is increased (roughly by a 
factor of 10* between 100°K and 300°K). 

Examination of Eqs. (5) will show, as pointed out by 
Rose,* that a trap level close to a band edge leads to a 
longer lifetime than a distant one. This is because re- 
emission of a trapped carrier is likely before the second 
step of the recombination process can occur. 


D. General Comments 


The conclusions reached in the preceding sections 
have the merit of being based on relatively few assump- 
tions regarding the four quantities which characterize a 
trap level, tno, typo, Vi, and E,. No restrictions at all 
were placed on £, initially. The formalism presented 
requires of .V, only that it be small compared to any 
one of the four quantities, mo, po, m1, or p:.” No assump- 
tion has been necessary concerning the magnitudes of 
Tao OF Tf, 
slowly varying functions of temperature. 

It should be mentioned that there is good evidence 
that some traps have a negligible capture cross section 
for one kind of carrier so that both steps necessary for 
* Some apparently rare circumstances under which this assump 
tion may not be valid are referred to in the thesis 

‘'R. M. Baum and J. F. Battey, Phys. Rev. 98, 923 (1955 

*A. Rose, Photoconductivily Conference (John Wiley and Sons, 
Inc., New York, to be published 

* This is proved in Appendix A of reference 4 


although they were assumed to be only 
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recombination cannot occur. This leads to photocon- 
ductive effects with long time constants due to re- 
emission from such traps long after the light is shut off. 
In Te, however, such effects have never been reported. 
In fact, using pulsed light techniques we have measured 
the decay time constant of photocurrent in Te at 100°K 
and found it to be about 20 ysec, in reasonable agree- 
ment with the value obtained from steady-state meas- 
urements. 

It is our next object to use the concepts of recom- 
bination through traps just presented, together with 
the accepted ideas of direct recombination, in an 
effort to draw conclusions on the type of recombination 
dominant in Te. 


Ill. CONCLUSIONS ON RECOMBINATION 
PROCESSES 


A. Contributing Factors 


It should be stated at the outset that the complexity 
of the problem of determining the nature of recom- 
bination processes is such that even in germanium and 
silicon which have been so intensively studied, all that 
can be said with assurance at present is that trapping 
effects seem to dominate over direct recombination, 
although both are observed. In nearly all insulators, 
also, traps seem to be dominant. The nature of the 
transitions involved is still uncertain and indeed the 
nature of the traps themselves only slowly coming to 
light.'° 

Of the important characteristics of these two types 
of recombination, some general statements may be 
made. In the first place, direct recombination should be 
a property of the material involved, whereas trapping 
effects will be associated with imperfections of a crystal 
giving rise to “structure sensitivity” of r such as is 
found in Ge. In Te there seems no evidence of such 
structure sensitivity in r. 

A second pertinent factor is the temperature de- 
pendence of the sensitivity. As was set forth above, 
conclusions regarding this dependence require the 
assumption that capture cross sections are relatively 
insensitive to temperature. 

Unmentioned heretofore is the effect of surfaces on 
recombination. It is known that the nature of the 
surface of a germanium crystal can materially alter the 
effective lifetime.’ We have therefore made several 
attempts to observe such effects by using samples with 
very different surface-treatment (see Sec. IV). The 
negative results of these experiments are taken to be 
evidence that surface effects are not significant in Te.” 

Of importance also is the relation between photo- 


J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955 
"'W. Shockley, Electrons and Holes in Semiconductors (D. van 
Nostrand and Company, New York, 1950) 

2 The same conclusions were reached by Hornbeck and Haynes 
for the silicon samples studied in reference 10. For recent theory 
relating surface effects to the PEM effect see W. van Roosbroeck, 
Phys. Rev. 98, 1533(A) (1955) 
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current and light intensity. The data of Fig. 1 agrees 
well with the model of direct recombination. It may 
also be explained by the Shockley-Read theory of 
traps, but as shown above, only if the trap ievel lies 
within 0.03 ev of a band edge. 

As pointed out previously, traps sometimes re-emit 
carriers as well as act as recombination centers, thus 
giving rise to photoeffects with long time constants 
even though the free carrier lifetime is very short. The 
agreement between the decay time constant and life- 
time in Te is strong evidence for the absence of at least 
this kind of trap. 

Finally, it has been pointed out by Rose* that if the 
electron and hole lifetimes differ, the steady-state photo- 
current will be a measure of the longer of the two 
lifetimes, whereas the PEM effect (which depends on 
the diffusion of free pairs) measures the shorter of 
the two. The agreement of the value obtained here with 
that found by Aigrain® in his unpublished measure- 
ments of the PEM effect in Te indicates, therefore, 
that the electron and hole lifetimes are equal. 


B. Conclusions 


It is apparent that nearly all the available evidence 
points to direct recombination as the dominant process 
in Te. This conclusion is very unusual in view of the 
widespread evidence of traps as the principal agent of 
recombination in other materials. It is therefore appro- 
priate to seek some reason for this behavior. 

The proposed explanation requires some further con- 
sideration of traps. It will be argued that trapping 
states may be present in Te, but their effectiveness as 
recombination centers is low. Thus, recalling the 
analogy of a trap level as a pair of resistors in series, 
we find that the impedance of the pair becomes high. 
Then the “current flow” (i.e., the recombining carriers) 
is diverted to the single resistor of direct recombination. 

The argument for the ineffectiveness of traps rests on 
considerations advanced previously showing that any 
trap level lying near a band edge leads to a long life- 
time, that is, less recombination through it. If we con- 
sider the regions within 0.03 ev of a band edge in which 
traps must lie to allow the explanation of Part 1 of 
Sec. II C, then thermal exchange with the nearby band 
determines the behavior of the traps at all temperatures 
of interest here. 

It is now proposed that just because of the small 
energy gap in Te (0.32 ev) any trap level must lie 
close enough to a band edge to substantially reduce its 
effectiveness in recombination. Furthermore, the narrow 
gap aids the direct recombination process because the 
energy difference between the initial and final states 
of the transition is small. 

Obviously, any such explanation based merely on the 
size of the energy gap must also be applicable to other 
materials. It is therefore suggested that on the basis of 
these considerations we may state a rule that small 
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energy gap materials in which the bulk properties are 
dominant should in general have long carrier lifetimes 
and frequently exhibit direct recombination. 

It is not difficult to find some confirmation for these 
ideas in the literature. In the 


first place, nearly all 


states observed as traps in Ge and Si lie at least 0.15 ev 


(or about 4 the entire gap width of Te) from a band 


edge.” Thus while trap levels may exist closer to the 
band edges, they do not seem to play a significant role 
in the recombination. 

Furthermore, carrier lifetimes in insulators are as a 
shorter than in 


ruie semiconductors, often by many 


magnitude. The longest lifetimes reported 
1 


liseconacs 


orders of 
several m are in crystals of very pure 


germanium which has an energy gap of about 0.7 ev 


Until recently this was the 


studied 


smallest energy gap of the 


commonly materials. In the last few years a 
good many new semiconductors of smaller energy gap 
have been discovered. Nearly all of these are found to 
be sensitive photoconductors, although much remains 


to he 


earned of their properties 
\ turther cor sequence of these considerations appears 
pie criterion for the selection of materials 

We have seen that 


lengthen the lifetime due to traps 


to offer a sin 


n device applications “narrowing 


the energy gap” will 
recombinatior 


until direc t 


becomes more probable. 


Further narrowing of the gap, though, will then lead to 


shorter lifetimes because of the greater ease of the 


direct recombination. Thus there may be some optimum 
that will the 


for most types of trap levels. From this 


energy gap (probably near 0.5 ev give 


mnygest lifetime 


it would seem that the effort to produce materials with 


long lifetimes should be directed toward elimination of 


trapping states in wide materials rather than 


searching for new small gap materials. On 


Zz ip 
the basis of 
resent knowledge the energy gap of germanium seems 

} the 
probably 


r 
to be close to lfalithough some what greater than 


realizable optimum for long lifetimes. This 


contributes to its superiority over other known ma- 
terials for the purposes of most semiconducting devices 


On the other hand, for fast response times, small 


energy-gap materials should be better than 


tel 
Ithough 


wide gap 


materials of the same the former 


a 
usually must be cooled). This is because the possible 


long-time-constant effects of traps cannot occur in them. 


C. Mechanisms of Recombination 


The foregoing discussion kas been confined to the 


question of whether recombination in Te occurs prin- 


cipally through traps or direct interband transitions. 


The actual nature of the transition process is as yet 


unknown the case in all materials. There are 


as IS 


several types of possible mechanisms for a recombina- 


tion process which might apply to either direct or 


two-stage processes (although with differing likelihood). 





+See, for example, FE. Burstein d al., Ff conductivily Con 
ference (john Wiley and Sons, Inc., New York, to be } 
and W. C. Dunlap, Phys. Rev. 97, 614 (1955 
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The most obvious process is a simple transition from 
conduction band to valence band (or trap level) with 
emission of a photon of the proper energy. In direct 
recombination this is just the inverse process of the 
initial optical excitation. That such a process occurs in 
germanium has been concluded from the observation of 
emitted light having a peak intensity at a wavelength 
close to that corresponding to the fundamental ab- 
sorption edge.'* Estimates of the magnitude of this 
effect, however, indicate that it must be a minor one 
in the over-all recombination. A theoretical analysis of 
this type of process has been made by van Roosbroeck 
and Shockley using the known optical properties of 
germanium and applying the principle of detailed 
balance.'® This treatment predicts a lifetime of the 
order of one second at 300°K if this radiative recom- 
bination were the only process. Since this is a factor of 
100 greater than the longest observed lifetimes, it is 
concluded that this process accounts for at most 1 per- 
cent of the total recombination in Ge. Because of the 
difficulties in obtaining any quantitative experimental 
data from the recombination radiation, all that may 
be said is that in Ge this process may well represent 
much less than this 1 percent upper bound. 

There is insufficient information available on the 
optical properties of Te to permit this same calculation 
to be made rigorously. It is possible, however, to 
approximate this method using in place of the full 
spectrum of these optical constants, a cross section for 
radiative recombination calculated from the equation 


yr kT 7300\2 
) ( cm’, 
v hv\ T 


where hvp=1 electron volt, hy= width of forbidden gap, 
T=absolute temperature, and A,=absorption con- 
stant for photon energy =hy.'* This procedure leads to 
lifetimes of about } millisecond at 300°K, and about 
is second at 100°K in p-type Te having about 3X 10" 
acceptors per cm’ (the approximate sample purities). 
Although the agreement of these values with observed 
lifetimes is not good, they might be regarded as possible 
upper bounds on obtainable lifetimes. The temperature 
dependence of r seems in qualitative agreement with 
observed values, in contrast to the data on Ge. 

The van Roosbroeck and Shockley calculation has 
been carried out recently for some other materials." 
It has been found, as expected, that the smaller the 
energy gap, the more likely is the process to occur. 
The values obtained at 300°K were r~several milli- 
seconds for PbS (Eg~0.4 ev) and r~a microsecond 
for InSb (Eg~0.2 ev) for intrinsic materials. It may be 


given by Rose® 


o@=4.5XK10°-"K, 


“4 J. R. Haynes and H. B. Briggs, Phys. Rev. 86, 647(A) (1952); 
R. Newman, Phys. Rev. 91, 1313 (1953 

‘*W. van Roosbroeck and W. Shockley, Phys. Rev. 94, 1558 
(1954 

6 The value for this was inferred from data presented by 
J. J. Loferski, Phys. Rev. 93, 707 (1954) 

’G. G. Macfarlane (private communication ) 
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seen that both the energy gap and the lifetime calcu- 
lated for Te lie between the values in these two 
materials. 

Because of the success in observing recombination 
radiation in germanium, several attempts were made 
to detect it in Te. Although the results were all negative, 
an estimate of the over-all sensitivity of the equipment 
indicated that experimental limitations might have 
been responsible. 

Of other possible recombination processes (phonon 
emission, Auger effect), too little is known to allow 
further conclusions in Te. Thus it may be said, in 
summary, there is good evidence that recombination in 
Te is direct although we are not yet in a position to 
specify the exact mechanism involved. 


IV. EXPERIMENTAL CONSIDERATIONS 
A. General 


The experiments described here were mostly photo- 
conductivity measurements of conventional types. Some 
of the general features of these experiments will now be 
mentioned and the more specific considerations of each 
type presented in the subsequent sections. 

In all the photoconductivity experiments, the samples 
used were single crystals of Te grown in glass tubes. 
This method produces crystals having rough, pitted 
surfaces adjacent to the glass, but fairly good uniformity 
in the bulk. The material used was chemically pure Te 
(from the Anaconda Copper Company) which was 
distilled several times. Hall effect measurements on the 
samples indicated generally that the impurity content 
was below 10'* per cm’. 

Contacts were made to the crystals by letting a hot 
platinum wire melt its way into the bulk. In the absence 
of any known method of soldering to Te,'* this tech- 
nique has been used successfully also in Hall and 
resistivity experiments. In order to insure against the 
complicating effects of rectifying contacts, several 
current-voltage curves of such samples were taken. In 
all cases, these were linear and the contacts were pre- 
sumed to be ohmic. Nevertheless, opaque masks were 
used to cover the contact areas of all samples to prevent 
possible photovoltaic effects. 

Various treatments were used on the crystal surfaces 
as mentioned in III A. The various types of surfaces 
used are: (1) untreated face of a cylindrical crystal 
having a rough, pitted surface; (2) flat surface ground 
with No. 600 carborundum; (3) same surface as (2) 
but etched with about 50 percent HNO,; (4) untreated 
cleavage face of a large crystal. The variations in photo- 
sensitivity in these cases were no larger than the 
variations observed from one sample to another having 
the same type of surface (i.e., a factor of about 2-3). 
Thus the surface is not considered significant for our 
purposes. 

* Ultrasonic soldering, just tried by H. Roth, seems to succeed 
in wetting Te with ordinary solder. 
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It has been known for some time that the photo- 
sensitivity of Te increases greatly upon cooling.*-* For 
this reason most measurements are made at liquid air 
temperatures. 


B. Steady-State Photoconducitvity 


The wavelength, temperature, and intensity de- 
pendence of the photoresponse were investigated by 
use of steady-state photocurrents. The detector used 
was an indicating amplifier (Electromechanical Re- 
search Model 33B) with a noise level about 0.003 yy. 
(Noise in the sample, however, was often as high as 
0.01 wv.) The source of radiation was light emitted 
from a Beckman IR-2S infrared monochromator using 
a Nernst glower heated by a current of about } amp. 
The radiation was mechanically “chopped” before 
entering the monochromator at 10 cps so as to make 
use of the high sensitivity of the EMR 10-cycle amplifier 
which has only about a 1-cycle band width. 

Intensity variation was achieved by means of a series 
of optical stops to vary the aperture of the mirror 
which focusses the glower light onto the monochromator. 
These permitted intensity variations of a factor of 50 
with good reproducibility. Then the effect of varying 
the slit width could be calibrated by use of the stops. 
It was found that using two slit settings, each with the 
full set of stops, a total intensity range of about 5000 
was realizable. The calibration of intensity was per- 
formed by a Perkin-Elmer radiation thermocouple 
having a sensitivity of the order of 1 microvolt per 
microwatt. 


C. Transient Photoconductivity 


Light from a simple spark gap was used for observa- 
tion of photocurrent decay. The spark produced at the 
gap (~} in. adjustable) had about a 3-usec decay time 
constant and was observed to die out completely within 
10 usec. This was true of the light as detected by a 922 
phototube and of the rf noise radiated as detected 
directly on an oscilloscope. 

A 40-ohm load in series with the sample was an 
approximate match to the sample resistance at 100°K. 
With a gain of 1000 from a pre-amplifier and 0.1 v/em 
sensitivity of the oscilloscope, a 500-uv peak signal 
could be observed after the first 10 usec of rf noise. 
The entire decay took ~60 usec. While the shape of 
the decay curve could not be analyzed to see if it was 
truly exponential because of the noise present, it was 
estimated that an effective time constant of about 
20+5 usec was being observed. 


D. Recombination Radiation 


If radiation is emitted in a direct recombination 
process it should peak at the wavelength corresponding 
to the energy gap. It was therefore decided to use a 
sample as the source of light for the monochromator 
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mentioned in [IV B and study the spectrum of light 
output when carriers were excited in the sample. 
Excitation was produced by illuminating the sample 
with light from which the wavelengths of interest had 
been removed by a Pyrex glass filter. This should 
allow even small amounts of light in the proper range 
to be observed 

Evaporated films of Te were used in this experiment 
since they can absorb the 
which K~10*-10* cm 
still transmit the possible light 
(for which K~10* cm 

An estimate of the maximum signal that may be 


high-energy photons (for 
to produce the excitation, but 


from recombination 


expected under the attainable experimental cenditions 


has been made. Assuming that al! of the recombination 


occurs by emission ot! photons of energy equal to | 
we should expect about 10~° watt of radiation to strike 


With the 
+} - 


per uw, this w: 


the detector nominal sensitivity of the 


detector of 1 pv yuld produce a signal 


of 10° pv about a factor of three below the noise level 
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of the 10-cycle amplifier. Thus, even this rather opti- 
mistic estimate of the expected signal is below ob- 
servable values. On the other hand, it may be hoped 
that improved experimental techniques can increase the 
sensitivity by an appreciable amount. 
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The Van Vieck two-sublattice treatr 
c ans temperatu foe 
periment. In this paper, through the use of the effec 
extended t« clude a crysta 
way, especially at v temperatures, and | 
equality of Oa 1 
INTRODUCTION 


SIMPLE theoretical treatment of antiferromag- 
ionk 


magnetic 
lattice, has been developed by Néel,' Bitter,? and Van 
Vleck.’ In the work of Van Vleck, in particular, the 
ions was assumed to be divisible 


h having the 


netism, the phenomenon in which equal 


moments assume an antiparallel order in a 


lattice of magnetk 
into two interpenetrating sublattices, ea 
properties that (a) an ion on one sublattice would have 
as nearest neighbors members from the other sublattice 
only, (b) the ionic moments of the two sublattices 
would be equal and oppositely oriented, (c) only nearest 
neighbor interactions would be of importance, and (d 
that this interaction could be treated as an effective, or 
molecular field 


This theory has been further extended by several 


Néel, Ann. phys. 5, 232 (1936 
Bitter, Phys. Rev. 44, 79 (1937 
H. Van Vieck, J. Chem. Phys. 9, 85 


2 





1941 


d the Weiss constant A, a prediction 
tive spin Hami 
ine electric field term. It is shown that A and T, depend on this in an important 
| it is further shown that this term may contribute to the o 


nent of antiferromagnetism predicts theoretically an equality between 


which is not usually borne out by ex 





ltonian, the treatment of Van Vleck is 


bserved 


authors** to include the effects of next nearest neigh- 
bors and more complex lattice structures. These theo- 
retical ideas are quite successful in a qualitative way. 
For example, Van Vleck* showed that, above the anti- 
ferromagnetic transition temperature, or Néel point, 
T., the magnetic susceptibility x° should follow a Curie- 
Weiss law 
x’=C/(T+A), (1) 
where C is the free-ion Curie constant, T is the absolute 
temperature, and A is the Weiss constant. In the simple 
two-sublattice model, it turns out that A/7.=1. Ex- 
perimentally, this ratio is usually found to be different 
from unity. Values of 4/7. different from unity have 
been obtained theoretically through the use of next 
nearest neighbor interactions and more complex sub- 
lattice structures.*~* In the following, we show that 
crystalline electric field effects may also give A/T-#1 
*L. Néel, Ann. phys. 3, 137 (1948 


*P. W. Anderson, Phys. Rev. 79, 705 (1950 
* J. S. Smart, Phys. Rev. 86, 968 (1952 














In the above treatments the effect of crystalline elec- 
tric fields on the transition temperature T, has not been 
explicitly included. It has been shown’:* that the spin 
Hamiltonian 3% of a number of magnetic ions (for 
example Mn**, Gd***, Cr***, and V*", in a variety of 
paramagnetic salts) includes a term of the form DS? 
arising from the crystalline Stark effect; and in these 
substances this term is often found to be the leading 
one in zero magnetic field. Here D is a constant and S, 
is the ith of the three components of the. effective 
electron spin operator. In the work presented here, we 
include this term in the molecular field model of anti- 
ferromagnetism, and calculate its effects on the transi- 
tion temperature, and on the ratio A/T.. As D is usually 
small, of the order 0.03 cm, the effects discussed will be 
of importance only in the vicinity of 1°K and below. 
Calculations are presented only for the two-sublattice 
model of the molecular field theory with isotropic g 
factors and exchange, but the treatment may be 
extended to include anisotropy, more complex struc- 
tures, and, of course, more complex electric field 
interactions. 

We assume that, in the absence of an external field, 
the effective spin Hamiltonian %, for either sublattice 
may be written’ 


i= DS 3—2K28/S,, (2) 


where the sublattice magnetizations are along the ith 
direction, and where the primed spin operator refers to 
one of the sublattices and the unprimed operator refers 
to the other. K is the exchange integral (negative for 
antiferromagnetism); and z is the number of nearest 
neighbors. In the Hamiltonian, exchange terms of the 
form 2KzS,'S; with j#i have been omitted, as for 
spin orientation along the ith direction S,/=0 in the 
molecular field approximation. The subscript 1 may 
assume any value from 1 to 3; i.e., the direction of anti- 
ferromagnetic alignment may be either parallel or 
perpendicular to the 3 direction, the crystalline electric 
field symmetry axis. S,’ is the average value of the spin 
operator S,’ and may be defined through the density 
matrix as 
S/=TrlS/' exp(—3/kT) |/Trlexp(—X/kT) ], (3) 
where & is the Boltzmann constant. Further, we note 
that for the oppositely oriented sublattic es, 
S/=—-8,. (4) 
It is convenient to define the effective field H, by 
g8H = —2| K\zS/. (5) 
Also we observe that the average magnetization per 
ion M, along the ith direction is given by 
had 
NM ~= gBS,, (6) 
7M. H. L. Pryce, Phys. Rev. 80, 1107 (1950 


*B. Bleaney and K. W. H. Stevens, Repts. Progr. Phys. 16, 
108 (1953 
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where 8 is the Bohr magneton and g is the effective 
spectroscopic splitting factor. 

In the assumption of the Hamiltonian, Eq. (2), and 
of the relations, Eqs. (4), (5), and (6), it is implicit 
that the effective field acting on one of the sublattices 
is proportional to the magnetization of the other. It 
follows then, for either sublattice, that the magnetiza- 
tion along the ith direction at the transition temperature 
T. is given by 


M,=0,(T.)H,, (7) 


where o;(7.) is the susceptibility along the ith direc- 
tion of the given sublattice at T.. ¢;(7.) may be ob- 
tained through Eqs. (3), (6), and (7). 


CALCULATION OF 7. FOR THE CASE WHERE 
m| DS;?' m)<kT 
At or above 7, the effective field H, as defined above 
in the molecular field approximation is zero. Then if the 
electric field term is also small relative to kT, we may 
expand the density matrix in powers of 1/7. Using the 
Hamiltonian [Eq. (2) ], we then obtain the suscepti- 
bilities o;(7.) as 
e°3*S(S+1) 
: (8a) 
3k T+ D(2S—1)(2S+3)/15k)] 
g°8°S(S+1) 
a; 2\ pf ) ° 
3k. — D(2S—1)(2S+-3) /30k } 


(8b) 


where g; is the susceptibility per ion along the 3 direc- 
tion and o;,9 is this quantity in the plane perpendicular 
to the 3 direction. Substituting (8a) and (8b) in Eqs. 
(5), (6), and (7), we obtain the transition temperatures 


Te.3= (2| K | 2S(S+1)/3k) 


—D(2S—1)(2S+3)/15k, (9a) 
To.1.2= (2|K|25(S+1)/3k) 
+ D(2S—1)(28+3)/30k. (9b) 


Thus, if the preferred direction of antiferromagnetic 
spin orientation is along the electric field symmetry 
axis, the transition temperature will be 7; if the spin 
orientation is perpendicular to this axis, the transition 
will be at 7. 1,2. When D=0, these temperatures reduce 
to the transition temperature given by Van Vleck, 
T,= 2) K\2S(S+1)/3k. 

From Eqs. (9a) and (9b) we note that for D positive, 
T..1.2 will be greater than 7,.; with |K 
Remembering that in transitions from the paramagnetic 
state, the higher transition temperature will correspond 
to the lower free energy, the transition will be to an 
antiferromagnetic state with the spin system oriented 
perpendicular to the 3 direction. Similarly, with D 
negative, the spin orientation will be parallel to the 
electric field symmetry axis. 


isotropic. 
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*K. Yosida, Prog. The 


RRAY, 


AND DABBS 

In addition, for i~3, the operators in the Hamiltonian 
do not commute. A convenient method for dealing with 
problems of this type has been given by Simon, Rose, 
and Jauch.” Their procedure, which is based on the 
“interaction representation,” will be used here and is 
outlined below. Within the molecular field approxima- 
tion this calculational procedure gives an exact result 
for T.. 

We wish to expand the operator p=exp[ —3(/kT ], 
where K=K«+X;j, in powers of X,/kT. In general, 
Kx and KH; do not commute. Let r= —1/kT. Now, if 
the operator ¢ obeys 

Ke=d¢/dr, (15) 


a particular solution is 


¢g=exp(Kr p. (16) 
We transform to the “ 


fining a new operator y as 


interaction representation” by 


[exp(—3¢xr) Jy; (17) 


1 and exp(iCxr) Wy. 


Equation (18) can be solved by an iteration technique 


powers of WA T) as 


n |} 


20) 


vyhere 


21) 


For our purposes we make the following associations: 


e3H -S ;, 


Ke=DS?7, XK 


direction 


. — - s 9 . 
where H, is the effective field along the ;t! 


Further, it is convenient to define the following re- 
duced parameters :6= kT /D,h= g8H./ D,andt.=T,/T,. 


Then from Eqs. (5), (6), (7), and (13), we find 
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for the reduced critical temperature for orientation 
along the ith direction. 

For the case = DS?+g8H-.S;, we obtain the parti- 
tion function Z; corresponding to cooperative ordering 
along the 3 direction as® 


s 1 mh;* 

Z S fexp(—m?/6) ]{ 1+ : ‘ (25) 
4 ee = Pp 4 ) fe 

m= Ss Z 

where m is the magnetic quantum number. For f-s, the 
reduced transition temperature for magnetic order 
along the 3 direction, this gives 


4 g 


SS” m’ exp ho? 
dus | 


>» exp — \m'* tz). 26) 


m= Ss 


For magnetic order perpendicular to the 3 direction, 
the partition function Z,,2 for half-integral spins, is" 


: 
oe. he’) S(S-4 D+D/ 


The transition temperature / 


relation 


MS(S+1) 


95, 307 (1954 
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Fic. 1. Dependence of transition temperature on \ 

To learn something of the behavior of this function, 
Eq. (26) was solved numerically for ¢, as a function of 
\ for spin 5/2. The result is shown in Fig. 1. For \<0, 
i.e., for D<O, the transition temperature is found to 
rise smoothly with {A}. This would be the state of 
lower free energy compared to that described by the 
lower curve for A>O for isotropic exchange. For a 
highly anisotropic exchange, the lower curve could be 
favored, however. Here a quite dramatic dependence of 
t. on X is found. The dotted curves give the behavior 
for \ near zero as predicted by Eq. (9a). 

In the present case, at temperatures immediately 
above the transition point the susceptibility cannot be 
described by the Curie-Weiss law. We note, however, 
that for kT large compared to both the exchange 
energy and electric field splitting the Curie-Weiss law 
will apply with the susceptibilities given in Eqs. (11 
Comparing the Weiss constants in Eqs. (11) with T, 
given by Eqs. (26) or (28) we note that A/T. may devi 
ate markedly from unity; e.g., with A 0.25, A/T .4 

The physical mechanism involved in these calcula 
tions may be visualized readily. For simplicity we dis 
cuss the case where the cooperative orientation of the 
spins is along the 3 direction and for definiteness we 
take S=5/2. The crystalline electric field term then 
splits the spin multiplet into three doublets. If D is 
negative the lowest of these will be the +5/2 pair. 
Then, approaching T..; from the high-temperature side, 
as T falls, the +5/2 levels will be preferentially popu 
lated. Here the susceptibility of a sublattice will be 
larger at a given T than if D=0, and correspondingly 
the requirements for cooperative ordering expressed 
through Eq. (7) will be satisfied at a higher temperature 
than 7,. Similarly, with D positive, the +4 level will be 
lowest, the susceptibility will be smaller and 7,,; will 
be less than with D=0. 
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TEMPERATURE DEPENDENCE 
to T7—'. Rough calculations show that, in a temperature 
interval in which the intervalley scattering causes the 
elastroresistance to have a temperature dependence 
much stronger than 7~', the mobility should show 
marked deviations from a 7~! variation. In the tem- 
perature interval considered, the mobility variation is 
not greatly different from 7~!.* Thus, even though the 
phonon energy fw is not known, the observed tempera- 
ture variation of the elastoresistance is to be expected. 


‘F. Morin, Phys. Rev. 93, 62 (1953). 
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We can conclude that the elastoresistance varies with 
temperature in a manner consistent with the theory 


described above. 
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Quantitative measurements of the electroluminescent emission from synthetic single crystals of zinc 


sulfide with silver paint contacts under 60-cycle ha 
several temperatures. Other workers have shown that 
the first coincident with the voltage maximum and th 


lf-wave voltage excitation have been carried out at 
the emission intensity has two major peaks per cycle, 
e second as the voltage is falling to zero. These peaks 


have the same color, and both appear to originate throughout the crystals, but they have different voltage 
dependencies. The second peak is the larger at low-voltage amplitudes, but the first peak grows the more 
rapidly with increasing voltage amplitude. Emission intensities of the order of 10% photons per second, with 


energy efficiency of the order of 10~*, were obtained 


The total current consists of a displacement current 


which is linear with voltage and a conduction current which is roughly exponential with voltage. No evidence 
of space-charge polarization was detected. It is tentatively suggested that excitation occurs by impact of 


conduction electrons accelerated through internal barriers, that the two emission peaks result, respectively, 


from immediate recombination and from recombinat 


ion delayed by trapping of the excited electron, and 


that the electric field tends to hold the electron in the trap state 


INTRODUCTION 
LECTROLUMINESCENCE may be defined as 
the emission of visible radiation by a solid at 

subincandescent temperatures when subjected to an 
electric field without previous excitation. The latter 
restriction distinguishes true electroluminescence from 
a variety of related phenomena which may occur when 
a field is applied to a phosphor during or after excitation 
by x-rays, ultraviolet light, etc. 

Electroluminescence in silicon carbide was described 
by Lossew.' Other workers*"” more recently have 
studied the phenomenon in a variety of powder phos- 
phors, the powder being suspended in a dielectric 
between condenser plates. Of the types of phosphors 
studied, those based on zinc sulfide have received by 

O. Lossew, Wireless World and Radio Review 271, 93 (1924) 

2G. Destriau, Phil. Mag. 38, 700 (1947 

? Payne, Mager, and Jerome, Illum. Eng. 45, 688 (1950). 

*S. Roberts, J. Opt. Soc. Am. 42, 850 (1952) 

°C. W. Jerome and W. C. Gungle, J Electrochem. Soc. 100, 34 
(1953 

‘J. F. Waymouth, J. Electrochem. Soc. 100, 81 (1953) 

Homer, Rulon, and Butler, J. Electrochem. Soc. 100, 566 
1953 

*Zalm, Diemer, and Klasens, Philips Research Repts. 9, 81 
(1954) 

*S. Nudelman and F. Matossi, J. Electrochem. Soc. 101, 546 


(1954) 
” J. F. Waymouth and F. Bitter, Phys. Rev. 95, 941 (1954) 


far the greatest emphasis and have been developed to 
commercially practical brightness levels.’ 
Electroluminescence of zinc sulfide single crystals 
has been reported by Piper and Williams" (denoted 
PW below) and by Watson, Dropkin, and Halpin” 
(denoted WDH below). They have shown the emission 
intensity under sinusoidal exciting voltage to contain 
two peaks per half cycle, the first in phase with the 
voltage peak and the second as the voltage is falling 
to zero. Both PW and WDH attribute the excitation 
of luminescence to impact on the luminescent centers 
of fast conduction electrons, the acceleration of these 
electrons taking place in a macroscopic barrier. PW 
believe the barrier to be at the cathode, while WDH 
believe it to lie within the crystal. As for the peaks in 
emission intensity, PW attribute the in-phase peak to 
electrons tunneling through the cathode barrier and 
the out-of-phase peak to electrons released from deep 
donor levels in the barrier, while WDH attribute these 
peaks respectively to immediate and delayed recom 
bination with ionized centers, the delay being ascribed 


" W. W. Piper and F. F. Williams, Phys. Rev. 81, 151 (1952); 
Brit. J. Appl. Phys., Supplement No. 4, 39 (1955). 

# Watson, Dropkin, and Halpin, Phys. Rev. 94, 777(A) (1954); 
Enlarged Abstracts of the Electrochemical Society Spring 
Meeting, (1954). 
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to the removal of the electron from the vicinity of the 
center. However, our results disagree in several respects 


both of 


these mechanisms, as will be discussed 


below 


EXPERIMENTAL METHODS 
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plier; A=area of cathode of photomultiplier; \;= peak 
transmission wavelength of filter; AA;=integrated 
bandwidth of filter; 7;=peak transmission of filter; 
S;=sensitivity of photomultiplier at wavelength \,, in 
amps/watt ; i;= photomultiplier anode current, in amps; 
and c=velocity of light, 3X10'7 my/sec. Because of 
various uncertainties in calibration and geometry, the 
results have only order-of-magnitude precision. 


Physical Arrangements 


Figure 1 shows the apparatus used for measurements 
over a range of temperatures. The crystal is cemented 
by dots of conductive silver paint at its end to a slab 
of crystalline quartz which provides excellent electrical 
insulation and good thermal conduction. The silver 
crystal so as 


int is extended from the to hold two 


small coil springs carrying copper plugs, to which 
contact is made by quartz-insulated tungsten probes. 


The together with a copper plate carrying a 


copper-constantan thermocouple, is bolted to a copper 
chamber. The 
is taken out through one of two tubes 
through which predried nitrogen can be circulated for 


prevention of condensation at low temperatures, and 
} 


block brazed to the brass base of the 


thermocouple 


the photomultiplier is inserted through a snug-fitting 
hole in the top of the chamber. Temperature control 
is provided by an appropriate bath surrounding the 
lower part of the apparatus 

Some of the work was done in a simpler apparatus, 


limited to room temperature, but providing more 


efficient geometry in that the light path was unob- 


structed. The filter constants C; of Eq. (1a) were de- 
termined for this apparatus, and results obtained in 
the variable temperature apparatus were corrected by 


as 
an empirical tactor. 
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Current Measurement 


A novel feature of the present work is the measure- 
ment of the current passing through the crystal under 
the half-wave voltage, For this purpose, a variable 
capacitor was used as one arm of a bridge to balance 
out the displacement current in the crystal and the 
quartz slab. The crystal and quartz slab formed the 
second arm, and the other two arms consisted of equal 
resistors across the inputs of the differential preampli- 
fier of the oscilloscope used as detector. Since the time 
derivative of the voltage changes abruptly twice in the 
cycle, balance of the displacement current could 
readily be detected by the absence of corresponding 
discontinuities in the net current displayed on the 
oscilloscope. The capacitor was adjusted under fairly 
low voltage (a few hundred peak volts) until this 
condition was achieved, and was thereafter left un- 
touched. Since the two circuits to be balanced actually 
contain distributed resistance and inductance as well 
as capacitance, perfect balance cannot be achieved, but 
the unbalance current is negligible in comparison with 
the crystal currents obtained under the higher working 
voltages. 


EXPERIMENTAL RESULTS 
General Behavior 


The steady-state light output from electrolumines- 
cent ZnS crystals under 60-cycle half-wave excitation 
has been described by WDH. Oscillograms are shown 
in Fig. 2 for a typical crystal at various voltage ampli- 
tudes. At low voltages, the emission comes to a peak 
at about 150 degrees phase,'® and decays during the 
As the voltage is increased, this 
“150-degree peak”’ increases in intensity and a new peak 
at 90 degrees phase emerges. With further increase of 
voltage, the 90-degree peak grows the more rapidly. 
voltage was increased until 


sex ond half- ye le 


In most experiments, the 
there was discernible instability in the 90-degree peak, 
taken asa sign of incipient breakdown. In some crystals, 
the 150-degree peak contains a 180-degree component, 
and, more rarely, a small peak at about 130 degrees. 
These “fine structure” peaks vary in prominence from 
crystal to crystal, and 
in detail. 

The relative colors of the two major peaks have been 
investigated by measuring the emission through blue 
and green filters. In general there was no significant 
color difference between the peaks in a given crystal, 
although some crystals showed small deviations in 
either direction. This result contradicts WDH, who 
found the 90-degree peak to be distinctly bluer than 
the 150. Subsequent examination of one of their crystals 
by the writer, however, disclosed that the 90-degree 
peak contained appreciable ultraviolet due to arcing 


have not yet been investigated 


“It is convenient to refer to the brightness peaks by the 
location of their maxima in phase degrees with respect to zero 
phase of the exciting voltage 


OF ZnS SINGLE CRYSTALS 


180 
legree 


Phase 

Fic. 2 
of electroluminescence of crystal with Ag 
at left give voltage amplitudes in kv. Figures at 
factors, emission intensity (arbitrary units) per scale division 


and oscillograms 
electrodes. Figures 


Half-wave voltage wave form (at top 
paint 


right give scale 


in an internal void. This ultraviolet was transmitted by 
their “blue” filter, giving a spurious result 

Many crystals have been examined microscopically 
to determine the spatial distribution of the emission 
In air, the high refractive index of ZnS results in 
multiple internal reflection, and the light often appears 
to originate at the ends or at surface or internal flaws. 
However, it is significant that in no case was there any 
of 


Furthermore, microscopic observation through a syn- 


appreciable change distribution with polarity 
chronous shutter showed that the spatial distributions 
of both major peaks were, within limits of visibility, 
the same. By immersing the crystal in a fluid of re 


2.0,* the critical angle is increased 


fractive index np 


‘6 “High Series Index of Refraction Liquid 2.0,” R. P. Cargille 
Laboratories, Inc., New York, New York. 
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latter starts with the crystal “nearly” in its ground 
state, and we may therefore hope to correlate the 
resulting emission with other physical properties of the 
“unexcited”’ crystal. 
Steady-State Results 
Emission Intensity 


Figure 5 shows approximate spectral distributions of 


the emission from a typical crystal. It is noteworthy 
th 


iat all three curves have about the same shape, con- 
firming the above-mentioned result that there is no 
appreciable difference in spectral distribution between 
the two major peaks. The emission is seen to consist 
mainly of a broad band centered at about 470 mu, 
similar to that of a blue-electroluminescent ZnS: Cu 
powder phosphor.® 
From the total emission intensities (areas under 
curves of Fig. 5), we obtain a calibration factor for 
conversion of the unfiltered photomultiplier response 
to absolute intensity in photons/sec. This factor should, 
strictly speaking, be separately determined for each 
crystal. In view of the many other errors in these meas- 
urements, however, the amount of labor involved 
seemed unwarranted, and the factor used was the 
average of the values obtained from two crystals. 
Figure 6 shows the absolute intensities of the 90- 
otomicrographs of an electroluminescent ZnS cryst: degree peak and the time-average emission from a 
nit Middle electroluminescence in 3 typical crystal as functions of the voltage amplitude at 
1 high-index fluid temperatures of 25°, 0°, and —78°C. All crystals ob- 
served to date have shown a progressive deterioration 
and observations under these conditi nS in brightness during the course of a series of measure- 
“weer to be generally uniform through ments. These data were taken after the crystals had 
out the crystal. In a few crystals, poorly resolved bright been “aged”’ beyond the initial rapid deterioration. 
transverse striations or rows of dots were discernible : 
These observations are illustrated in Fig. 3 Current 
After balancing out the displacement current under 
low voltage, as des ribed above, the system remained 
cycles of emission after sudden appli- in balance under all voltages, showing that the dis- 


Approach to Steady State 


alf-wave voltage were observed by placement current amplitude in the crystal is linear with 


riggered single sweep of the oscillo- voltage. The instantaneous net current as function of 


te was reached after some five the instantaneous voltage in the half-wave cycle is 


a 
's, during which the residual intensity at the shown in Fig. 7. The current is roughly exponential 
end of the cycle increased while the peak heights usually 
increased but sometimes decreased slightly. Both infra 
red irradiation and long resting in the ee sf ? 


vw bb tb 
— ibility in the transient behavior of the peak é 
hts. However, the total change was wally less than Ned Ne! ed Ned Need \ed Nw \J 


4 


ig 
twenty percent of the steady-state 


‘ 


eight; an example 
X¢ a 


is shown in Fig. 4(a). With full-wave e 
other hand, there was a marked build- the AAnAaA nh 

in the first few cycles, as shown in Fig. b . ARAR 

sumably this is due to the accumulation of electrons iz Ad ! ‘ v y M) ivi I 
the conduction band or in traps, since the absence of a 

zero-field interval such as exists in the half-wave cycles i 

does not give the excitation opportunity to decay. From 

this comparison of 60-cycle full-wave and half-wave Fic. 4. Initial cycles of electroluminescence of a ZnS single 
excitation, we may conclude that each cycle of the crystal. Top, half-wave excitation. Bottom, full-wave excitation 





ELECTROLUMINESCENCE OF ZnS SINGLE CRYSTALS 1109 





with voltage. The falling current is somewhat greater “25°C 
than the rising current, showing that the conductivity e 
of the crystal is temporarily increased by exposure to 
the peak voltage. It is particularly to be noted that 
there is no reverse current detected in any part of the 
cycle. The small current close to 180 degrees cannot be 
measured due to the unbalance current mentioned m..  § po gyn 
above. However, there is no doubt whatever about the (broken curves) and time- 
existence of forward current at the time of the 150- average (solid curves) elec 


aeatintiall troluminescent emission 
adegree peak. from a ZnS single crystal 


Efficiency 


From the measured light output, current, and 
voltage, we compute the average efficiency 4 of the 
over-all cycle as 


T T 
q=h if Lat | f iVdt, 2) respectively by 
0 0 
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VOLTAGE AMPLITUDE-K\ 


T T 
é -f Lat | f idt/e, 
0 0 


The meaning of these ratios requires some discussion 
——_—_}+___— The denominators, current divided by electronic charge, 
ee give the total number of electrons per second passing 
any given transverse plane in the crystal. In general, 
both free and bound electrons would be included, but 
the absence of space charge polarization means that 
only the former are involved here. Now we may formally 
define a reaction cross section in the usual manner," 
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5. Photon distributions in electroluminescent emission . . 
from a ZnS single crystal Incident flux No. of reacting centers 
: Thus, we find that 
where 
t=oaN/A, (6a) 
" 

I f n(r)dr (2: where o = cross section of a luminescent center, V = total 
number of centers in the crystal, and A = cross-sectional 


instantaneous rate of photon emission, 





dx 


average quantum energy of emitted light. 


The value of hi was obtained by graphical integration 
of the data of Fig. 5. Values of L, 1, and V were scaled 


CROAMPERES 


uM 


off the oscillograms, and the integrations in Eq. (2 
were performed numerk ally 
We may also compute the instantaneous efficiency 


noo Of the 90-degree peak since L, V, and i are all 





tation: at thic inetant 
Stauionary at this instant: KILOVOLTS 


Ne hol L/iV lp ; (3) G. 7. Instantaneous current es voltage in half-wave 
cycle for three voltage amplitudes 

Also of interest are the photon-electron ratios E and &y 7 . 

: , , : $ bs See for example, L. 1. Schiff, Quantum Mechanics (McGraw 

for the over-all cycle and the 9)-degree peak, given Hill Book Company, Inc., New York, 1949), p. 97 
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Figures bad and 9 show an —& lor on¢e of the three 
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DISCUSSION 


Excitation Processes 


RANKL 


high fields exist in localized regions of a crystal. How- 
ever, under this mechanism one would expect £ to be 
of the order of unity at all voltages, since each con- 
duction electron would arise from excitation of a lumi- 
nescent center. It is hardly conceivable that only a few 
percent of the electrons arise through this mechanism, 
since the required high-field regions could not exist in 
the presence of a parallel conduction mechanism. 
Excitation by hole injection through a p-n junction 
has been observed” in silicon carbide crystals. The 
strongest this mechansim in zinc 


g reason tor rejec ting 
e 


it provides no simple way of accounting 


for the out-of-phase emission peak. This peak is, indeed, 


sulfide is that 
absent in the emission oscillograms presented in refer- 
ence 19. A second reason is that the voltage required 
in zinc sulfide crystals seems much too high 

Impact excitation was considered in some detail by 
Curie.” Although neither the theory of high-field 
phenomena in crystals nor our knowledge of the struc- 
tural details of zinc sulfide is sufficiently advanced for a 
quantitative evaluation, Curie’s considerations make 
impact excitation seem plausible, and we shall base the 
The observed slight in- 


subsequent discussion on it. 
crease of £5) with voltage seems concordant with this 
mechanism, but the decrease of £ is not readily under- 
standable. 

PW 
but limit its region of occurrence to an exhaustion layer 
at the cathode, where the field is concentrated by space 


also accept the impact excitation mechanism, 


charge. In support of their hypothesis, they find that 


intensity of the in-phase emission peak under a 
function of the 


‘xcitation depends upon the work 


cathode material. However, one would also then expect 
emission of light to be localized near the cathode. 


never observed such 


the 


As described above, we have 


ssion. WDH propose that impact tonization 


localized en 


9. Efficiency 
peak 


rage electrolumine 
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ELECTROLUMINESCENCE 
occurs in macroscopic barriers within the crystal. In- 
deed, they found such barriers by a probe method under 
low dc voltages, and claimed that when the emission is 
localized its maximum coincides with the barrier. This 
coincidence, however, may well have been the result of 
internal reflection in crystals containing macroscopic 
flaws. Our own observations have disclosed no cor- 
relation between the emission and the barriers found 
by probing. 

On the other hand, it seems highly plausible that 
microscopic barriers may play a key role. Ince” has 
found that extremely high magnetic fields fail to quench 
electroluminescence, showing that the excitation must 
be localized in small regions. These regions might well 
be associated with rectifying junctions between regions 
of different conductivity type, such as m- and p-type or 
all n-type but with different donor concentrations. The 
voltage drop would then be concentrated across the 
alternate junctions which were biased in their reverse 
direction, and the rapidly increasing current-voltage 
characteristic would correspond to “breakdown”’ of the 
barriers. If there are of the order of 10° to 10* barriers 
per cm along the crystal, the emission would appear 
uniform under any microscopic resolution that it has 
yet been possible to employ. 


Emission Processes 


PW attribute the in-phase emission peak to electrons 
which enter the crystal from the cathode and the out- 
of-phase peak to electrons released from donor centers 
in the exhaustion barrier, the emission in both peaks 
being supposed to occur immediately following ex- 
citation. However, in a given half-cycle, the out-of- 
phase emission would occur first; thus, under half- 
wave excitation there would be a peak near zero rather 
than near 180 degrees. WDH postulate that the center 
is ionized and the electron swept away by the field and 
subsequently trapped. They then attribute the in-phase 
peak to capture of conduction electrons and the out-of- 
phase peak to the return of the trapped electrons under 
the f the space-charge field. The critical 
objection to this mechanism is the absence of reverse 
current coincident with tl rhe observed height 
of the 150-degree peak would require readily measurable 
reverse currents if the electron range is an appreciable 


influence of th 


IS peak 


fraction of the crystal length. Instead, there is a meas- 


urable forward current at the time when this peak 
hes its maximum 

The observations can be explained by attributing 
both peaks to excitation which occurs principally during 


the short time interval about the 90-degree phase when 


reac 


high current flows. The 90-degree peak then arises from 


London) B67, 870 (1954 
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“immediate” emission, while the 150-degree peak is 
delayed by trapping of the excited electron in or near 
the center. The relative voltage dependencies of the two 
peaks are then understandable, since a given center 
could undergo several successive 90-degree processes, 
but only one 150-degree process in one cycle. 

In the 150-degree process, the return of the electron 
to the ground state is delayed until the applied field is 
reduced. The delay must be a direct effect of the field 
rather than simply a result of a long lifetime of the 
trap, since the phase of the peak remains constant over 
a wide temperature. range, hence over a wide range of 
trap lifetimes. It appears, therefore, that the electron 
is in some way held in the trap by the field. This does 
not imply that the thermal depth of the trap is neces- 
sarily increased, but only that the over-all probability 
of transition from trap to ground state is decreased. If 
we accept the hypothesis” that the luminescent center 
is a large complex, then the polarization of an excited 
metastable state might lead to this effect. As a crude 
picture, the electron would be drawn to the edge of the 
large center and there could not recombine with the 
activator atom. 

The idea of trap stabilization is consistent with the 
quenching of emission usually observed when an electric 
field is applied to a phosphor during or after ultraviolet 
excitation. The temporary stimulation also observed in 
such experiments may be a true electroluminescence 
effect, i.e., excitation of additional centers. However, 
it must be admitted that these phenomena are extremely 
complicated, and that quite different ideas which have 
been advanced to explain them™ may well turn out to 
be correct. 


Summary of Conclusions 


Impact of fast electrons, accelerated through micro- 
barriers, appears to the most plausible 
mechanism for excitation of the luminescent centers 
The excited electron may return to the ground state 
immediately, or may become trapped in a metastable 
state of the center. In the latter case, the 
the electric field tends to hold the electron 


Ss op be 


excited 
presence of 
in the trap. 
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INTRODUCTION 


XPERIMENTAL studies of the soft x-ray absorp 
tion of vitreous selenium! and of tellurium? have 
been reported previously. The purpose of this paper is 
to present the results of similar studies on metalli 
selenium and to give a brief discussion of the results 

The purpose of most soft x-ray absorption measure 
ments is to provide information which may be of value 
in determining the density of states in the conduction 
band. In selenium and tellurium, this is complicated by 
the fact the 


Therefore, an effort has been made to correct 


that lower (or initial) state is double. 


for this 
loubling and so to reveal the shape which the absorp 


sid } } 


ave had if tl 


e lower level had been 


METHODS 


Che experimental procedures have been described in 
pec ial interest 
The samples were prepared by 
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1 for tellurium, the absorption band i 


1.2 ev for the separat 


Viv and Ny levels of tellurium 


films was determined by observing the color of the light 
retlected from them, a method which has been checked 
by interferometric measurements. These thickness ob- 
servations were made with the film in the vitreous state, 
and it was then converted to the metallic form by heat 
treatment as described earlier.2 No measurements were 
made of the thickness of the samples after their con- 
version to the state. For the 
selenium deposit is Lere reported in terms of surface 
lensity rather than thickness. In bulk selenium, there 
is a 15% increase in density from the vitreous to the 
Assuming bulk surface 
density of 100 ug/cm? corresponds to a thickness of 
about 2340 A of vitreous selenium or 2090 A of metallic 


metallic this reason, 


metallic form densities, a 


selenium. This estimate, however, may be in some error 
because of imperfections in the evaporated films and 
the probability that these imperfections are largely 
removed by the heat treatment 

The absorption curves for both forms of selenium are 
given in Fig. 1. In each case there is a strong absorption 
band in the region around 220 A and this band has a 
double peak. The detailed features of the two curves 
it alike. Notice the apparent change in relative 
itude of the two peaks an 


are n 


magr d the changes in their 


positions. Outside of the absorption band, the metallic 


form shows a somewhat higher absorption than the 


vitreous. 

Since each of these curves represents the average of 
several different runs, vertical lines have been drawn at 
several points to indicate the standard deviation of the 
mean at each point. On this basis, it is possible to 
interpret the vertical separation of the two curves as ex- 
perimental error. The structure at wavelengths shorter 
than the absorption band is different for the two forms. 
better established 


The shape of these curves is much 


han Fig. 1 would indicate. In the original work a great 
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Fic. 2. Structure of the absorption band of vitreous selenium. 
A—Experimental curve. B—Background. C—Experimental curve 
minus background. D—Suggested individual peaks. E—Sum of 
the suggested peaks 


many experimental points were observed, only a few 
of which are reproduced here. Upon repeating the 
experiment with a fresh sample a new curve was ob- 
tained, which duplicated the original in shape but 
differed from it in absolute magnitude. It is this uncer- 
tainty in absolute magnitude which is indicated by the 
vertical lines in the figure. 

Table I shows some of the interesting features of 
these curves. The standard deviation of the mean for 
the location of the edges and peaks shown in the table is 
about 0.5 A. Since these edges and peaks differ in 
position between the two forms by considerably more 
than 0.5 A, the shift is probably real. 

Since the doubling of the peaks is due to the separa- 
tion of the Mry and My levels, an effort has been made 
to resolve the absorption into two bands, each having a 
shape associated with the density of states within the 
conduction band. This has been done by using a method 
described by DuMond.‘ 

The method requires that the following assumptions 
be made: (1) the two absorption bands must be identical 
in shape and differ only in intensity (i.e., vertical 
dimension), and (2) there is no other contribution to 
the absorption except from these two bands. This last 
assumption is equivalent to assuming there is no third 
band and that the background absorption can be sub- 
tracted out in some simple manner. The first assumption 
is reasonable because the Myy and My levels are both d 
levels, which causes the shape of each absorption curve 
to be determined by the density of p- (and f-) type 
states in the conduction band. The relative intensity of 
the two bands and their horizontal (or energy) separa- 

on must be selected. These two quantities along with 


ti 
the background subtraction provide three parameters 
which may be adjusted to some extent in an effort to 


make the method work 
If the method is properly applied, and if the param- 
eters are correctly selected, then the band will be 


‘J. W. M. DuMond, Revs. Modern Phys. 5, 1 (1933 
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Fic. 3. Structure of the absorption band of metallic selenium 
A-—Experimental curve. B—Background, C—Experimental curve 
minus background. D—Suggested individual peaks. E—Sum of 
the suggested peaks 


resolved into its two components which may be added 
together to give the original band within experimental 
error. Some care must be exercised at this point. If the 
final recombined curve is required to fit the original 
more closely than the data justify, then additional 
structure (presumably extraneous) wil) appear in the 
component bands. For this reason, the reconstructed 
curves do not match exactly the original curves but are 
within the experimental uncertainty. It might be argued 
that these reconstructed curves are more meaningful 
than the original curves which were drawn by eye 
through the experimental points. In view of the possi- 
bilities, it is surprising that the results check as well 
as they appear to. The curves were plotted on a linear 
energy scale before beginning the resolution process. 


RESULTS 


The results of the resolution and recombination are 
shown in Figs. 2 and 3. The figures show the original 
curves, the assumed background, the absorption band 
after subtraction of background, the two separated 
bands, and finally the recombination of these bands 

For simplicity, the background was assumed to 
correspond to a straight line connecting the two minima 
beside the band. Slight variations from this line might 
have helped the situation somewhat, but any particular 
choice would have been hard to justify. 

Several values of the parameters were tried. Intensity 
ratios of from 1.4 to 1.6 seemed to work very well. 
A value of 1.5 was selected, not only because it was 
near the middle of the satisfactory range but also 
because this is the relative probability of the transitions 
from the Mry and My levels to the 4 levels in isolated 
selenium atoms. 

The energy separation between the two bands repre- 
sents the separation of the Mry and My levels. A casual 
examination of the absorption curves indicates that 
this should be approximately one electron volt. A value 
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Fic. 4. Schematic diagram of the energy levels of tellurium 
(after ( showing the broadening of the bands as the at 
are brought together. The subscripts indicate that the symmetry 
of the wave functions is perpendicular or parallel to the chain axis 
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of 1.2 ev was selected because it could be used for both 
the metallic and vitreous curves; one should not expect 
the separation of the Myy and My levels to be detectably 
different 
somewhat larger than the value 0.8 ev predicted by the 


in these two cases. This value of 1.2 ev is 
rule that this separation should be proportional to 
(Z—13)* 

The separated curves of Figs. 2 and 3 should represent 
V(E 
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duction band selenium these 
Certainly in the case of 


band 


curves are quite different 


metallic selenium the curve indicates a narrow 


superimposed on a broader weaker band. In view of the 


’ 

7 fs 

: 

; 

- a f 

8 , a ry 

: , 

3 £ 

3 | - 

j < 

ov) ae ae rv) —— 3? 
Preter Energy Lad 
Fic. 5. Structure of the absorption band of tellurium. A—Ex 


! 





( Ex 
individual 
and E have beer 


perimental curve (minus 2X 10* cm*/g). B-—Backgr 
perimental curve minus 
peaks } Sum of the suggested peaks. Curves ( 


displaced vertically 


background. D—Suggested 


KOESTER, 


AND GOFFE 

theoretical work of Nussbaum‘ and Callen® on tellurium, 
and since selenium and tellurium have similar electronic 
and crystalline structures, the following explanation is 
suggested for the shape of the density of states curve of 
metallic selenium (see Fig. 4). 

The valence electrons are 4p electrons, of which 
there are four per atom. In the crystal, the 4p band is 
divided into two branches. In one branch the wave 
functions are symmetrical about lines parallel to the 
crystallographic chain axis; this branch can accom- 
modate two electrons per atom. The other branch is 
due to electrons having their wave functions sym- 
metrical about lines perpendicular to the crystallo- 
graphic chain axis; this branch can accommodate four 
electrons per atom. At normal interatomic distances, the 
perpendicular branch is filled and the parallel branch is 
at a much higher energy, so that the latter is empty and 
takes no part in the absorption band which has been 

The conduction band arises from states 
corresponding to 4d states of the isolated atom. This 
band also divides itself into two parts, a narrow band 
of perpendicular symmetry and a wider band of parallel 
symmetry. Unlike the p band, these two parts are 
superimposed rather than separated. The observed ab- 
sorption is believed to be due to transitions from the 3d 
(i.e., Myy_y) levels to this 4d band. The violation of the 
selection rule AJ=+1 may be ignored on the grounds 
that this rule is not valid in the solid, or one may recall 
that the states in the 4d band are of mixed character 
and have some p- or f-type symmetry. In any case, such 
violations of the selection rule are common in solids. 
On the basis of this interpretation, the experimental 
data indicate that the narrow 4d perpendicular band 
begins about 2 ev above the bottom of the broader 4d 
parallel band. This is possible since the work function 
of selenium? is 4.62 ev. 

In the case of vitreous selenium, the density-of-states 


observed: 


curve is not an obvious superposition of two bands. 
This is probably due to the fact that the crystal struc- 
ture is not well formed in vitreous selenium and so it is 
less meaningful to distinguish bet ween directions parallel 
and perpendicular to the chains. 

rhe absorption by tellurium is reproduced from the 
earlier work (Fig. 5). To this has been added the resolu- 
tion of the band into its two component parts as was 
done for selenium. The value of 3:2 for the intensity 
ratio of the two components again proved satisfactory 
and a separation of 1.6 ev for the Vy and Vy levels 
gave the best fit. However, a variation of +0.05 ev in 
this value was not significant in the analysis. In this 
the background was entirely 
background curve was 


case a straight line for 
inusable, so a “reasonable” 
sketched in and the data were reduced. 

The density-of-states curve thus obtained showed a 
strong peak at 40.9 ev, with a secondary peak at 36.5 

‘A. Nussbaum Rev. 94, 337 (1954 

*H. B. Callen, J Phys. 22, 518 (1954 

*R. Hamer, J. Opt. Soc. Am. 9, 256 (1924 
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The depth of the minimum between these two peaks 
was sensitive to the choice of background curve. Shown 
in the figure is the particular background curve which 
resulted in a zero minimum between these two maxima. 

The interpretation here cannot be as simple as that 
suggested for selenium. The absorption corresponds to 
transitions from .Vyy_y to 5d. According to Callen,® the 
5d band is made up of a broad band and a narrow band 
as before. However, the infrared absorption studies of 
Loferski,’ interpreted in the light of Callen’s work, 
indicate that the d perpendicular band begins less than 
0.i ev above the bottom of the d parallel band. Such a 
small separation would not have been resolved in the 
present study, so that the main absorption band be- 
tween 39 ev and 46 ev is probably due to the combined 
effect of these two bands. 


7 Joseph J Loferski, Phys. Rev 93, 707 (1954 
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It is conceivable that exciton levels on impurity 
levels appear because the electron is leaving an ion 
behind with one extra positive charge. If this were the 
case, these levels would lie just below the conduction 
band and transitions into them might account for the 
small band on the low-energy side of the main band. 
This explanation is not entirely satisfactory because the 
impurity band proposed is wider than is customarily 
observed.* Also, the energy separation between the 
main band and the impurity band is large, in particular 
much larger than the 0.324 ev indicated by the data of 
Loferski as the separation between the valence and 
conduction bands. In addition, the width of the band is 
larger than 4.76 ev which is the work function of 
tellurium.’ 


*E.g., L. G. Parratt and E. L. Rev. 97, 916 
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Hutson has rece »bserved a non-Maxwellian distribution of thermionic emission from various crystal 
lographic directions of a tungsten single crystal. It is suggested that the true distribution is Maxwellian, and 
that the observed distribution is due to an analyzer resolution of 0.24 volt. Factors which might affect reso 


UTSON' has recently reported a careful experi- 

ment in which he observed a departure from 
Maxwell-Boltzmann distribution in the electron emis- 
sion from single-crystal tungsten. This departure, a 
low-energy deficit, was the same in various crystallo- 
graphic directions. As Hutson has pointed out, it is 
unlikely that the various crystal directions would be 
patchy in just such a way as to yield identical distri- 
butions. He also noted that the reflection coefficient 
which he uses to account for the distribution has, as 
yet, no satisfactory theoretical explanation? 

We suggest that some extraneous effect in the ana- 
lyzer might affect analyzer resolution in such a way as 
to produce the observed distribution. Hutson’s experi- 
mental points’ for 2000°K are plotted in Fig. 1, along 
with a Maxwell-Boltzmann distribution modified by a 
0.24-v rectangular resolution. It is seen that the match 
is very good. The 0.24-v figure was chosen to match the 
2000°K data by interpolation from curves for resolu- 
tions of 0.2 v and 0.3 v. The same 0.24-v resolution 
figure was also applied to a Maxwell-Boltzmann distri- 

‘A. R. Hutson, Phys. Rev. 98, 889 (1955). 

2. Herring and M. H. Nichols, Revs. Modern Phys. 21, 185 


1949), Sec. IV.4; D. W. Juenker ef al, Phys. Rev. 90, 772 (1953); 
S. C. Miller, Jr., and R. H. Good, Jr., Phys. Rev. 92, 1367 (1953). 


3 From reference 1, Fig. 5 








and Hutson’s numerical results are recalculated on the basis of this explanation 


bution for 1700°K. The match to Hutson’s experimental 
points‘ for 1700°K was equally good. 

Hutson calculates a tenfold better resolution, 0.024 v, 
from the dimensions of the analyzer and its operating 
potential. He states' that the same distribution was 
obtained when the resolution was electrically changed 
to 0.06 v by varying the magnetic field. He concludes 
that the instrumental resolution was adequate for the 
detail in the distribution. One might reason instead that 
the resolution was already limited at 0.24 v by some 
other factor and that it was not actually being changed 
by the variation in magnetic field. There is no obvious 
cause for a spurious loss in resolution. Interconnection 
of radial and axial energy components, caused by slight 
misalignment of the analyzer and accelerating diode 
appears to be ruled out by precision assembly.’ Stray 
time-varying magnetic fields were too small to affect 
the resolution.' The presence of patch fields is perhaps 
the most plausible hypothesis. The configuration of the 
analyzer is given in reference 1, Fig. 1. A patch field at 
the central baffle slit would deflect electrons from their 
normal line focus. A simple order-of-magnitude calcu- 
lation can be made if patch crystals in the tantalum 


* From reference 1, Fig. 11. 
* A. R. Hutson (private communication) 
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TaB_e I. Revised summary of single-crystal emission constants 
Hutson’s values have been altered as required if the distribution 


shape is due to analyzer res 


111 +4.9% 10 92 


112 7x10 55 
116 +49“ 10 94 
100 0.1«10 104 


sensitive to surface orientation, and that patch contact 
potentials and hence patch fields are often greatly 
enhanced by the presence of even smal! amounts of 
contaminant. 


If the shape of the experimental energy distribution 


curves is attributed to analyzer resolution, Hutson’s 
results are affected as follows: (1) The true 
tion differences among the various crystal 
(2) The temperature derivatives 
of the work function’ are increased by 1.6 10~° v/deg.? 





aces’ are unchanged 
This is a very small change, being just equal to the 
stated uncertainty of the measurement. The adjusted 
temperature derivatives are given in Table I. (3 
Hutson’s values'’® of Aa (A is the emission constant, 
1 xcy? 


120 amp/cm*? deg’; a is the energy-independent part of 


the transmission coefficient) must be recalculated using 





the new temperature derivatives and assuming no 





energy-dependent reflection. The new values are given 
in Table I. (4) The best estimates of true work function 
for the (111), (112), (116), and (100) directions are 


increased by 0.08 v, restoring the constant parts to 





their respective Richardson ¢* values. The temperature 
coefficients must also be replaced by the new values 
from Table I. 

The new values of Aa from Table I seem to indicate 
i value of about 0.8 for a [using the (111), (116), and 
001) directions |. This corresponds to an exclusively 
energy -independent reflection coefficient of 0.2. On the 
other hand, Nottingham’s reflection coefficient, as used 
by Hutson, gives R=0.52 at 2000°K. When this is 
combined with his value of a=0.9, a total integrated 


‘ction coefficient of about 0.6 is obtained.” It is 





elieved that the new interpretation Is in better agree- 





nt with theory.’ 
We are indebted to Dr. Hutson for a prepublication 
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The energies for both screw and edge dislocations in rock salt have been investigated. The effect of 
elastic anisotropy has been incorporated into the contribution from the region outside the core. Detailed 
calculations have been carried out for the energies of the cores themselves as a function of radius, and joined 
smoothly to the curves of the elastic theory. The core calculations are based on the Born-Mayer model 
and employ the formulas of Madelung for the potentials of rows of uniformly spaced charges 

For dislocations in the observed plane of slip (110), the constant term associated with the core energy 


is 1.010’ ev/cm more for the edge than for the screw 


Approximate calculations show this term to be 


appreciably larger for the edge dislocation in the (100) plane. Also, there appears to be large lattice potential 


barrier for dislocation motion in this plane arising from anion closed shell repulsion. This result may ex} 
se packed, are generally not active in glide for alkali halides. The stabil 


why these planes, though ck 


dislocations with Burger vector longer than the minimum lattice translation is investigated 


of hollow dislocations is also considered. 


I. INTRODUCTION 


HOUGH the treatment of dislocations within the 

framework of isotropic elastic theory has proved 
very fruitful in the past, there has been an increasing 
need recently to develop specific models for particular 
materials, which would be detailed enough to take into 
account the nonelastic distortions in the dislocation 
core region and the intrinsic anisotropy of the crystal 
elasticity. The alkali halides present obvious advantages 
for such a study. From the standpoint of theory a 
simple and reasonably satisfactory model exists in terms 
of point charges and short-range, ion-core repulsions 
which can account quite well for cohesion and for some 
of the elastic properties. From the standpoint of experi- 
ment the slip pattern is well known, namely in the 
[110] direction on the (110) planes, but one wonders 


encountered along the close-packed 


, , 
why Slip is not 


(100) planes, as for the thallium salts and occasionally 
for AgCl, which shows pencil glide. Also, one is hopeful 
that a detailed study might throw light on the greater 
brittleness of alkali halides as compared to the silver 
salts. 

We have calculated the core energies of certain dis- 
locations on the basis of the simple force model. 
Initially the ion rows are arranged in accord with the 
isotropic elastic solution, and displacements are allowed 
to relax to minimize the stored energy. Such a procedure 
was applied by one of us’ to the edge dislocation for slip 
in the (110) plane several years ago. More recently, an 
analogous calculation for the screw dislocation has been 
nade by another of the authors.? The energies of 
various dislocations in the elastic region outside the 
cores have been calculated by the third author (R.T.), 


t This work was supported in part by the United States Air 
Force. 

‘H. B. Huntington, Phys. Rev. 59, 942 (1941). 

?J. E. Dickey, M.S. thesis, Rensselaer Polytechnic Institute 
(unpublished). 





The possibility 


taking into account the anisotropy of the crystal. From 
this last it has been possible to draw some conclusions 
about the stability of dislocations with Burgers vector 
translation vector of the 


dislocations is also 


longer than the shortest 
lattice. The possibility of “‘hollow” 


briefly considered. 


Il. ELASTIC STRAIN ENERGY OF DISLOCATIONS 
IN NaCl 


In this section, we shall calculate the elastic energy 
of formation of various types of dislocations in NaCl. 
We shall assume that the crystal is a continuum, and 
that the strains are small, say less than ten percent. 
The core represents just that region near the center of 
the dislocation where neither of these assumptions is 
justified, and is dealt with separately. The total energy 
is, of course, the sum of the two contributions. 

Anisotropic elasticity has traditionally been con 
sidered to be intractable because of the large mathe 
matical difficulties to be faced. Since the problem has 
received added attention, general methods have been 
devised for the treatment of straight dislocations in 
arbitrary media.** The elastic calculations in this paper 
are based on the techniques of Eshelby, Read, and 
Sho« kley.* 


A. (110) Slip Planes 


The experimental evidence available shows that the 
(110) planes in NaC! have a special place with regard 
to slip. Apparently under certain conditions other planes 
may be active also, but recent work® confirms that at 
room temperature the (110) planes are the principal 
active slip planes, and so proves that dislocations are 
has 


initially present on these planes. (Dommerich® 


* Eshelby, Read, and Shockley, Acta Met. 1, 251 (1953) 
* A. Seeger and G. Schook, Acta Met. 1, 519 (1953) 

*P. L. Pratt, Acta Met. 1, 103 (1953) 

*S. Dommerich, Z. Physik 90, 189 (1934) 
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110} Bu 


rgers vector 


tribution nite body and arbitrarily cut off 
integrals at ance roughly corresponding to the 


mean distance between dislocations in the real crystal 


} ) 
In an act well-annealed crystal, the dislocations are 


probably far fron 


randomly distributed, and, because 
of the 


long-range nature of the stress distrib 


ilar model mz 
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partic iy give somewhat different energy 


we have derived. 
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responds to the limit of elasticity theory ; in other 


words, ro is the size of the core of the dislocation 
[he results can be approximately represented with a 


simple cosine variation, 
Es 


with a maximum error of about two percent, which is 


0.454+-0.061 cos2@) In(R/r9) (2 


not much greater than the error of the calculation itself. 
We have only made calculations of elastic energy for 


two val 0 and x/2, 


1000°K. We assume that 


1 +} 
1 U 


ies of 0, 6 for the temperature 
in this case also the variation 
between the screw and the edge is simple, and using the 


cosine law above, we find 
E, (0.214+-0.032 cos26) In(R/ro). 3) 
In a later section, the contribution of the cores of edge 
g 
and screw dislocations will be added to these values to 
yield the final strain energy. 


B. Elastic Calculations on Other Planes 


In order to provide a comparison with other slip 
planes, we have made calculations for the situation 


; 


‘ 


5] 


types ol B 
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illustrated in Fig. 2. The Burgers vector remains the 
same as before, but the slip plane is (001). The calcu- 
lations reported above, when repeated for this case 
with the same temperatures as before, give for the 
energy of the edge dislocation, 

Eso= 0.456 In(R/r 0.267 In(R/ro) 


Ej 000 (4) 


Note that the corresponding screw dislocation in this 


case is precisely the same as for the (110) slip planes 
] 


GIM 


issed earlier. 

Referring either to Fig. 1 or Fig. 2, one sees that the 

110) and (001) planes are only two out of 

nily of planes which contain the 
b. For t 


the 


an infinite 


same Burgers 


he sake of completeness, one would like 


know energy of dislocations these 


in planes 
where slip is not observed. We have made calculations 


] ‘ 
MAS 
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will take place spontaneously; otherwise the large dis- 
location, once formed, will be stable. 

The details of the breakup process are shown in Figs. 
4 and 5. In order to test the stability with respect to 
breakup, we need to know the energy of the decomposi- 
tion product which has the Burgers vector [101] and 
runs in the z’ direction. We have here a half-edge, half- 
screw, dislocation whose slip plane is (010). The elastic 
strain energy of this dislocation is given in the same 
inits as before by 


Ego=0.401 In(R/ro), Ejooo=0.233 In(R/r9). (7) 
(Note that in both cases these energies are intermediate 
in value between the pure edge and screw types.) 
The stability of the two types of dislocations is best 
demonstrated in Table III. The first column gives the 
type of large dislocation, either screw or (010) edge. 


rhe third column of Table III gives the elastic strain 


» 
/ 
x 
Fic. 5. Breakup of a “large” screw dislocation. The Burgers 
vector of the large screw dislocation is [002]. Two possible de- 
compositions are possible 
[002] 


002) 


+ [011]+[011], 


> (101 )+[101] 


energy divided by the logarithm term. The large dis- 
location is stable with respect to breakup if the number 
in column 4 is larger than the number in column 3 


The log factor for the large dislocation is approximately 


the same as the log factor for the small component. For 
the large dislocation, ro is about two times the ro of the 
small dislocation, because the cutoff has to be taken in 
each case where the strain is small. However, when the 
large dislocation breaks up into two, the free area for 
each dislocation has been effectively cut in half, and 
hence R for the large dislocation is also about two times 
the R for the small one. Note that at both the low and 
high temperatures, the edge is apparently unstable with 
respect to breakup into either type of component. The 
screw at first sight seems to be stable. However, since 
the two energies are so close together, the core energy 
will be the decisive quantity. One would expect the core 
energy of the large core to be slightly larger than the 
combined core energy of the components. Since screw 
elastic energies per unit length are less than those of 
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edge dislocations, it is unlikely that any other large 
dislocations will be more stable than [002] screws. 


Ill. DISLOCATION CORE ENERGIES IN NaCl 


To study the dispositions of the atoms in the core 
region and the associated stress energy, it was advisable 
to choose a substance where the forces between the 
atomic constituents were well known and of short range 
type. The alkali halides are well suited to the problem 
since one has to deal with the electrostatic forces and, 
at close range, the repulsive forces of the closed shells. 
The electrostatic forces are short range also’except 
where logarithmic potentials from rows of ions of the 
same sign are involved. 


A. Edge Dislocation: (110) Slip Plane 


The first step in the procedure was to use the dis- 
placements predicted by the isotropic elastic solution, 
even in the core region where they were no longer valid. 
If the x axis is taken along the slip direction and the 
y axis along the normal to the slip plane, then # and » 
the respective components of the displacements along 


TABLe III. Stability of large and small dislocations. 


2 (Eomatt) 


E are U 
In(R/re) 


In(R/re 
0.442 0.466 
0.586 0.802 
0.492 0.492 
0.492 0.466 


Component 
type 


Parent Temper 
type ature Stability 
Mixed (100) ? 
Mixed (100) Stable 
(110) edge Unstable 
Mixed (100) Unstable 
1.016 1.016 (110) edge Unstable 
1.016 0.802 Mixed (100) Unstable 


these axes are given by 


b Atm \ xy 
tan '(y/x) -( ) | 
2r A+2uJ r* 
b Lu A+y y" 
= |- lor + ( ) 
2x A+2y A+2p/ r* 


where 3 is the slip distance and \ and y are the familiar 
elastic Lamé constants for an isotropic substance. This 
sets up a dislocation where the material is compressed 
for y>0 and extended for y <0. 
In developing the elastic 


Screw 
Screw 
Edge 
Edge 
Edge 
Edge 








displacements for the 
various ion rows, it was found expedient to arrange 
them symmetrically about the yz-plane perpendicular 
to the direction of slip. Two such arrangements were 
considered: Configuration I with the symmetry plane 
passing through two adjacent ion rows on opposite sides 
of the dislocation center (Fig. 6), and Configuration II 
with the plane of symmetry half way between the four 
ion rows nearest the dislocation center (Fig. 7). For 
slip on the (110) plane the edge dislocations lie parallel 
to [001] and perpendicular to the slip direction. In the 
[001 ] direction, the signs of the ions alternate. 


IN NaCl 





5 
CONFIGURATION I 











Fic. 6. Edge dislocation for slip in (110) plane—Configuration I 
he electrostatic potential of a row of alternately 
charged particles, spaced a distance a apart is given by" 


2e « imlr 2nlz 
-> int ‘) con( ) 
a t=i a a 


Here ¢ is the magnitude of the charge per ion. Distance 
from the row is measured by r and distance in the direc 
tion of the row by z. For application to NaCl a is 2.81 A 
The Hp is the Hankel function of zero order. 

For the energy arising from the repulsion of closed 
shells a single expression was chosen to represent the 
interaction between next neighbor ions of opposite sign 
The repulsion between like (negative) ions was neglected 
to keep the calculation as simple and, at the same time, 
as general as possible, in that the results would not 
appear as specific for a particular salt. By virtue of the 
equilibrium condition, the single force law could be 
written 


(9) 


67 
W (x)= Oa—o Fe), (10) 
6 a’ 


where a», is the Madelung number for the NaCl 








Configuration IT 














Fic. 7. Edge dislocation for slip in (110) plane—Configuration II. 
” E. Madelung, Physik. Z. 19, 524 (1918). 
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probably broader than 6/(1—<) if one is to account for 
the low observed yield stress in well annealed single 
crystals. The actual forms for such dislocations have 
been examined by Foreman, Jaswon, and Wood.” It 
is somewhat disturbing to find this dislocation so com- 
pressed. The displacements arising from energy mini- 
mization have nevertheless broadened the dislocation 
appreciably. 

The stored energy of the dislocation inside any 
cylinder coaxial with its center can be determined next 
from the results of minimizing the energy. (Minimiza- 
tion in general reduced the stored energy by about a 
factor of 4.) One ,takes all the interaction energies 
between rows inside the cylinder and adds to it a half 
of the interaction energies between rows inside and 
outside the cylinder. In this way one obtains the stored 
energy content of cylinders containing a symmetric 
grouping of rows. In Configuration I, these groupings 
contained 2, 10, 20, and 24 rows respectively; for Con- 
figuration II, 6 and 18. In Fig. 8, the energy content of 
the cylinders is plotted in units of ev/plane vs the 
cylinder radius R. The radius of the equivalent cylinder 
is established by 


aR? = na’, (il) 


where n is the number of rows inside the cylinder. From 
this curve one could obtain the energy of the dislocation 
core ideally by fitting the curve with the formula 


E(R)=A In(R/a)+B. (12) 


] 


uses instead the value for A, 0.508 ev 











pharma 


Core Fedius (A 


Fic. 8. Edge dislocation for slip in (110) plane—energy vs R. 
Plus signs refer to Configuration I, open circles to Configuration 
II; nearby numbers show how many ion rows inside cylinder of 
radius R. Smooth curve is plot of Eq. (12 


% Foreman, Jaswon, and Wood, Proc. Phys. Soc. (London) 64, 
156 (1951); further modification in the Peierls-Nabarro dislocation 
will shortly be presented by one of us (H.B.H 
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per plane obtained from elastic considerations in Sec. A 
and fits at the point for greatest R, giving B=0.392 ev 
per plane. The solid line in Fig. 8 is the plot of Eq. (12). 
It fits the points very well, fortuitously so, because the 
simplified force model used here, with repulsion only 
between ions of opposite sign, does not accurately 
reproduce the elastic constants. 


B. Screw Dislocation 


The treatment of the screw dislocation likewise 
involves consideration of two distinct configurations, 
which we show as Configurations III and IV in Figs. 9 
and 10 respectively. They correspond to a screw dis 
location along the slip direction [110], so that the ion 
rows are all composed of ions of the same sign. In Con 
figuration ITI, the dislocation lies symmetrically at the 
center of a rectangular prism formed by alternative 
positive and negative ion rows at the corners. In Con 
figuration IV the dislocation has moved a distance 
b/2v2 along the [001] direction, 
slipping in the 110 plane. It can be seen that the ion 


as would occur for 


rows are arranged in an alternating rectangular array 
Those rows marked by full circles have ions in the plane 
of the paper, those marked in broken circles have ions 
in planes above and below the plane of the paper. Indi- 
vidual ion rows will be designated by the numbers along 
the center lines with abscissa index coming first (e.g., 
1, —3 denotes negative row at bottom of Fig. 9 with 


ions above and below the plane of the figure). The 


Comeveation I 


3 OC 

Configuration III. Solid circles 
denote rows which initially had ion in plane of paper, dashed 
circles for rows with ions initially 5/2 and below the 
plane. Arrows with superimposed Z indicate direction of «, the 
relaxation displacement perpendicular to the paper 


Fi. 9 


screw disiocation 


above 
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Fic. 10. Screw dislocation—Configuration IV. Same notation 
as Fig. 9. Outward displacement of ion rows denoted by simple 
arrow 


distance between rows in the [ 110] direction is 6/2, in 
the [001 ] direction b/v2. 

For the interaction energies between the rows the 
same ion-core repulsion expression, Eq. (10), is used as 
for the edge dislocation of the preceding section. This 
interaction is mainly important between rows separated 
by 6/2 in the [110] direction. Here every ion in one row 
is in contact with two ions in the adjoining row, one 
from the plane above and the other from the plane 
below. For the electrostatic interaction one uses again 
a formula due to Madelung 


4e/bS> Ko(2xlr/b) cos(2xlz/b)—} 1n2b/r)] (13) 


V (z,r) 


“ 


‘ 


l 


for the potential at a point a distance rf from a line of 
charges e spaced a distance } apart. The variable z is 
measured parallel to the line of like charges, with one 
of the charges at the origin. 

The displacements caused by an elastic screw dis- 
location are simply 


where we have taken @ to be measured counterclockwise 
from the [110] direction and z is measured + up from 
the paper. Since the dislocation at this stage introduces 
only changes in z, the Iny terms in the electrostati: 
potential expression are unaffected and the calculation 
of the stored energy depends only on short-range inter- 
actions as before 

For Configuration III, it turns out that the relaxa- 
tions are principally z-ward motions. These have been 
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indicated in Fig. 9 by arrows pointing up for motion up 
out of the plane of the paper and down for downward 
The superinscribed Z’s on the arrows indicate 
not to be interpreted as motions in the 


motion 
that 
plane. One complication is introduced by the radial 
the dislocation which is higher than 


they are 


symmetry about 
that for the previously treated case of the edge. Any 
upward z-motion for row 1,1 implies from symmetry a 
similar motion for —1,—1 and the reverse motion for 
1,—1 and —1,1 
those parallel to the [ 110] direction, —1,1 with 1,1 and 
—1,—1 with 1,—1. If «, is taken to be the upward 
motion of say 1,1, then its value is to be determined by 


The principal interactions here are 


minimizing the energy of the central four rows, 


2)—2U (2; 1— 221+ ,; 6/2), 


1 21 


z; r) is written for the complete interaction 


function composed of V (z,r) and the ion-core repulsions. 
Actually the optimum value for ¢, for just the central 
four rows proved to store too much energy in the rows 
farther out 
determination of ¢, difficult. Therefore, three values for 
56, 0.066 and 0.07), and for eacl 


) 
i} 


and this complication made the precise 


«, were chosen, 0.050, 


the optimum values were found for the z-displacements 
of the other rows. (The results appear later in Fig. 12.) 
The possibility of outward relaxation in the 110] 
direction was also investigated after the manner de- 
scribed in the next paragraph, but it was found that 
there was no appreciable outward relaxation after a 
z-relaxation of 0.055. It is possible that simultaneous 
variation of e, and ¢e, might have given a slightly lower 
energy minimum at appreciably different coordinates 
but the labor involved in such a program would have 
Table V are given the 
displacements for the other ion rows of 


been very onsiderable. In 


values of the z 
Configuration III, largely independent of ¢, for the 
central rows 

For Configuration IV, the outward radial displa e- 


ment 1,0 and —1,0 is particularly important since 


s-displacements of these rows are ruled out by sym- 
metry the technique of investigating this 
relaxation, which requires some comment, will be dis- 
cussed here. The variations with ¢ of the first term in 
Eq. (13) for particular values of z was made available 
for reference in grapl ical form. The part of V(z,r) 


involving Inr is more difficult to treat, since it is a long 


change in 


t 
needs to know the 


n. Une 


potential energy of a rectangular array of line charges 


Taste V. Z-displacement for outer ion rows in a screw dislocation. 


Configuration ITI 


2,1 1,2 


2, . 3,1 2,2 
0.065 0.0155 


0.035 0.025 
Configuration IV 


Ion row index 1,1 2,1 1,2 3,1 
Z-displacement, « 0.035 0.026 0.015 ~0.02b 
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Equilibrium Position 











Fic. 11. Variation of In potentials with «. 


with alternating sign when one of the array is displaced 
from its equilibrium position in the direction of one of 
its neighbors. An expression for this quantity, valid for 
small displacements, is developed in Appendix I and 
displayed in Fig. 11(a). For application to the coupled 
motion of 1,0 and —1,0 one needs also to take into 
account the mutual interaction of the two moving rows. 
The analytic expression for this interaction is equivalent 
to the formula for the interaction of two dipole line 
charges and is given as the second term in the expression 
below for the complete change in the logarithmic 


potentials 


AV in= (— 2e/b){4.756(€,/6)? 


+In[ (1+ 2¢,/b)*/ (1+4e,/b)]}. (14) 
AV, is plotted in Fig. 11(b). 

Here it is difficult 
optimum value for e, for the whole dislocation by 
examining only the energy of 1,0 and —1,0. For three 
values of ¢,, 0.055, 0.0554, and 0.068, the corresponding 


to establish with precision the 


optimum radial displacements for rows 2,0 and —2,0 
were 0.0105, 0.0116, and 0.0126 respectively. The z-dis- 
placements of the other rows could be determined 
directly by minimization and are given in Table V. 
For discussing the shape of the screw dislocation 
there appears to be no single parameter, such as the 
“width” which applies to the edge dislocation. However, 
the s-relaxations for Configuration IIT have altered it 
markedly from the symmetric dislocation of elastic 
theory. It is now anisotropic and the shear strain in the 
(110) plane has been increased at the expense of the 
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strains in the (001) plane. This distortion tends to 
lower the barrier for dislocation motion in the (001) 
plane and conversely raise it for motion in the (110) 
plane. Again the radial motions of central rows of the 
Configuration IV tend to reduce the shear strain in the 
(001) plane and to spread out the dislocation along 
the [110] direction. 

The energy results for the screw dislocations are sum- 
marized in Fig. 12, where the presentation is closely 
analogous to Fig. 8 for the edge dislocation. For Con- 
figuration III, cylindrical groupings of 4, 12, and 24 
rows give 3 values for R for which energy points are 
plotted for various Es. Here R=(n rv2)!a. Likewise, 
Configuration IV gives 3 points for groupings of 2, 8, 
and 18 rows. The energy curves before relaxation are 
also shown and it can be seen that the total energy for 
the twenty innermost rows was decreased by relaxation 
in the case of Configuration IV by about 65%, in the 
case of Configuration III by about 35%. Fitting to an 
equation of the form of Eq. (12) one uses for the coef- 
ficient of the elastic term the value of 1.3710? ev/cm 
found in Sec. A and finds for the constant term 
0.38107 ev/cm. These numbers in Eq. (12) give the 
smooth curve shown in Fig. 12. 


C. Edge Dislocation for Slip in the (100) Plane 


The elastic results of Sec. II raise a question as to 
how dislocation theory can account for the observed 
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Fic. 12. Screw dislocation—energy ws R. Dotted line gives 
analogous curve for edge dislocation in (110) plane. Upper lines 
dicate approximate energies before relaxations. 
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Fic. 13. Edge dislocation for slip in (100) plane. Positions are 
those given by the isotropic elastic theory. 


preference for slip in the (110) planes exhibited by 
alkali-halide single crystals, since the elastic energy for 
an edge dislocation for slip in these planes is some 20% 
higher than for the edge dislocation for slip in the (100) 
planes. It is uncertain whether the active slip system 
is determined by the requirement of lowest barrier for 
dislocation motion or smallest energy per unit length 
for the appropriate edge dislocation. Believing that 
the second criterion might be important, we have 
attempted to estimate the core energy for the edge dis- 
location for (100) slip. This dislocation is shown in 
Fig. 13 with ion rows distributed according to the 
isotropic elastic solution, Eq. (8). One must be content 
with much more approximate methods here because of 
the disordered array of positive and negative rows. 
There is then no easy way to take into account exactly 
the effect of the long-range log terms. Instead, we have 
evaluated only a finite number of these, including arbi- 
trarily only nine rows on each side of the slip plane. 
In estimating the energy of the dislocation four terms 
were taken into account (i) electrostatic interactions 
across the slip plane, (ii) ion-core interactions across 
the slip plane, (iii) short range interactions on the 
same side of slip plane, and (iv) logarithmic inter- 
actions on the same side of the slip plane. 

(i) As a first step x-displacements only, corresponding 
to the elastic dislocation, Eq. (8) were considered. 
(Effect of y-displacements is small.) Because of com- 
plexities no attempt was made to apply variational 
refinements later. The electrostatic interactions across 
the slip plane were estimated by considering each atom 
in the plane directly above the slip to be in the field of 
a plane of alternating charges arranged in a square 
array at a distance a below. This potential is given by” 
V (x,y,z) = (e/a) exp(—xz/a) 

Xcos(2rx/a) cos(2ry/a), (15) 


where x and y are coordinates in the plane and z is 
perpendicular to the plane with the origin at the site 
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of a positive charge. On this basis, the electrostatic 
energy of the nine atoms just above the slip plane was 
found to be 0.24 e/a, or 1.20 ev. For the nine atoms 
just below the slip plane the corresponding number was 
0.88 ev. These two procedures for calculating the elec- 
trostatic energy of cross-plane interactions do not 
agree because Eq. (15) is only an approximation to the 
potential of the distorted planes. The arithmetic 
average, 1.04 ev was assumed. 

(ii) In calculating the ion-core cross-plane inter- 
actions it was important for the first time to consider 
repulsions between ions of the same sign. Instead of 
using Eq. (10) we have reverted to the original Born- 
Mayer expression for the repulsive potential between 
ions 1 and 2, 


W' (x) =10-" erg expl—(x—ri—r2)/p], (16) 
where the r, are the radii of the ion cores. Huggins and 
Mayer’s values’ were used; for sodium 0.875 A and 
for chlorine 1.475 A. The dislocation displacements 
increased the repulsions of the C|—C! bonds by 0.49 ev 
and lowered the repulsions of the Na—Cl bonds by 
0.39 ev, giving a net increase of 0.10 ev for the cross- 
plane repulsions. 

The Cl—Cl interaction depended slightly on con- 
figuration, i.e., on whether the dislocation center lay 
between two Cl ion rows or two Na ion rows. For the 
case of no relaxation allowed the difference was evalu- 
ated as 0.02 ev, i.e., the amount by which the chlorine- 
centered configuration lies above the sodium-centered 
It is rather unusual to be able to dis- 
rather than analytk 


dislocation in 


configuration 
tinguish so clearly by numerical 
methods, the change in energy of a 
moving half a lattice translation along the slip plane. 
The minimum resolved shear stress for a slowly moving 
dislocation to surmount such a sinusoidal barrier would 
would be 2.2 10° dynes/‘cm’, or over a thousand times 
the observed critical shear stress for annealed single 
crystals. While this value might be greatly reduced in 
the process of relaxation, it seems doubtful whether 
the edge dislocations in the (100) slip plane will be 
mobile for the range of critical shear stress that is 
experimentally observed. 

(iii) The short-range interactions between adjacent 
rows on the same side of the slip plane is made up of 
the nonlog term in Eq. (13) and the ion-core repulsions 
(Eq. (16)], using s=6/2. Since the interactions were 
both repulsive, the energy in the upper half rose by 
1.16 ev. Correspondingly, the energy of the ion rows 
below the slip plane fell by 0.64 ev, leaving a net 0.52 ev. 

(iv) The logarithmic terms were calculated separately 
for both groups of ions. Labor was decreased and 
accuracy improved by taking analogous pairs above and 
below together and obtaining the logarithm of the ratio 
of the distances. The resultant of these terms is —0.31 


ev 


“ M. L. Huggins and J. E. Mayer, J. Chem. Phys. 1, 643 (1933) 
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Combining the results from all four parts, one obtains 
1.73 ev/plane for this edge dislocation. This result may 
be in error by as much as 50 percent, not only because 
of the approximate methods used, but also because no 
variation of the position parameters has been employed 
to minimize the energy. Also, the selection of ion rows 
included has not been as systematic as before where the 
use of the concentric cylindrical surfaces made possible 
fitting to the elastic solutions at large R. If one takes 
1.9 ev as the energy of 16 rows with R=1.9a, then the 
constant term for this dislocation (energy for R=a) is 
1.5 ev, where the coefficient of In(r,/ro) is taken to be 
0.644 ev per plane (Tables II or VI). 

It has been suggested'® that since the dislocations in 
NaCl have a Burgers vector which is slightly larger than 
the shortest distance between neighbors in the crystal, 
the cores of some types may be hollow.'* We may make 
an estimate of the size of the hollow by considering the 
crystal as a continuum, and assuming that the deleted 
material creates a surface tension. The radius of the 
hollow, if we use the elastic energies calculated earlier, 
turns out to lie between } and 1 atomic distances for 
each of the three main types of dislocations possessing 
Burgers vector [110]. Hence the question essentially 
becomes one of determining the core configuration by 
means of r-wise relaxation. The work reported earlier 
shows that the “full” dislocation is at least a local 
minimum for displacements. However, calculations 
have not been done where a single line of atoms has 
been removed at the center of the core for comparison 
with the “full” core. One would expect on electrostatic 
grounds that hollows at the centers of dislocation lines 
with (110) slip planes will be easier to form than at the 
centers of the other two types. It is conceivable that 
removing the ion row directly above the center of the 
dislocation for Configuration I (Fig. 6) might lower the 
energy but it is difficult to see how this could be done 
for Configuration II (Fig. 7) without altering the sym- 
metry. For this reason, it appears that such hollow 
dislocations, if they exist, would have low mobility. 


IV. CONCLUSIONS 


A summary of the results reported is given in Table 
VI. 

Though the elastic calculations and those dealing 
with dislocation cores appear quite reliable and self- 
consistent within the framework of the mathematical 
model, the information they give does not afford a 
ready explanation of the physical facts of the plastic 
behavior of NaCl. A somewhat similar situation prevails 
here as for the f.c.c. metals, where the calculations of 
Foreman and Lomer'’ have shown that the elastic 
energy per unit length of the edge dislocation in the 
observed slip planes (111) is higher than for those in 
the (110) planes. While in the case of the f.c.c. metals 

8 J. S. Koehler (private communication). 

‘* F.C. Frank, Acta Cryst. 4, 497 (1951). 

‘7 4. J. E. Foreman and W. M. Lomer, Phil. Mag. 46, 73 (1955). 








DISLOCATION 


Taste VI. Dislocation energies—values for A and B 
(see Eq. (12)]. 
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Slip Burgers 10° 


, 10° 
plane vector ev/plane ev/cm 


ev/plane ev/cm 





(100) 110 
110 
(010) oor] 


(110) 10] 


002 


(110) 110 
(100) 110] 0.377 
110} 0.257 
(010) 002 0.492 
002 0.442 





the existence of extended dislocations in the (111) 
planes is the probable explanation of the preference for 
slip on these planes, there is little likelihood that 
extended dislocations are important for alkali halides. 

Though a higher value for the dislocation core energy 
for the (100) slip plane seems clearly indicated from 
the preceding section, the difference might be con- 
siderably reduced by minimjzation. If one accepts the 
result calculated for the (100) cores at its face value 
and cuts off the logarithm term in the elastic energy at 
a value R corresponding to the distance between dis- 
locations, then one finds that the difference in energy 
per unit length between the (100) and the (110) dis- 
locations is 


E\o— Ey,0=[ (17) 


2.4+0.19 Ina(#V)!)< 107 ev/cm, 


where N is the dislocation density. The energy dif- 
ference goes to zero for N equal to 4X10°/cm?, a low 
value for dislocation density. For higher densities the 
energy difference would be positive but varies only 
slowly with NV. In view of the uncertainty in the value 
for the core energy of the (100) dislocation, the small 
size of the energy difference found here is of doubtful 
significance in establishing any preference on the part 
of the edge dislocations for the (110) slip planes. 

If dynamic considerations are dominant in deter- 
mining the slip plane, one would naturally look to the 
form of the screw dislocation (Configuration ITI) for a 
hint as to the direction it will move most readily. Here 
the evidence from our model is disquieting since the 
distortion of the screw’s shape from cylindrical sym- 
metry is such as to favor motion in the close-packed 
plane. Moreover, the edge dislocation core investigated 
here appears quite concentrated. This tends to raise 
the barrier for dislocation motion and hence the critical 
shear stress higher than one would like. 

On the other hand the calculations do indicate a high 
barrier for the motion of edge dislocations in the (100) 
slip plane, arising from the large repulsive interactions 
of the closed shells of the anions. In the limit in which 
one neglects the presence of the alkali atom altogether 
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the (100) plane ceases to be close-packed. This concept 
provides an intuitive basis for understanding why the 
anion repulsion prejudices so strongly the motion of 
edge dislocations in the (100) plane. Though the cal- 
culated value for barrier height reported here is not 
particularly reliable, the result appears to rule out the 
mobility of these dislocations at the lower applied 
stress levels. For materials with larger cations, such as 
the thallous salts, the situation might well become suf- 
ficiently changed to favor slip on other planes. 
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APPENDIX I. SUMMATION OF Ln POTENTIALS 


We wish to develop an expression for the electrostatic 
potential of a rectangular array of parallel line charges, 
the lines being alternately positive and negative. The 
pattern cf points formed in a plane perpendicular to the 
line charges will be an interlocking, face-centered lattice. 
In particular we are concerned with the curvature of 
the potential along the principal rectangular axes as 
experienced by one line charge moving in the field of 
all the others. Let the equilibrium position of this line 
be the origin, and, if the translation distances are 2/ 
and 2g, then the radial distance to any other particular 
line charge is given by 


r={(ng)’+(mf)*}}, (A-1) 


when the integers m and m are the coordinates of the 
second line charge in the lattice. At a point ¢ from the 
origin along the f axis the potential is 


“a - 


Vib=—2¢g & YY (—1)**™ In[(mg)*+(mf—*}, 


_-Oo moo 
(A-2) 
where g is the charge per unit length, if </ 


AV=V(e)—V(0) 


—2mfet+e 2m fe 
(—1y-ref = _ | (A-3) 
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The linear term in ¢ will drop out because its coefficient 
is odd in m. It can be shown" that 


« (—1)* l 

» sestithiatadidal csch (kr) — 

n—i n?+- k? 2k 2k? 
and 


oe m’(—1)™ ‘| 


mot (m?+d*)? 4d 


sinh (dx) — (dx) cosh (dx) 
— ae | (A-4) 


sinh?(dr) 


For an ingenious method of — such summations see 
M. R. Spiegel, J. Appl. Phys. 23, 906 (1952). 
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consequently 
2x « csch(mfx/g) 2x* 
av—gel| — ¥ (-1)" . ] 
Sg == m 123° 





4x?” 2x « (—1)* 
cae 
sinh (ngx/f)— (ngx/f) cosh(ngx/ f) 
x( . sinh*(ngx/f) )I} 


fet 
(A-5) 


For present application, g=e/b, f= 6/2 and g=/v2 so 
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2e fe\? (2° «2 (—1)* Vien 
AV=- -() |" +22 § — (csch— 
bX\b7 12 2 


n=! n 


(v2xn) cosh(v2rn)—sinh =] 

sinh?(v2xn) 
The series in the square bracket converges very rapidly 
so that the third term is 0.3% of the first. The final 
result is 
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es/en? 
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Longitudinal Photomagnetoelectric Effect in Germanium 


Jack ARON AND GERHART GROETZINGER 
Lewis Flight Propulsion Laboratory, National Advisory Committee for Aeronautics, Cleveland, Ohio 
(Received June 27, 1955) 


The emf developed parallel to the gradient of light absorption (Dember emf) in a germanium crystal is 
reduced by the application of a transverse magnetic field, the diminution being about 10% for a field of 
§000 gauss. The size of the effect is approximately quadratic in the field up to about 2000 gauss, is then linear 


to 4000 gauss, and subsequently saturates 

T was found earlier by one of us' that the photo-emf 

developed along the direction parallel to the gradient 
of light absorption in an illuminated cuprous oxide 
crystal’ is reduced by the application of a (transverse) 
magnetic field. In view of the fact that germanium is 
one of the few elements which are intrinsic semicon- 
ductors it seemed of interest to determine whether 
such an effect exists in this material. 

A piece of high-purity polycrystalline n-type ger- 
manium (resistivity : 50 ohm cm at room temperature)? 
of dimensions 8X85 mm was etched in a CP4 solu- 
tion. It was then placed between the poles of an 
electromagnet in such a way that the field was parallel 
to an 8-mm edge and that one of the 8X8 mm faces 
could be illuminated by a Bausch and Lomb Microscope 
Illuminator equipped with a 6-v, 18-amp bulb. A point 
contact of Inconel was held against each 8X8 mm face 
by spring pressure, the arrangement being such that 
the position of the point of each contact on the face 
could be altered. The emf between the two contacts 
was measured with a potentiometer. A difficulty in 
looking for the effect described above arises because 
application of a magnetic field transverse to the light 


1G. Groetzinger, Physik. Z. 36, 169 (1935); 36, 216 (1935) 
*H. Dember, Physik. Z. 33, 207 (1932 
*We are indebted to Dr. M. Selker of the Clevite-Brush 
Development Company who kindly provided us with the ger 
manium 
R. D. Heidenreich, U. S. patent No. 2619414 (1952). 


gradient in germanium’ * produces an emf along a 
direction normal to both the field and the gradient. 
To reduce the contribution of this origin to the emf 
measured here with the field applied, the crystal was 
illuminated and the position of the contacts adjusted in 
such a fashion that the application of a low (250-gauss) 
magnetic field’ in either direction produced essentially 
no change in the emf between them. 

With the contacts thus aligned, it was found that the 
application of a sufficiently high magnetic field in either 
direction caused a decrease in the emf, e, between the 
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Fic. 1. Longitudinal photomagnetoelectric effect in germanium 
as a function of the magnetic field strength. 


*P. Aigrain and H. Bulliard, Compt. rend. 236, 595 and 672 
(1953). 

* H. Bulliard, Phys. Rev. 94, 1564 (1954). 

? Since the effect sought can be expected to produce a change in 
the emf proportional to H? for small values of H while the inter- 
fering emf goes linearly with H, it follows that at sufficiently low 
values of H only the latter effect will be appreciable. 
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contacts. Figure 1 shows the size of the relative change 
— Ae/e as a function of |H| averaged for the two field 
directions for an incident light intensity of about 10° 
lux as measured by a Weston model 757 light meter. 
The value of e was 0.004 volt in zero field. The general 
shape of the curve is that to be expected for effects of 
this sort. For low fields, —Ae/e appears to increase 
approximately quadratically with the magnetic field 
although the precision in this range is not sufficiently 
high to permit an exact establishment of the field 
dependence. The curvature subsequently decreases 
with increasing field and the relation finally becomes 
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in illuminated semiconductors exposed to a magnetic 
field. The development of an emf normal to both the 
light gradient and the magnetic field, first reported by 
Kikoin and Noskov® and Groetzinger,! which was 
called simply the photomagnetoelectric effect by Bul- 
liard,® should be designated the transverse photomag- 
netoelectric effect ; and the reduction in the emf parallel 
to the light gradient first reported by Groetzinger' 
should be called the longitudinal photomagnetoelectric 
effect or, more specifically in the present case, the 
longitudinal photomagnetoelectric effect in a transverse 
magnetic field. This terminology follows the usual 


convention’ that the term “longitudinal” or “trans- 
verse” modifying the effect designates the relation 
between the direction of the effect and that of the 
primary agency.” 


essentially linear between 2500 and 4000 gauss. Above 
4000 gauss the slope of the curve diminishes steadily, 
indicating that —Ae/e is approaching a saturation 
value. The size of the effect in germanium is quite large 

relative to that in cuprous oxide. In the latter substance, sy. Kikoin and N. Noskov, Physik. Z. Sowietunion 5, 586 


a field of 36000 gauss decreased the emf by only —, ne J Matels (Cambeidge Universi 
Y asp: . ’ = ‘i rs A. H. Wilson, heory of 3 $ (Cambri niversity 
0.6° ;' while in germanium the same percentage change Press, Cambridge, 1953), second edition, p. 209. 
is produced by a field less than 1000 gauss. “ Only in those cases in which the name of the effect already 
, a Sa es 2 ’ implies its longitudinal nature (as in magnetoresistivity) is the 
It seems desirable to modify the current nomenclature term “transverse” or “longitudinal” used to specify the direction 
in order to distinguish between the two effects occurring _ of the magnetic field. 
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Conductivity, Hall Effect, and Magnetoresistance in n-Type Germanium, 
and Their Dependence on Pressure* 


Georce B. Benepex, Lincoln Laboratory, Massachusetis Institute of Technology, Lexington, Massachusetis 
AND 
WitiraM Pav Anp Harvey Brooks, Division of Applied Science, Harvard University, Cambridge, Massachusetts 
(Received July 29, 1955) 


Measurements of the electrical resistance, low-field Hall effect, and low-field longitudinal and transverse 
magnetoresistance in oriented samples of m-type germanium in which the carriers are all of one type have 
been carried out at 0°C as a function of pressure in the range 1-10 000 kg/cm? by using a nonmagnetic 
beryllium-copper high-pressure bomb. The experimental results are interpreted in terms of a low-field 
theory for n-type germanium in which the shape parameter K = m,/my, of the energy ellipsoids and the 
dependence of the collision time r on energy play a central role. The atmospheric-pressure data indicate 
that K at O°C is probably different from the low-temperature cyclotron resonance value, Consideration of 
several possible forms of the energy dependence of r leads to the adoption for lattice scattering of a phe- 
nomenological law of the form rz = (a/kT)e~*. It is found that the inclusion of the effects of even a small 
amount of impurity scattering plays a significant role in determining the magnitudes of the galvanomagnetic 
coefficients. By assuming a reasonable amount of impurity scattering in our samples it is possible to obtain 
’ an expression for r(¢) which is capable of producing the magnitudes of the galvanomagnetic coefficients as 

well as their temperature dependence. The variation of the galvanomagnetic coefficients with pressure is 
interpreted in terms of changes in K and the form of the dependence of r on energy. In particular it is found 
that K decreases with increasing pressure, indicating that the application of pressure causes the energy 
ellipsoids to become less prolate. The change in the energy dependence of r is interpreted in terms of a 
change in the exponent of the energy in the lattice scattering law. 





INTRODUCTION 


INCE the determination of the variation of the 
energy gap in germanium with pressure,’ much 


information both theoretical? and experimental** as 
to the energy-band structure of germanium has become 


? F. Herman, Phys. Rev. 95, 847 (1954). 

*M. Shibuye, Phys. Rev. 95, 1385 (1954). 

‘ B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

* Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953). 

a Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 
(1954). 


*The research reported in this document was supported 
jointly by the Army, Navy, and Air Force under contract with 
the Massachusetts Institute of Technology and by Harvard 
University. 

1 See W. Paul and H. Brooks, Phys. Rev. 94, 1128 (1954). 
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available. In the light of this new information the 
present experiments’* examine the galvanomagnetic 
properties of n-type germanium using the application 
of high hydrostatic pressure as a means of varying the 
energy-band structure and thereby the galvanomagnetic 
coefficients themselves. 


I. EXPERIMENTAL METHODS 


The measurements were carried out using one of Pro- 
fessor P. W. Bridgman’s presses,’ to which was attached 
a nonmagnetic beryllium-copper “bomb” capable of 
containing pressures at least as high as 10 000 kg/cm’. 
Samples obtained through the kindness of the General 
Electric Research Laboratories, and from the Lincoln 
Laboratory, Massachusetts Institute of Technology, 
were mounted inside the bomb by tying them with 
thread on a fiber support fixed onto the nose of a BeCu 
seven-terminal electrically insulating plug through 
which electrical leads are led into the bomb. Tempera- 
ture stability was achieved by immersing the long 
BeCu bomb in a well stirred ice bath. Excessive ice 
melting was avoided by fastening around the neck of 
the bomb a collar, through which ice water cooled in a 
separate circuit was continually run, thereby reducing 
the flow of heat from the press down the bomb into the 
By using this technique, the temperature 
be stabilized at O°C to better than +0.2°C. 
Professor E. M. Purcell kindly loaned a magnet whose 
field was stabilized to within +3 gauss by manual 
control of the current through biasing field coils. The 
current through the biasing coils was determined by 
continua! observation of the nuclear magnetic resonance 
of protons, the frequency of which as measured on a 
G. R. Type 616 D Heterodyne frequency meter, served 
to determine the magnitude of the magnetic field. The 
magnet as adapted for the present experiments had a 
pole diameter of 8 in. with a 3-in. gap spacing, resulting 
in a variation in magnetic field over the sample which 
was certainly less than 5 gauss. Pressure was measured 
with a manganin wire gauge’ connected to a Carey 
Foster bridge. The gauge, calibrated by using the 
freezing point of mercury at O°C and 7640 kg/cm? 
permitted the determination of pressures accurately to 
within +5 kg/cm’. 

The samples were cut in the form of rectangular 


ice bath 


( ould 


Fic. 1. Diagram of sample geometry. 


’ Paul, Benedek, and Brooks, Phys. Rev. 94, 1415 (1954 

* Benedek, Paul, and Brooks, Phys. Rev. 98, 1193(A) (1955 

*P. W. Bridgman, The Physics of High Pressures (G. Bell and 
Sons, Ltd., London, 1949 
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parallelepipeds about 9 mm long, 2 mm wide, and 2mm 
deep on which contacts were soldered as shown in 
Fig. 1. When mounted inside the bomb the sample was 
oriented so that its long axis was perpendicular to the 
long axis of the bomb which in turn was perpendicular 
to the magnetic field. The faces on which the Hall 
probes A, B, and C are soldered were arranged to be in 
planes parallel to the magnetic field lines. The voltages 
were measured using a Rubicon, type B, dc potenti- 
ometer. The current was determined by measuring the 
voltage across a 100-ohm standard resistor in series 
with the crystal. The Hall voltages were measured by 
first balancing the Hall voltage to zero for one direction 
of field by varying the position of the center tap on a 
resistor across the two Hall probes A and B in Fig. 1. 
The size of this resistor is chosen to be very large 
compared with the crystal resistance between A and B. 
Reversal of the field then produces between the center 
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Fic. 2. Voltage discrepancy AV versus magnetic field 
strength H at T=23°C. 


tap and the probe C, a voltage whose magnitude is 
twice the Hall voltage. Measurement of the Hall 
voltage permitted final alignment of the crystal so that 
the magnetic field was perpendicular to the direction 
of current flow. Specifically, the BeCu bomb was 
rotated about its long axis until the Hall voltage was 
maximized. Similarly, alignment of the magnetic field 
along the current direction was achieved by finding 
that orientation for which the Hall voltage was zero. 
Measurements following the procedures mentioned 
above showed that the reversal of the magnetic field 
direction did not leave the magnetoresistive voltage 
drop along the sample unchanged. The size of the 
“voltage discrepancy” (i.e., the magnetoresistive volt- 
age drop as measured with the field in one direction 
minus the magnetoresistance voltage as measured with 
the field in the opposite direction) was for some samples 
~50 microvolts, but for one sample was as large as 
260 microvolts, ~20% vf the Hall voltage. The effect 
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was much smaller when the current and field directions 
were parallel than when they were perpendicular. By 
examining the current and magnetic field dependence 
of the discrepancy voltage, it was found that the 
voltage drop between the resistance determining probes 
could be written as 


V=iR(H)+biH+«, 


where R(H) is the true magnetoresistance, « is the 
effect of contact potentials, and bi#7 is } the discrepancy 
voltage. Evidence that the field and current dependence 
of the discrepancy voltage is of the form suggested 
above is given in Figs. 2 and 3. These measurements 
of the discrepancy voltage were made on the [100] 
oriented germanium crystal at room temperature for 
the transverse orientation of field and current directions. 
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Fic. 3. Voltage discrepancy AV versus sample 
current ¢ at T=23°C 


It is on this sample that the size of the discrepancy 
voltage is greatest. While no physical mechanism is 
suggested to explain the discrepancy voltage, measure- 
ments of the magnetoresistive voltage drops for + and 
— directions of current and field permit elimination of 
the effects of both the contact potentials and the 
discrepancy voltage and enable thereby a determination 
of the true magnetoresistance. 


Il. EXPERIMENTAL RESULTS 


The measurements were made on two samples, one 
oriented with its long axis in the [100] direction, the 
other in the [110] direction. The samples were cut 
from adjacent regions of the same crystal. The conduc- 
tion properties of the two samples at atmospheric 
pressure and 7=0°C are summarized in Table I. The 
figure +8% associated with p and yy indicates the 
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Taste I. Conduction properties of the two samples at 
atmospheric pressure and T=0°C.*> 








Sample Resistivity Hall mobility Carrier Magnetoresistance 
orien- ° *y density: coefficient 
tation ohm cm em!/sec volt ecm! M #ASR/RH* 
- Mio=2.18 X10°° 
00 748 +8 ~ 
1 x 2 it c 448048 € 5x 1¢ V soo” = 0.957 10% 
, “ M 100.97, . 
110 2.948% 4077 48% ~5x 10" f 10 0 78X10 


M i,9'? = 2.02 x 10° 


*In the notation M,4®, A denotes the direction of the electric current 
and B the direction of the magnetic field. RX is the sample resistance. 

>It will be noticed that the value 4077 cm*/volt sec fer the mobility 
of the [110] crystal, while in agreement with the Hall mobility of the 
{100} crystal within the limit of error, is nevertheless much lower than 
the value we consider the probable one. It seems possible that the reason 
for the discrepancy lies in a systematic error in the Hall measurement on 
the (110) sample, although the possibility that there is more impurity 
scattering in this sample cannot be discounted. However, since the Hall 
mobility for the (1104 crystal has not entered into any of the analyses 
above, we have not tried to locate possible sources for this discrepancy. 


limit of error and is determined by the fact that the 
width of the soldered voltage probes (D or E in Fig. 1) 
is 8% of the distance between probes. The high values 
of the Hall mobility, along with linear plots of the 
resistance as a function of distance along the crystal, 
indicate that the impurities were distributed homo- 
geneously within the samples. In all the measurements, 
the current densities used were small enough (~0.025 
amp/cm*) so that the sample voltage was directly 
proportional to the sample current. Choice of the 
magnetic field was made by requiring that the Hall 
voltage per unit current be directly proportional to the 
strength of the magnetic field, and that the magneto- 
resistive coefficient be proportional to the square of 
the magnetic field, i.e., that the measurements corre- 
spond to the theoretical low-field region. Evidence that 
these requirements were met is shown in Figs. 4 and 5. 
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Fic. 4, Hall voltage per unit current (Vq/J) os magnetic field H 
at 7 =22°C, P=1 atmos. 
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T=22°C, P=1 atmos 
Figure 4 shows the Hall voltage per unit current as a 
function of field at 1 atmosphere and 7~22°C, while 
Fig. 5 shows AR/RH* vs H at the same temperature 
and pressure. Measurements of a less precise character 
than those of Figs. 4 and 5 show that at 7=0°C the 
turnoff point in both curves occurs higher than ~2000 
gauss, the field region in which the measurements were 
made 

Figures 6 through 12 show the effect of pressure on 
the galvanomagnetic properties. In Fig. 6 the resistance 
of the [110] crystal as a function of pressure at 0°C is 
plotted. The pressure variation of the resistivity is 
found from p= AR_//, 
area of the sample and / the 


where A is the cross-sectional 
distance between the 
voltage probes D and E. It is estimated from the volume 
compressibility’® that the application of 10 000 kg/cm? 
changes A// by about 0.4%. Thus to a first approxi- 
mation it can be assumed that the dimensional changes 
under pressure can be neglected and that the pressure 


variation in the resistivity and resistance are the same 





Figure 7 shows the pressure variation in the Hall 
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Fic. 6. Electrical resistance R versus pressure at T=0°% 


” FE. M. Conwell, Proc. 1.R.E. 40, No. 11 


1952 
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voltage per unit current, Vy/J for the [110] crystal. 
The Hall constant Ry is related to Vyz/I via Ry 
= (d/H)(Vu/I), where d is the crystal dimension in 
the direction of H. Since d changes by only 0.4% 
to 10000 kg/cm’, we can to a first approximation 
again neglect the dimensional changes and assume that 
Fig. 7 represents closely the pressure variation in the 
Hall constant, Ry. As an internal experimental check 
it was found that the pressure variation of the Hall 
constant and resistivity were the same for both the 
[110] and [100] crystals. Figure 8 is a plot of the 
transverse magnetoresistance coefficient vs pressure at 
T=0°C for the [100] crystal. On the left-hand scale is 
plotted the experimentally measured AR/R, while on 
the right is plotted for convenience AR/RH?*. Figure 9 
shows the longitudinal magnetoresistance coefficient as 
a function of pressure at 7=0°C for this 100 crystal. 
For both longitudinal and transverse magnetoresistance 
coefficients correction was made for the presence of the 
bIH term mentioned above, i.e., measurements were 


Fic. 7. Hall voltage per unit current (Vq//) ts pressure at T=0°C. 


made for both directions of field and current so as to 
eliminate the b/H voltage and determine the true 
magnetoresistance coefficient. In the case of the [110] 
crystal the magnitude of the 6/H term is much smaller 
than that for the [100] crystal. Measurements in 
opposite field directions were made on the [110] crystal 
during the transverse magnetoresistance run for pres- 
sures up to 4000 kg/cm’, after which pressure measure- 
ments were made using only one direction of field. 
Figure 10 shows the (AR/R);:0'" vs pressure as deduced 
using only one direction of field. The measurements 
including both field directions up to 4000 kg ‘cm? showed 
that the discrepancy voltage was approximately inde- 
pendent of pressure. By extrapolating this fact into the 
rest of the pressure range, the effect of the bJH term 
can be eliminated and in this way the curve of Fig. 11 
is obtained. It can be seen from Fig. 11 that the small 
6/H correction in this crystal has the effect of raising 
the entire (AR/R);10 curve up along the ordinate by 
about 5 percent above the uncorrected curve and has a 
negligible effect on the shape of the curve. In Fig. 12 
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the longitudinal magnetoresistance for the [110] crystal 
is plotted without taking into account any field reversal 
effects. Since the magnetoresistance coefficients are by 
definition AR/R, dimensional changes under pressure 
have no effect. 


Ill. THEORY 


In order to account quantitatively for the observed 
size of the magnetoresistance coefficients and ratio of 
Hall to drift mobility, it is necessary to generalize 
slightly the theory of Abeles and Meiboom.‘ If (a) the 
conduction is by carriers of one type and if (b) these 
carriers are confined to conduction-band minima whose 
shape is such that the constant energy surfaces are 4 or 
8 ellipsoids of revolution about the [111] directions in 
the crystal, and further if (c) the magnetic field H is 
small enough so that the Hall constant Ry is inde- 
pendent of the field and the magnetoresistive coeffi- 
cients M,8"=(AR/RH*),® are proportional to the 
square of the magnetic field, then the theory of Abeles 
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Fic. 8. Transverse magnetoresistance coefficient 2s pressure for 
[100] oriented sample at T=0°C 


and Meiboom shows that 


1 3K(K+2) 1 MH 


Ru=—»r = (1) 
Nec (2K+1)* Nec BD 
Mio 2 (2K+1)(K—1)? 
——= 9 = £100, (2) 
Rivoe 3 K(K+2)* 
M 0°” (2K+1)? ; 
=% —im= E100", (3) 
Rivoe 3K(K+2) 
oo= ne(r)}(1/m,+2/mz), (4) 
M i0= 4M 100; 
(5) 


M 110!" =4M 00+ Mioo™ (symmetry relations), 
where NV is the total number of electrons in the con- 
duction band, and m, and mz, are respectively the 


4 In the notation M4*: B denotes the direction of the magnetic 
field, A the direction of the electric current. The absence of the 
superscript indicates that the current and magnetic field are 
parallel. 
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Fic, 9. et magnetoresistance coefficient vs pressure for 
[100] oriented sample at T=0°C. 


longitudinal and transverse masses defined in terms of 
the shape of the energy surfaces by 
e=4}(p2 m+ p,* ‘met py?) ms), (6) 


where the z axis is along the [111] crystal direction. 


K= m,/mMoe, (7) 
d= (PX r)/(r)', (8) 
n= (rr) (ry, (9) 
4 “ 
(7") == —f rxle*dx, x=e/kT. (10) 
3/36 


In order to calculate the magnitudes of the magneto- 
resistance coefficients, we require the dependence of the 
scattering time r on energy so that (r"),” and thereby 
d and n, can be calculated. We have considered three 
forms of the dependence of the lattice scattering time 
ry, on energy. 

(1) Intravalley acoustic mode scattering (scattering 
of an electron only around the energy minimum it 


thal 
a 








(ae to } T "? T T T T T T T 
\F l. 
O08600+ Se Lek 
i, * TYRE GERMAN «TED p47 Cm OM aT 
ere 2 ae 
. me 0 CARS 
~ ion ee 
08400)-- an 
- Se eal 
ooeeodk- “83 
ro 4308 
LOB a] 
™~ 
— oe L i 4. 
baa s 4K ox M3 “mo 








PRESSURE (ng /ow*) 


Fic. 10. Transverse magnetoresistance coefficient vs pressure for 
[110] sample uncorrected for field reversal at 7 =0°C. 


2 It is to be noted that our definition of (r*) is slightly different 
from the usual one [W. Shockley, Electrons and Holes in Semi 
conductors (D. Van Nostrand Company, New York, 1950) ]} in 
that the * term is automatically included in our weighting factor 
in the integrand. 
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{110} sample corrected for field reversal at 7=0°C. 


momentarily occupies) can be shown" to produce for 
spherical energy surfaces, a dependence of r, on e: 


re= (U/kT)€*. (11) 


By computing uz from Eq. (10) and Eq. (11) it is seen 
that law (11) predicts a 7~! law for the temperature 
dependence of the lattice mobility rather than the 
experimentally observed"* 7~'® law. Agreement with 
experiment can be achieved only by assuming a suitable 
temperature dependence of the effective mass (upon 
which the constant / depends 

(2) Recently Herring has presented'® a theory of 
lattice scattering including both the effects of intra- 
valley scattering and intervalley scattering (i.e., scat- 
tering of an electron in one energy minimum to a 
position of nearly equal energy in the other minima 
involving phonon emission and absorption. Using a 
model which considers absorption and emission of only 
one type of intervalley phonon, Herring has derived 
the form of the dependence of rz on ¢€ in terms of the 
phonon energy fw and the relative probability of 
intervalley and intravalley scattering w2/w, as 


€ ; 
(+) 
\fer\'sk7 Ws hu 
wnmi(-) () 
he hw WW; hi 
exp( ) 1 
k7 


€ , 
( ') or U 
his 
hu 
1 exp( ) 
kT 


where the first term on the right-hand side describes 

intravalley scattering, the second term describes inter- 

valley scattering with absorption of a phonon, and the 
4% J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950 


*“F. Morin, Phys. Rev. 93, 62 (1953 
“ C. Herring, Bell System Tech. J. 34, No. 2 (1955 
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third term describes intervalley scattering with emission 
of a phonon. This model would apply to germanium if 
the energy minima in the [111 ] directions were on the 
faces of the Brillouin zone, for it can be shown that in 
this case only one phonon is effective in producing 
intervalley transitions.'* Using law (12), Herring has 
given plots of the functions \ and 9 for various amounts 
of intervalley scattering. Comparison of the temperature 
dependence of u#/up as predicted from this theory with 
the data of Morin’ for germanium shows that the 
predicted temperature-dependence is somewhat differ- 
ent frorn that which is observed. The drift-mobility 
data show that uy/p is nearly independent of tempera- 
ture down to liquid nitrogen temperature for n-type 
germanium. Herring’s relations imply a much stronger 
dependence on temperature, at least 20 percent decrease 
between room temperature and liquid nitrogen. This 
suggests that one might include in the theory the effects 
of phonons of several different energies each contribut- 
ing different amounts to the total scattering. This 
could have the effect of flattening out the uy/up vs T 
plot to agree with experiment. It corresponds to the 
situation for n-type germanium if the energy minima 
are in the [111] directions but not on the Brillouin 
zone faces. If the minima are thus located,"’ there could 
be seven phonons producing intervalley transitions. As 
the energy of these phonons is not at present established 
and the relative strength of their scattering function is 
difficult to estimate, a precise theory of the galvano- 
magnetic effects in germanium is not available. 

(3) In view of the drawbacks inherent in the above 
theoretical relations, we can take a phenomenological 
approach and assume that the lattice scattering time 
7, is isotropic and depends on energy and temperature 
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Fic. 12. Longitudinal magnetoresistance for [110] 
crystal es pressure at T=0°C. 

Strictly speaking, two other optical modes could also con- 
tribute to the scattering. One corresponds to intervalley scattering 
and the other to optically induced intravalley scattering. In view 
of recent work by R. Keyes [Phys. Rev. 99, 626(A) (1955) ], and 
of the relatively small deviation from the 7-4 mobility law, it 
seems unlikely that these higher-energy modes can be of much 
significance 


'? G. MacFarland and V. Roberts, Phys. Rev. 97, 1714 (1955). 
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where it is assumed that a and p are independent of 
both energy and temperature. In addition to its analytic 
simplicity, this law has the virtue that with a correct 
choice of the parameter p it is capable of producing 
the observed temperature variation in A, 9, and wr. 
Further, from the point of view of the Herring theory, 
Eq. (13) can be regarded as a representation which 
except for very low energies describes the superposed 
effects of intervalley and intravalley scattering by 
several phonons of different energies. For these reasons 
we shall, in our subsequent analysis, pursue the conse- 
quences of the phenomenological law (13). 

Using expression (13) for r and calculating the quan- 
tities \ and y one finds that 


A=1(5/2)P'(5/2—2p)/[1'(5/2—p) F, 
n=I'(5/2—p)'(5/2—3p)/[P' (5/2—2p) F, 


(14) 
(15) 


where the I'’s denote gamma functions of their argu- 
ments. That the theory in its present form is not yet 
applicable to fitting the experimental data can be seen 
from the fact that for values of p>5/6, ['(5/2—3p) 
diverges, while for p>5/4, ['(5/2—2p) diverges. This 
divergence is due to the rapid increase in r as € ap- 
proaches zero. The divergence never occurs in practice 
for the following three reasons. 

(1) The law (13) breaks down when ¢ becomes less 
than the energy of a phonon associated with intervalley 
or optical-mode scattering. Specifically, if we consider 
the Herring expression (12) for rz we see that for 
¢/fw <1 the phonon emission term disappears and that 
as €/ fw decreases further the intravalley scattering term 
approaches zero while the intervalley scattering with 
phonon absorption approaches a constant value. The 
net result is that +, approaches a finite value as e—0. 

(2) For sufficiently low energy of the carrier, ionized 
impurity scattering will predominate, and since this 
increases with decreasing energy it gives the integrand 
in Eq. (10) a maximum and allows the integral to 
converge. 

(3) The results, Eqs. (1), (2), and (3), are based on 
the approximation that the magnetic field is small, 
strictly that wr(e)=eHr(e€)/menucK1 for all values of 
the energy ¢. Provided that p=}, it is readily shown 
that the part of the energy range where the above 
relation is not fulfilled makes a negligible contribution 
to the integral. However, for larger p it is necessary to 
replace the definitions (8) and (9) by the more exact 
expressions (16) and (17). 


r? t 
1+a*7? 1+??? 
T r 2 
het Mcca cea) 
1+’? 1+.?7? 1+’? 


where the w’s here have essentially the form eH/mce but 


(16) 
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they depend also on the orientation of the magnetic 
field relative to the axes of the energy ellipsoids. The 
occurrence of the factor 1+w*r? in the denominators 
causes the integrand of Eq. (10) to have a maximum 
as a function of ¢ for small ¢ and thus insures the 
convergence of all the integrals. Incidentally, this will 
result in a magnetoresistance coefficient which is field- 
dependent down to very low fields if p is sufficiently 
large. On the other hand, if the maximum r, taking 
into account ionized impurity scattering, is such that 
the criterion (wr)max1 is fulfilled, then it is unneces- 
sary to take into account the denominators of (16) and 
(17) and the magnetoresistance coefficients are inde- 
pendent of field over an appreciable range of fields. 

In order to calculate values of \ and » which can be 
compared with the experimental! values of the magneto- 
resistance coefficients, we must decide which of the 
mechanisms (1), (2), and (3) above are operating to 
reduce the integrals (10). For our samples of n-type 
germanium, explicit calculation shows that we can 
neglect the effect shown in (3) for fields up to 2000 
gauss, a value in agreement with the experimental 
results of Fig. 5. The effectiveness of (1) in reducing 
(10) is difficult to gauge because the parameters fw; 
and (w:); needed to describe the effects of the several 
phonons on the inter- and intravalley scattering are not 
known. We shall begin then by assuming that effect 
(2) only is operating, remembering however that in 
attempting to fit the integrals (10) to their experimental 
counterparts it may appear necessary to include more 
impurity scattering than is required by the Brooks- 
Herring or Conwell-Weisskopf formula, because of the 
neglect of effect (1) on reducing the integrals (10). The 
calculation of (r") and thereby \ and 9 including the 
effects of scattering by ionized impurities can be made 
as follows. Writing 
(18) 


TL= (ri) €?, 


and assuming that the ionized impurity scattering time 
7; depends on energy as 
(19) 


r1= (rz)oe*@ 


[where again (r7)o as well as (rz)o is independent of k], 
then the net collision time r is 
1/r=1/rz+1 TI. (20) 


The quantities (rz)o and (rz)o can be expressed in 
terms of (r) via 


r'(5/2—p) 1 


(r1)= (r1)o——— ’ (21) 
(5/2) (kT)? 
(5/244) 
(r1)=(r1)e— (kT)*. (22) 
r'(5/2) 


Eliminating (71)9 and (rz)o from (18) and (19) by 
using (21) and (22), and substituting the results into 
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(20), the expression for (r*) becomes: 


x ule *dx 
r* wf 
0 phe TI 
(5 


b=(7r,)T(5/2)/T | 


It is seen from the form of the denominator in the 
integrand of (23), that the divergence difficulty arising 
out of the low-energy behavior of r, is now removed. 
It is important to note that even a very slight amount 
of ionized impurity scattering ((71)/(r1)=(ur)/(ur)1) 
can have a marked effect on the (r*) integrals (especially 
for the larger n) because the presence of the «~* term 
in the denominator can change the form of the integrand 
from one which increases rapidly near the origin to one 
that reduces quickly to zero at x=0."* (r*) can be 
evaluated approximately by noting that the denomi- 
nator of (23) has a minimum value at x= x», 


1'(5/2+9q) (rx) gqy!?*9 
X¢ ° 
r(s5/2 —p) rr) p 
If xo is small, as will be the case when (r,)/(r, 
(i.e., the scattering is predominantly lattice but with a 


WwW here 
(24) 


is small 


small amount of ionized impurity scattering included), 
then the contribution to the integral in the range 0-2» 
can be assumed smal! compared to the contribution in 
the range xy. Further, since for values of x> x» the 
denominator behaves predominantly as x”, we can 
write approximately : 


- 
r* = f xb-re *dx, (25) 
ZO 


This integral is the incomplete gamma function whose 
value can be calculated approximately with the aid of 
an integration by parts, resulting in the expression 


have been used. Applying the result 
5), we get finally 


, 
to Eq. (25 


? 
s + 
2—} 


which shows explicitly the correction to the pure lattice 


so sensitive to the 
is of doubtful 


* The values of (r*) for high » become 
amount of impurity scattering that the law (13 


usefulness in this case. 
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scattering that is produced by a small amount of 
ionized impurity scattering. The accuracy of the 
approximate expression (27) for an x9 appropriate to 
the present crystals, along with the large changes in A 
and 9 that a small amount of ionized impurity scattering 
produces, will be dealt with in the following section. 


IV. COMPARISON OF THEORY AND EXPERIMENT 
Atmospheric Pressure 


The conduction in the present material (3 ohm cm at 
T=0°C) is due almost entirely to impurity-derived 
electrons moving in the conduction band. The density 
of holes is estimated as less than 0.1% of the density 
of electrons, and their effect on the conduction proper- 
ties can therefore be neglected here. In column 5 of 
Table II are listed the experimental values of the 
theoretically significant quantities £100, £100", and 
un/up Which are defined in Eqs. (1), (2), and (3). The 
value of uz/up listed in this table is computed from 
our value of the Hall constant Ry, V being obtained 
from o and Prince’s” value of up. While we present a 
limit of error of 8% for ux/up, the measurements of 


Taste II. Comparison of theoretical and experimental values 
of the galvanomagnetic coefficients. The quantities £100 and £100" 
are defined in Eqs. (2) and (3) 





Calculated (including 
impurity scattering) Experimental 


Calculated (no impurity 
I wt/pr =1/220 values 


scattering included 
£=0.50 »=0.66 
1.17 1.74 
0.514 1.36 
0.939 1.1 





p=0.50 p=0.66 
1.050 1.089 
0.465 0.481 
0.9026 0.98 


1.086 
0.477 
0.99 








other workers" gives uy/up=0.99+~0.02, and this 
much smaller estimated error can be expected to give 
a much more reliable estimate of the range of possible 
values of u#/up appropriate to our sample. It is seen 
from Eqs. (1), (2), (3), (8), (9), and (27) that if the 
three quantities: (1) K, defined in Eq. (7) as the ratio 
of longitudinal to the transverse ellipsoid masses, (2) p, 
defined in Eq. (13) as the exponent of the energy 
dependence of rz, and (3) x, defined in Eq. (24) as the 
parameter which determines the low-energy cutoff of 
the scattering time integrals, are known, then £90, 
E100, and ux/up can be calculated directly. If K is 
chosen as 20 from the low-temperature cyclotron reso- 
nance data, then in order to get consistency between 
Eqs. (2) and (3) and the experimental values of 
AR/RH?, it is necessary to choose 4y=4225 cm?/sec 
volt. Since this is a low value for the Hall mo- 
bility, it seems likely that at room temperature 
K #20. Choosing a value of K consistent with 
our experimentally determined yz = 4480 cm?/sec volt, 
which is only 2% less than that which can be deduced 
from Morin’s data“ for uyz/up and Prince’s value of 


” M. B. Prince, Phys. Rev. 92, 681 (1953). 
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p= 3900 cm?/volt sec, we find K=14.5. The sensible 
difference between this and the low-temperature cyclo- 
tron resonance value of 20 may be due to a temperature 
dependence of m,,m, and/or to an anisotropy in r.” 

The quantity p in law 13 can be determined inde- 
pendently of the present experiments using the experi- 
mentally known variation of the lattice mobility with 
temperature. From Eqs. (4) and (13) it follows that 
the conductivity ap is 


oo=ne(1/3) (1/m,+2/ mz) 


(28) 


= Ne p. 


If the masses m, and m, and a are assumed independent 
of temperature, then from the known™ 7—!-® depend- 
ence of the mobility on temperature one deduces that 
p=0.66. On the other hand, if one assumes that the 
effective masses vary sufficiently with temperature to 
give the correct temperature dependence, one would 
choose from law (11) that p=}. 

If the effect of scattering by ionized impurities is 
neglected, one can calculate £100, £100", and wa/up 


TABLE III. Percentage errors incurred in using Eqs. (27) and 


(24) instead of an exact integration of Eq. (23). 





Percentage error 





+2.3 
~—0.3 
~0.08 
+2.1 
+4 


using Eqs. (1), (2), (3), (14), and (15). The results of 
such a calculation are given in columns 1 and 2 of 
Table II, using K = 14.5 for both law (11) and law (13), 
i.e., p=} and p=0.66. It is seen that for p=0.66 the 
calculated ¢’s and uy/up are too high, indicating the 
importance of including the effect of impurity scat- 
tering. On the other hand, for p=}, it is to be noted 
that while the é’s are somewhat high the uy/up ratio 
is already too low. 

Inclusion of the effects of scattering by ionized 
impurities can be accomplished if one assumes that the 
relaxation time for such scattering is r;< e!, i.e., that 
q=}. On noting that I'(5/2+q)/T'(5/2—p)~6, Eq. 
(24) for x» can be written as 


9 wr Ud+p 
wo-[- ° 
P mur 


If 42/uz for our samples is known, xo and thereby 4X, 
n, £100, E:00°° and uyz/up can be calculated. In order to 
get the agreement with experiment indicated in column 

» If one takes into account the anisotropy of r, K should be 
replaced by K = (y/m,)(ru/ra) [C. Herring (private communi- 
cation) ] 
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Taste IV. Check of the symmetry relations: $M ye0= Mio and 
Me™ = 4M ioo+Miod™, where MaeAp/pH*. [§Mo(1)=1.09 
< 10-*/gauss*: Mi,9(1) =0.987X 10°*/gauss*. ] 





M ve(P) 
M we(l) 


Mve(P) 
Mie(1) 


(Af 10) eure 

(1 /gauss)* 
02x10 1 1 

0.979 0.974 

0.955 0.952 

. 0.933 0.934 

0.907 0.918 

0.879 0.904 


P $M woo + M see?” 
kg/cm* (1/gauses)* 

1 2.05X 10° 2. 
2000 2.01 1. 
4000 1.97 1 

1. 
1. 
1 





6000 1.93 
8000 1.90 
10 000 1.87 





4 of Table II, wz/u; must have the value 1/220, i.e., 
xo=0.276 for p=0.66. This value of uz/ur corresponds, 
upon using Prince’s data’ for uw, to a value of w;=9.74 
10° cm?/volt sec. Calculation of uw; from the Brooks- 
Herring formula for our samples gives this value of y; 
when the effective mass m* for impurity scattering is 
taken as mo/2.1. By analysis of Hall mobility data for 
samples of varying impurity content, Debye and 
Conwell* show that at room temperature the correct 
effective mass for impurity scattering should be some- 
where between mo/4 and mp. The effect of electron- 
electron collisions on this estimate will be small” be- 
cause in all their samples lattice scattering is an 
appreciable part of the total scattering. As an additional 
point it is to be noted that if one modifies the form of 
the law (19) with g=# to include the logarithmic term 
present in the Brooks-Herring formula, the expression 
for x» changes somewhat. This change can be expressed 
by writing wy in Eq. (29) as uz Inbo/In(boxo). The effect 
of the Inbo/In(boxo) term in our case is to decrease 
ut/ur by about 12 percent. The resultant change in m* 
required to restore u,/u; to 1/220 is not so large as to 
cause it to be outside the range of values given by 
Debye anti Conwell. We can, therefore, conclude that 
the amount of impurity scattering which must be 
invoked to explain the magnitudes of the magneto- 
resistance and Hall effect is entirely reasonable. 

The validity of the comparison of the present theory 


Fic. 13. K = m,/my, as a function of pressure at T=0°C 


" P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954) 
= E. M. Conwell (private communication). 
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Fic. 14. Plot of p versus pressure 


with experiment depends upon the accuracy of the 
approximation (27) for (r"). In Table ITI are listed the 
percentage errors in r*/b*, », 9 
incurred by using the approximate expressions (27) and 
(24) instead of an exact integration of Eq. (23). The 
results quoted were obtained by graphical integration 
methods for the case p=0.66, g=4, wx/ur=1/220. A 
positive percentage error indicates that the approximate 
expression gives a value greater than the exact one. 
From the information summarized in Table II we can 
First, column 1 indi- 


the estimation of 


draw the following conclusions 
cates that a reduction in the values of \ and 9 predicted 
by Eq. (14) and Eq. (15) is required in order to account 
for the observed sizes of £100, £,00%®, and wx/up. Sec- 
ondly, from the fact that the amount of impurity 
scattering which must be invoked to reduce \ and 9 
enough to produce the experimental results is reason- 
able, we can conclude that our neglect of the effect 
(1) above (the decrease in the energy dependence of r 
at low ¢) is justified. It is altogether possible, however, 
that for pure enough samples this effect could be the 
dominating factor in limiting the integrals (10). Finally, 
from the fact that even without the inclusion of im- 
purity scattering, law (11) gives values for u/up, 
which are too low, it can be concluded that law (11) 
14.5, simultaneously give the experi- 


cannot, with K 
ono ,] 
, and wy/up as can law (13). 


mental values of £100, &; 
Pressure Variation 


Since the electrons in the conduction band are derived 
almost entirely from donor impurities, and since it can 
be assumed! that in the range 1-10 000 kg/cm? these 
donors do not de-ionize, the number N of electrons in 
the conduction band can be taken as independent of 
pressure. In Table IV are listed the experimental values 
of combinations of the M’s at various pressures as a 
check of the validity of the symmetry relations ex 
pressed in Eqs. (5). The agreement between the pre- 
dictions of Eqs. (5) and the experimental data implies 
that the assumptions underlying Eqs. (1) through (5) 
are valid at elevated pressures, at least insofar as the 
magnetoresistance coefficients are concerned, and sug- 
gests the application of these equations to the experi- 
mental data on £00, £100, and Ry as a function of 
pressure. Using the experimentally known variation of 
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£100, E100, and uz/up with pressure in Eqs. (2) and (3), 
the variation of K with pressure can be deduced 
independently of the pressure variation of » and is 
shown in Fig. 13. K can be eliminated between Eqs. 
(1) and (3), leaving a relation from which p can be 
deduced. We assume that, despite the change in 
effective masses and the dielectric constant under 
pressure, the ratio u,/; remains substantially constant 
and equal to 1/220, and that g is not pressure-de- 
pendent. Then, using Eqs. (8), (9), (27), and (29) in 
conjunction with the experimental values of Rq and 
M io0"", we deduce the variation of p with pressure 
shown in Fig. 14. It is to be observed that the variation 
in K and # is quite nonlinear with pressure above about 
3000 atmospheres. We believe this may be associated 
with the onset of interband scattering to [100]-type 
minima with characteristics in some ways similar to 
those of the conduction band of silicon. It is believed 
that this band gets closer in energy to the [111] 


Fic. 15. Comparison of normalized transverse magnetoresistance 
coefficient ( £190") versus pressure. Theory and experiment. 


minimum as the pressure increases. Experimental evi- 
dence, in a high enough pressure range, on the pressure 
variation of the galvanomagnetic coefficients is not yet 
available to test this supposition. 

Since we have used three equations to determine two 
unknowns at each pressure, it is possible to check the 
consistency of the deduced variation of p and K by 
calculating £100, £100"°, and Ry at each pressure and 
comparing with their experimental values. The results 
of such a procedure are shown in Figs. 15, 16, and 17. 
A rough estimation of the variation of the individual 
masses m, and mz with pressure can be made using the 
previously deduced variation of K and p and Eq. (28) 
by inserting therein an expression for a in terms of the 
deformation potentials, elastic constants, and m, and 
my. If the elastic constants and deformation potentials 
were independent of pressure, then one could deduce 
from the known variation of the conductivity with 
pressure that m, decreases by ~6% while my, increases 
by ~4 percent for 10000 kg/cm*. Since the elastic 
constants can be expected to increase with pressure, 
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this would tend to somewhat increase the estimate of 
the change of m, with pressure and somewhat decrease 
the estimate of the change in m, with pressure. 


CONCLUSIONS 


A generalization of the theory of Abeles and Meiboom 
has been presented which shows that the galvano- 
magnetic properties of m-type germanium can be 
understood in terms of two quantities: K=#m,/m, 
which describes the shape of the energy ellipsoids whose 
axes are assumed in the [111] crystal directions, and 
r(e), the energy-dependent scattering time. 

At atmospheric pressure one can deduce that K has 
a value of about 14.5, a number sensibly different from 
the low-temperature cyclotron resonance value of 20, 
suggesting that K is temperature-dependent and/or 
that 7 is anisotropic. The magnetoresistive coefficients, 
along with their temperature dependence and the 
temperature dependence of the lattice scattering mo- 


' . 


.K 


Fic. 16. Comparison of normalized longitudinal magnetoresistance 
coefficient £190 versus pressure. Theory and experiment. 


bility, depend upon the precise form of the energy 
dependence of r. After examination of several possi- 
bilities, it has been found that all the quantities above 
can be brought into agreement with experiment simul- 
taneously if the scattering is a combination of lattice 
and impurity scattering with the lattice scattering law 
depending upon energy as r,= (a/kT)e~”. Further, it 
has been shown that the inclusion of even a small 
amount of impurity scattering can have a marked 
effect on the magnitudes of the magnetoresistance 
coefficients and the Hall constant. Experimental exami- 
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Fic. 17. Comparison of normalized Hall constant (Ro)* as a 
function of pressure. Theory and experiment. 


nation of the dependence of the galvanomagnetic 
coefficients on the impurity density can therefore be 
expected to yield significant information on the scat- 
tering processes, 

The pressure variation in the galvanomagnetic 
properties can be interpreted in terms of changes in K 
and r(e). The present experiments indicate that 
K = m,/ mz decreases with pressure up to 10 000 kg/cm’. 
An estimate of the changes of the individual masses m, 
and m, can be made under the assumption that the 
elastic constants for germanium are pressure-independ- 
ent, resulting in the conclusion that the m, decreases 
while m, increases—i.e., that the energy ellipsoids 
become less prolate as the pressure goes up. The appar- 
ent energy dependence of the scattering time also 
increases with pressure. Specifically, if one assumes that 
under pressure the ratio of lattice to impurity mobility 
remains substantially constant, then one can interpret 
the observed change in the dependence of 7 on ¢ as a 
change in the exponent in the lattice scattering law. 
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Electrolytic Etching at Small-Angle Grain Boundaries in Germanium 
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There is a difference of appearance between n-type and p-type germanium crystals which have been 
anodically etched. This can be explained if only the hole current contributes to the etching. An n-type 
crystal can be made to etch in the same way as a p-type crystal if injected holes reach the crystal-electrolyte 
interface. Hole-electron recombination within the crystal can then reduce the rate of etching. Such recom- 
bination at small-angle grain boundaries has been demonstrated. 


HE distribution of current in a piece of germanium 

which is being anodically etched will depend in 
part on the distribution of potential at the surface of 
the germanium and in part on the variation of the 
electronic properties (conductivity and lifetime) within 
the germanium. It might therefore be expected that 
the shape of the etched surface would reflect in some 
degree any inhomogeneities within the crystal. An 
effect of this sort has been found. It demonstrates 
carrier recombination at dislocations in germanium. 
It is desirable, for clarity, to preface a description of 
this effect with an account of some of the genera! 
features of the electrolytic etching of germanium. 

If a p-type germanium crystal is electrolytically 
etched in a potassium hydroxide solution from a macro- 
scopic viewpoint the removal of material is uniform 
over the immersed area. At current densities of a few 
microamperes per cm* the microscopic appearance of 
the surface is similar to, but not identical with, that of 
a crystal treated with an alkaline chemical etch.' The 
attack during electrolysis is nucleated where disloca- 
tions end at the surface, leading to pit formation at 
such places. These pits are shallow, seldom exceeding a 
micron in depth. As the current density is raised, the 
surface becomes smoother. Electropolishing occurs at 
current densities of the order of an ampere per cm’. 

With n-type germanium, the attack is quite different 
if the electrical connection to the crystal is many 
diffusion lengths away from the crystal-electrolyte 
interface. (Diffusion length here refers to the diffusion 
length of minority carriers in the germanium.) Under 
such conditions a few deep widely-spaced pits are 
produced, and there seems to be very little, if any, 
reaction at other points on the surface. The pit depth 
depends on the charge passed. When the pits are deep 
a product of the reaction forms within them. It is 
probably a hydrated form of germanium monoxide. 
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Fic. 1, Etching of a thin n-type Ge crystal 


'S. G. Ellis, J. Appl. Phys. 26, 1140 (1955) 





It has been suggested* that the deep pits are formed 
because the monoxide attacks the germanium so that 
the reaction is self-catalytic. The observations with 
p-type germanium make this explanation improbable. 

The current-voltage curves for crystals being etched 
under such conditions® indicate that a junction exists 
at or near the germanium-electrolyte interface. When a 
p-type crystal is being etched the current passes in the 
forward direction, while with an n-type crystal the 
etching current is in the back direction. The deep 
pitting with n-type crystals can be explained if it is 
supposed that the junction breaks down at a few 
places so that the current and hence the etching is 
localized. 

If an injecting contact is made to‘an n-type crystal, 
thin compared with a diffusion length (Fig. 1), the 
current in the germanium will consist chiefly of holes. 
Under these conditions etching takes place evenly on a 
macroscopic scale, as for a p-type crystal. The etching 
is apparent only where the holes reach the germanium- 
electrolyte surface. An interesting effect is observed if a 
small-angle grain boundary runs through the etched 
region. Near such a boundary the etching is Jess rapid 
than elsewhere. See Fig. 2. 

This observation can be explained by supposing that 
the dislocations which form the small-angle grain 
boundary are the sites of traps which permit hole- 
electron recombination.‘ The hole current which reaches 
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Fic. 2. Effect on etching when a small-angle grain boundary runs 
through the etched region of a thin n-type Ge crystal. 
* F. Jirsa, Z. anorg. u. allgem. Chem. 268, 84 (1952). 
*W. H. Brattain and C. G. B. Garrett, Bell System Tech. J. 34, 
129 (1955). 
* Vogel, Read, and Lovell, Phys. Rev. 94, 1791 (1954). 
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SMALL-ANGLE GRAIN BOUNDARIES 


the germanium-electrolyte interface near the small- 
angle grain boundary is therefore reduced and the 
etching consequently retarded. 

The dislocations in such boundaries are commonly of 
the order of 10~* cm apart. Etching studies' show that 
dislocations of a different character are scattered 
throughout the crystal with a similar (3-micron) inter- 
dislocation spacing. The above observation shows, 
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therefore, that not all the dislocations are equally 
effective as recombination centers. Such observations 
do not show whether the dislocations are themselves 
the recombination centers or merely the preferred sites 
for impurity atoms which behave as recombination 
centers. 

I am indebted to J. J. Gannon for technical help in 
some of these experiments. 
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Magnetic Susceptibility of Sodium Metal 


RayMOND Bowers 
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(Received July 27, 1955) 


\ The total susceptibility of sodium metal has been measured from room temperature down to 55°K using 
t%ie Gouy technique. The mass susceptibility at room temperature was found to be +(0.70+40.03) X 10~* cgs 
units. This result is analyzed by using an estimate of the ion core susceptibility and calculations of the 
conduction-electron spin contribution. The analysis leads to a conduction-electron orbital diamagnetism 
which is much smaller than the value obtained from the Landau-Peierls formula. No‘explanation is given 


of this disparity. 


The susceptibility decreases by 4.5% between room temperature and 55°K. No abnormal behavior was 
found in the susceptibility between 77°K and 55°K where the Knight shift exhibits an anomaly. An account 
is given of experimental difficulties which were encountered in an attempt to measure the susceptibility at 


liquid helium temperatures 


INTRODUCTION 


HE total magnetic susceptibility x of metallic 

sodium is the sum of three components, namely, 
the diamagnetism of the core electrons x., the para- 
magnetism due to the spin of the conduction electrons! 
x», and the diamagnetism due to the orbital motion of 
the conduction electrons* xo. In this paper we shall be 
interested in the magnitude of these components. 

For simple metals such as sodium, the contribution 
due to the core can be determined indirectly from the 
measured susceptibility of sodium salts’ and can also 
be calculated with reasonable confidence using Hartree- 
Fock wave functions.‘ The determination of the two 
conduction-electron contributions, particularly the 
orbital component, is much more difficult. The free- 
electron calculations, while giving a qualitative under- 
standing of why the susceptibility is almost temper- 
ature-independent, are not satisfactory quantitatively. 
The susceptibility of sodium computed on the basis of 
the free-electron model’ leads to a value which is too 
low by a factor of 3. 

A number of recent developments have renewed 





iW. Pauli, Z. Physik. 41, 81 (1927). 

?L. Landau, Z. Physik. 64, 629 (1930). R. E. Peierls, Z. Physik. 
80, 763 (1933); 81, 186 (1933). 

*F. E. Hoare and G. W. Brindley, Trans. Faraday Soc. 33, 268 
1937); Proc. Phys. Soc. (London) 49, 619 (1937) 

‘A. Sommerfeld and H. Bethe, Handbuch der Physik 24, Part 
II, 278 (1933). 

+N. F. Mott and H. Jones, The Theory of Metals and Alloys 
(Oxford University Press, London, 1936), p. 188 


interest in the susceptibility of sodium metal, particu- 
larly concerning the determination of the component 
susceptibilities. First, an experimental technique has 
been developed for measuring the spin contribution 
directly. Only lithium has been studied so far but 
measurements on sodium are being made currently. 
Secondly, new theoretical values have been published 
for the spin contribution. Pines’ has applied the Bohm 
and Pines collective-electron theory to this problem. 
Furthermore, calculations have been made by Townes, 
Herring and Knight* and by Kohn and Kjeldaas’ of the 
spin contribution from the experimental value of the 
Knight shift in sodium. 

With the value of ion core susceptibility and these 
recent values for the spin contribution, an estimate of 
the orbital contribution can be obtained if the total 
static susceptibility is known. Since there is a wide 
scatter in the published data,” we have redetermined 
this total susceptibility. 

Apart from the absolute value of the susceptibility 
at room temperature, we have measured the suscepti- 

‘ Schumacher, Carver, and Slichter, Phys. Rev. 95, 1089 (1954). 

7D. Pines, Phys. Rev. 95, 1090 (1954). 

* Townes, Herring, and Knight, Phys. Rev. 77, 852 (1950). 

* T. Kjeldaas and W. Kohn, Phys. Rev. 99, 623(A) (1955). 

A Bernini, Nuovo cimento 7, 441 (1904); Physik. Z. 6, 109 
(1905); K. Honda, Ann. Physik 32, 1027 (1910); M. Owen, Ann. 
Physik. 37, 657 (1912); W. Sucksmith, Phil. Mag. 2, 21 (1926); 
McLennan, Ruedy, and Cohen, Proc. Roy. Soc. (London) A116, 
468 (1927); C. T. Lane and E. S. Bieler, Proc. Roy. Soc. (Canada) 
22, 117 (1928); W. Klemm and B. Hauschulz, Z. Elektrochem. 
45, 346 (1939). 
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Taste I. Details of four specimens and values of the 
susceptibility obtained with each of them 


Mass 
Dimensions of sodium Magnetic"force due to Na susceptibility 
Area Length at Na 
cmt? om Magnetic force due to quartz cgs units 
0.138 7.6 1.70 0.687 10~* 
0.138 76 1.80 0.720 10~* 
0.108 7.6 1.55 0.708 X 10~* 
0.107 54 1.55 0.702 10~* 


bility as a function of temperature down to 55°K. In 
the free-electron picture of the conduction-electron 
susceptibility, there should be no change apart from the 
effects of thermal expansion on the Fermi energy. 
Changes with temperature might occur, however, due 
to electron-phonon interaction at low temperatures.” 
It is to be noted that Knight” has found an anomaly 
in the Knight shift in sodium below 77°K; if this 
anomaly is connected with a density of states change, 
it should be seen in the susceptibility. 


METHOD 


The measurements of susceptibility have been made 
using the Gouy technique. A Gulbransen-type micro- 
balance” has been used to measure the force on the 
specimen ; the balance is capable of measuring a force 
of 1 wg with a 3-g load. Due to its great sensitivity, only 
moderate magnetic fields, less than 4000 gauss, are 
required for the measurement of susceptibility. 

The sodium used for the specimens was supplied by 
the Ethyl Corporation. According to chemical analysis 
there was no strongly paramagnetic or ferromagneti: 
impurity present in greater than 
0.0002%. (The absence of ferromagnetic impurities was 
demonstrated also by the fact that we found the sus- 
ceptibility to be independent of the magnetic field. The 
small change in the susceptibility with temperature 
found in this work indicates the low level of para- 


concentrations 


magnetic impurities.) Potassium appeared to be the 
most abundant impurity, and chemical analysis showed 
it to be less than 0.01% 

In order to make a specimen from the metal, the 
oxide was first removed from the sodium under pure 
benzene. It was placed in a quartz tube and the benzene 
pumped off. The sodium was then melted under high 
vacuum. On melting, the sodium breaks any remaining 
oxide coat; the oxide coat sticks to the wall of the 
quartz tube and it is very easy to remove the shiny 
metal from inside. The sodium was allowed to flow out 
of the oxide and was pushed into a thin-walled quartz 
tube, the final containing tube, by the pressure of pure 
helium gas. This quartz tube was sealed off just above 
M. J. Bucking- 


"M. J. Buckingham, Nature 168, 281 (1951 
London) 67, 828 


ham and M. R. Schafroth, Proc. Phys. Soc 
(1954 
“W. D. Knight, Phys. Rev. 96, 861 (1954 
“ E. A. Gulbransen, Rev. Sci. Instr. 15, 201 (1944): R. Bowers 
and E. A. Long, Rev. Sci. Instr. 26, 337 (1955 
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the sodium level so as to include some helium gas for 
thermal exchange. Using this technique we were able 
to cast cylinders of sodium about 7 cm long and 3} mm 
diameter in quartz tubes of various wall thickness 
ranging between 4 and 4 mm. The cylinders of sodium 
produced in this way had very little cavitation and 
there was no visible oxide. Quartz has been used as a 
container because its susceptibility has been found to be 
almost temperature independent, and in addition it has 
been suggested that sodium reacts slightly with Pyrex, 
especially at high temperatures, producing free radicals 
which are paramagnetic. 

The quartz tube makes a substantial contribution to 
the observed force on the specimen (see Table I) so its 
contribution must be accurately determined. This has 
been done in two ways. First, the susceptibility of 
quartz glass has been measured between room tem- 
perature and 1.5°K and the container contribution 
calculated from this and the measured dimensions of 
the container. Secondly, pieces of quartz which were 
ultimately to be used for containers were measured 
independently. The values of the quartz contribution 
obtained by the two methods were in agreement to 5%. 
A further check on the accuracy of the correction has 
been obtained by varying the dimensions of the speci- 
men so as to change the quartz contribution relative 
to that of the sodium (Table I). No consequent sys- 
tematic error appeared in the final value for sodium. 
We are restricted to these methods of determining the 
quartz contribution since we wished to preserve the 
final specimens. 

The sensitivity of the balance used to measure the 
magnetic force has been determined using small cali- 
brated weights and also by bouyancy measurements on 
a specimen of known volume. The magnetic field was 
measured with a fluxmeter which has been calibrated 
by proton resonance. In order to check this absolute 
calibration of the apparatus, we have measured the 
susceptibilities of: (1) triply distilled water which had 
been passed through an ion exchange column and boiled 
to remove air; (2) zinc sulfide with 0.1% manganese 
incorporated, and (3) oxygen gas. These three cali- 
brations together with the absolute calibration show a 
scatter of 6%. The calibration used for the final data 
reduction was the mean of these. Considering the large 
correction for the quartz container and the scatter of 
the calibration data, we believe the final data given for 
the susceptibility at room temperature is accurate to 
5%. The relative change in the susceptibility with 
temperature is accurate to 1%. 

The data for the susceptibility below room tempera- 
ture has been corrected for thermal contraction as- 
suming that the quartz container does not restrain the 
decrease in cross section of the sodium. (The variation 
of the magnetic force with temperature, the experi- 
mentally determined quantity, is proportional to the 
product of the susceptibility per unit mass, the density, 
and the area of cross section of the specimen. If the 











container with its negligible contraction had kept the 
area constant, allowing the sodium to contract in 
length only, the sole correction would be through the 
density change, where as our data allows for both 
density and area changes.) The container may effect 
the contraction slightly, hence there is some uncertainty 
in the correction made. 


RESULTS 


The values obtained for the susceptibility at room 
temperature are given in Table I. The average value 
for the mass susceptibility of the four specimens at 
room temperature is 0.70X 10~* cgs units. The variation 
with temperature down to 55°K is shown in Fig. 1 in 
the form of the percentage change from the room 
temperature value. The susceptibility decreases by 
4.5% between room temperature and 55°K. 

It was originally intended to measure the suscepti- 
bility from 300°K to 1.5°K. However, experimental 
difficulties prevented work in the liquid helium range. 

The principal difficulty is due to electromagnetic 
damping of the specimen in the magnetic field, the 
damping being proportional to the conductivity of the 
specimen. At room temperature this is not serious, but 
because of the purity of the sodium, its electrical re- 
sistance may fall by a factor of 1000 between room 
temperature and 4°K,™ and the balance becomes 
seriously over-damped. It is easily calculated that one 
would have to wait several hours for equilibrium at 
4°K for the specimens which we have used. Observation 
of the damping of the balance at higher temperatures 
leads us to estimate that 30°K to 40°K would be the 
lowest temperatures at which measurements could 
have been made. 

One way of overcoming this difficulty is to cut up 
the specimen and “laminate” it in some way. We have 
not found a satisfactory way of doing this for sodium 
(although it is quite easy for metals such as copper) 
because one wishes to avoid the presence of insulation 
materials which may react with the sodium, and also 
because one would have to study carefully the magnetic 
properties of the insulation. We have also considered 
the possibility of introducing trace impurities to reduce 
the conductivity but this would lead to uncertainties 
in the evaluation of the susceptibility data. There is 
very little one can do with the balance system, leaving 
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Fic. 1. The variation of the susceptibility of 
sodium with temperature. 


“D. K. C. MacDonald and K. Mendelssohn, Proc. Roy. Soc. 
(London) A202, 103 (1950). 
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Taste II. Theoretical estimates of the mass susceptibility 
of sodium," in cgs units. 











I I 
Xe —0.23X 10 —0.23X 10~* 
Xe +0.68X 10~¢ +0.86X 10~* 
xe —0.23X 10-* —0.23X 10-* 
Total x +0.22X 10~* +0.40X 10~¢ 








* Experimental total x = +0.70 X10™¢, 


the specimen unchanged, to reduce the damping. A 
lower sensitivity balance would have a smaller damping 
time, but the accuracy of measuring the magnetic force 
would also be smaller. Similarly, reducing the magnetic 
field reduces the damping but the magnetic force is 
reduced in the same proportion. 

We have observed another effect which renders work 
at the lower temperatures difficult. Between 77°K and 
4.2°K, the sodium ruptured the quartz container of the 
two specimens which were used. This phenomenon has 
not been examined in detail but it might be connected 
with the phase transformation in sodium observed by 
Barrett'® in this temperature range. It seems unlikely 
that the normal difference in thermal contractions could 
be the cause because the bulk of the volume changes 
occur between room temperature and 77°K and it is 
quite certain that the rupture did not occur in this 
range. 

DISCUSSION 


We shall first discuss the value of the susceptibility 
at room temperature. The value we obtain is slightly 
higher than the two most recent previous determi- 
nations of the susceptibility"; it is 6% higher than the 
value due to Klemm and Hauschulz, and 7% higher 
than that due to Lane and Bieler. Our value is at least 
17% higher than that found in any work previous to 
these authors. 

In Table II we have constructed two theoretical 
values which may be compared with our experimental 
value. Column I uses the free electron value for the spin 
contribution while Column II uses the value due to 
Pines and Kohn and Kjeldaas. The value for the core 
susceptibility is a mean value derived from measure- 
ments on sodium salts and also direct calculations from 
the electronic wave functions. The orbital contribution 
used in both columns is the Landau-Peierls free electron 
value. It can be seen that there is a serious disparity 
between these calculated values and the experimental 
value. Indeed no experimental value for sodium has 
been reported in the literature as low as these calculated 
values. 

It seems unlikely that the disparity can be due to the 
value for the ion core. The observed susceptibility of 
neon, which has the Na* configuration, suggests that it 
is unlikely to be in error by more than 20%. With 
regard to the spin contribution, Kohn and Kjeldaas 


“ C. S. Barrett (private communication). 
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claim a 5% accuracy for their calculation while Pines temperature to 55°K is roughly what is to be expected 
claims 20% for his. Unfortunately, we do not have as from the change in the Fermi level with density. Below 
yet an independent experimental value for this spin 77°K, we have found no sign of an anomaly similar to 
contribution. However, these two different types of that found in the Knight shift in sodium” which changes 
calculation do give the same result, and in the case of by 5% between 77°K to 55°K. Thus we conclude that, 
lithium, for which x, has been measured, the calcu- at least in the limited temperature range 77°K to 55°K, 
lations are in good agreement with the experimental the behavior of the Knight shift is not due to a rapid 


value. change in the density of states. i 
Thus we conclude, that if the value of the orbital Note added in proof.—After submitting this paper, ‘“- 
contribution is that given by the Landau-Peierls we received a preprint of a paper by Schumacher and 
formula, the susceptibility of sodium is anomalously Slichter which gives the results of their measurement 4 
high. of the conduction electron spin susceptibility in sodium. P ‘ 
If either of the values for x,+x- in Table II are (This paper is to appear soon in The Physical Review.) 
accepted as correct, then our experimental value is They obtain for x, a value per g of (0.96+0.1)X10~* 
seen to imply a surprisingly small value for the orbital cgs units corrected to room temperature. If one uses the 
diamagnetism. Using the free electron yx,, we obtain value of 0.9610~* to calculate the orbital diamagne- 
xo™= +(0.25XK10~°); using the Kohn and Kjeldaas_tism as described in the discussion above, one obtains 
value, we obtain xyo=+(0.07XK10~*). The value of xo=—0.03X10~*. This is still much less than the free 
— (0.23% 10~*), expected on the free-electron theory, electron value of —0.23X 10~*. However, the uncertain- 
differs from both of these by several times the estimated _ ties in the values of x,, x. and the total y are now such 
error. that a combination of extreme values of these quantities 
We have no explanation of these disparities. While can lead to a xo close to the free electron value. Hence, 
it is true that according to the band theory of metals, _ the existence of a substantia! deviation of the actual or- 
the Landau-Peierls formula does not give the complete _ bital diamagnetism from the free electron value, while 
orbital susceptibility,”* it would be surprising if the appearing most likely from the data, is not definitely 
correction terms were responsible. established 
Finally, we shall dis uss the low-temperature data. ACKNOWLEDGMENTS 
The decrease in susceptibility by 4.5% from room 
A. H. Wilson, Proc. Cambridge Phil. Soc. 49, 292 (1953): E We wish to acknowledge the helpful discussions we 
N. Adams, Phys. Rev. 89, 633 (1953 have had with E. N. Adams, T. K jeldaas, and W. Kohn. 
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Electroluminescence of GaP 
G. A. Wourr, R. A. Hepert, anp J. D. Broper 
Signal Corps Engineering Laboratories, Fort Monmouth, New Jersey 
Received June 10, 1955) 
‘lectroluminescence has been observed in GaP single crystals. Above a threshold current the intensity . 
of the emitted light is proportional to the ac and de passing through the crystals. The orange color of the 
light emission probably is due to the presence of Ga as activator, while the brilliant, deep red luminescence 
is observed in crystals where Zn is a possible activator. The temperature dependence of the luminescence is 
negligible in the range from liquid nitrogen temperature to 160°C. The impact excitation mechanism of 7 . 


Piper and Williams is proposed 


INGLE crystals of GaP have been prepared' which voltage. Since rectification is found in the crystals, the 

were found to emit orange-colored light when either _ light output in the forward direction is less than in the 
dc, or ac (up to 20 000 cps) is applied. Massive In, Ga, reverse direction. This also holds true when ac is ap- 
Hg, Cd, Zn, Pb, conducting glass, and point contacts plied; the light pulses observed are in phase with the 
of W were used as electrodes. Above a threshold current, applied voltage and are sinusoidal. This was determined 
the light intensity is proportional to the ac and de with an oscilloscope by synchronizing the photomulti- 
passing through the crystals (Fig. 1),ashas been found pjier (RCA 5819) output with the voltage applied 
for SiC * and ZnS: Cu *; it increases exponentially with (Fig. 2). There were no out-of-phase pulses observed. 











Fy we Keck, and Broder, Phys. Rev. $4, 753 Gss6. The decay time, as derived from the ac measurements, 
‘I yec, Accardo, and ochian, Phys. Rev. 83,603 (1951); =. pane oh, = = Wiest . : : 
89, 2» (1983) NAS SER, Tage. ies st is less than 25 wsec. Using dc, the light emitted from the 


* W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952). majority of the crystals appears in the vicinity of the 
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Fic. 1. The intensity of the electroluminescence, given as the 
photomultiplier current, as a function of the current passing 
through the crystal 


cathode. The temperature dependence of the lumines- 
cence is negligible. Light is also emitted when a layer 
of GaP powder, or a layer of a suspension of GaP 
powder in a dielectric, is placed between a metal and a 
conducting-glass electrode. When GaP crystals are 
bombarded with electrons from a Van de Graaff genera- 
tor, the same orange-colored luminescence resulted. 
Neither fluorescence, thermolumi- 
nescence in the visible range, nor photoconductivity 


phosphorescence, 


has been observed. 

The electroluminescence begins at 5600 A, which is 
close to the end of the absorption edge of GaP (5300 A). 
It can be concluded from this that the emission is a 
direct electron-hole recombination but it is more likely 
an electron-hole recombination through an activator, 
having the energy term close to the valence band. The 
GaP crystal might very well be self-activated, since it 
has been grown from a solution in Ga.' As a result of 
adding Zn or Cu to the Ga solvent prior to preparing 
the GaP solution and crystallization, GaP crystals 
having a brilliant, deep red electroluminescence were 
obtained and these were of a much higher efficiency 
than the crystals showing the orange luminescence. The 
spectral range of the red luminescence begins at about 
6800 A as was found from the spectra recorded photo- 
graphically. In this instance, there was definite shift of 
the emission toward longer wavelengths. Probably the 
spectra extend beyond 8900 A, where the film sensitivity 
is negligible.‘ Whether or not Zn or Cu was the activator 
responsible for the red luminescence is yet to be deter 
mined, but the evidence points to Zn in relatively small 
amounts. The crystals were prepared in quartz tubes, 
which would indicate the possibility of Si as a co- 
activator. There was no noticeable effect upon the 
orange luminescence as a result of doping the crystals 
with elementary C, Si, Ge, Mn, or S. 

‘ Note added in proof —A second type of luminescence of a 
yellow-green color, seen in Zn-doped crystals, consists of the red 


band mentioned in the text and a band in the range of 5300 A 
to 6300 A, with a maximum at 5900 A. 
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Fic. 2. Oscillogram of photomultiplier current (lower curve) 
synchronized with the current aa the crystal (60 cps; upper 
curve). The current is nonsinusoidal due to nonohmic character 
istic and rectification in the crystal. More intense emission is 
observed during the reverse current interval. 


GaP:Zn corresponds very largely to ZnS:Cu. GaP 
is isoelectronic with ZnS and has the same crystallo- 
graphic structure. Among the colored III-V compouuds, 
AIP (light yellow), AlAs (brown) and GaP (orange),° 
there is strong indication that GaP will have good 
luminescent properties since it is closely related to ZnS. 
Since, however, GaP has a much lower energy gap than 
ZnS—close to that of CdS—and the semiconductor 
properties are more pronounced, with the bonding 
energy much higher than ZnS, basic differences in the 
properties of these two luminescent materials are to be 
expected. 

It is proposed that impact excitation as suggested by 
Piper and Williams*:* for ZnS:Cu, causes the electro- 
luminescence in GaP at the metal-semiconductor bar- 
rier. It was found that in one out of ten cases lumines- 
cence did not occur in the vicinity of the cathode. From 
this, it may be concluded that recombination of injected 
minority carriers from a p-n junction captured by the 
activator system?’ is a second possibility for lumines- 
cence, although it is as yet impossible to prepare p-n 
junctions in GaP crystals to confirm this point. By 
doping with S, n-type material only was obtained. It 
was dark in color and had relatively low resistivity. 

It might be worthwhile to mention that electrolumi- 
nescence was also observed in GaAs and Si by means of 
a snooperscope, but the luminescence was irregular, 
fading, disappearing and reappearing as the current 
passed through the crystals. 

We are indebted to Miss M. Minamoto for providing 
some of the GaP crystals. Thanks are also due to Dr. 
W. J. Ramm, Mr. L. McSherry, and Mr. M. N. Stein 
for their help with the Van de Graaff generator. The 
authors also wish to thank Mr. M. J. Katz for his help 
in determining the optical absorption of the compounds 
mentioned. 


* Absorption edges as determined in our laboratory are located 
at about 4000 A, 5730 A, and 5200 A which corresponds to energy 
gaps of approximately 3.1 ev, of 2.16 and 2.39 ev 

* W. W. Piper and F. E. Williams, Brit. J. Appl. Phys. Supple 
a 4, 39 (1955); F. E. Williams, Advances in Electronics $ 158 
(1953). 

7M. Schoen, Z. Naturforsch. 8a, 442 (1953) 
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Magnetoresistance of Germanium-Silicon Alloys 


Mavrice GLICKSMAN 
RCA Laboratories, Princeton, New Jersey 


(Received July 25, 1955 


Magnetoresistance measurements of n-type germanium-silicon single crystals reveal a change in band 
structure occurring at about 14% silicon content. For silicon contents of less than 8%, the magnetoresistance 
is that of a crystal with ellipsoidal conduction minima along [111] axes in reciprocal lattice space. In the 
region 11-14% silicon, the magnetoresistance changes toward that expected for a crystal! with ellipsoidal 


conductior 


structure 


a YYS of germanium and silicon have been pre- 
pared'~* in homogeneous form, and a number of 
the physical and electrical properties measured. In 


particular, measurements of the optical band gap re 
ported by Johnson and Christian that the 
" 


alloys have a forbidden band gap which may be repre- 


showed 


sented } v the equatior g- 
E=0.72+-1.52x ev (1 


in the region of x between 0 and 14°, and 


E=0.89+0.312 ev )) 


cr between 14 and 100°,. Here x is the 


mole percent of silicon in the germanium 
lo explain this behavior of the forbidden band gap, 


in the region of 


Herman that the alloys exhibit a band 


. »etect4 
sugyvested 


(Germanium has a 


structure like germanium and silicon 
111 | axes® in 


conduction band with minima along the 


the reduced zone; the conduction minima in silicon are 
100 Herman 


that in germanium, beside the [111] states 


aiong the axes’** in the reduced zone 
suggested 
which are the lowest conduction minima, there are [ 100 ] 
above the | 111 


both the | 111 


As we add 
and the [ 100 


States 


minima about 0.17 ev 


silicon to form the alloys 


minima move away from the valence band, at rates 
given respectively by Eqs. (1) and (2). Therefore, with 
less than 14°; silicon we have conduction in [111 


minima , lor greater alloy « 


100 


ompositions we would expect 
conduction in minima 

In order to test this suggestion of Herman’s, magneto- 
being made on single- 


resistance measurements are 


crystal samples of germanium-silicon alloys. This is a 
preliminary report on the results obtained to date. 
For cubic crystals, the change of resistivity upon ap- 


plication of a magnetic field can be represented by the 


Chem. 241, 305 


H. Stéhr and W. Klemm, Z. anorg. u. allgem 
1939 
7C. C. Wang and B. H. Alexander, American Institute of 
Mining and Metallurgical Engineers Symposium on Semicon 
ductors, New York, February 15-18, 1954 (unpublished 





4 
* E. R. Johnson and S. M. Christian, Phys. Rev. 95, 560 (1954 
F. Herman, Phys. Rev. 95, 847 (1954 
* Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 
previous notes by both the California and the Lincoln Laboratory 
groups, referred to tn above paper 
*G. L. Pearson and C. Herring 


1955) and 


I 


Physica 20, 975 (1954 


ninima along [100] axes. These results agree with Herman’s speculations on the alloy band 


following expression’: 


Ap 1-H)? /H?+/2H?+12H? 

= b+ +d (3) 
pelt” PH PH 
where p is the resistivity, I and H the electric current 
and magnetic field, respectively, with the components 
taken along the crystal axes. The constants J, c, and d 
can be determined from the measurement of the mag- 
netoresistance for certain directions of I and H, and 
compared with theory. If we assume a relaxation time 
dependent on the energy only and conduction minima 
ellipsoidal in shape and oriented along the [100] axes 
of the [111] axes in the reduced zone, we obtain the 
following predictions®: 

[100] axes: b+c+d=0, d<0O; 
(4) 

fill ] axes: 6+c=0, d>0O. 
To a first approximation, the data for silicon satisfy the 
first condition; those for germanium, the second. The 
constants 6, c, and d are functions of the scattering law 
assumed, the ratio of the effective masses in the minima, 
and the Hall mobility R/p. However, the above sym- 
metry relations [Eqs. (4)] do not depend on these 
quantities. 

In the region where the two levels may be of the order 
of kT apart, both bands wil! contribute to the conduc- 
tion. The magnetcresistance observed will be inter- 
mediate between the two cases. A calculation shows that 
there is no simple symmetry relation as in the cases 
where one set of valleys alone takes part. However, there 
is a condition among the constants 6, c, and d which 
involves the effective masses of the valleys. 

Oriented samples of germanium, silicon, and ger- 
manium-silicon alloys, n-type in conductivity, were cut 
in a bridge shape.’ The resistivity, Hall coefficient, and 
magnetoresistance were measured at about 290°K. 
Details of the samples and results of the measurements 


7G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951) 

*B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954); M 
Shibuya, Phys. Rev. 95, 1385 (1954). 

* Similar in shape to those used by Pearson and Suhl (reference 
7), except that two additional probes were at the center of the 
sample bar and were used for Hall measurements 
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MAGNETORESISTANCE 


Taste I. Resistivity, Hall mobility, and magnetoresistance 
measurements on various samples of Ge, Si, and Ge-Si alloys. 











Resis- Hall ~~ aa Ratio of 
tivity mobility ; effective 
(ohm- (cm?*/v- id $ d masses 
Crystal cm) sec) (10* em*/v*-sec*) (mi/ my) 
Ge (average for 5-7 4250 8.57 —7.99 17.99 12.343 
5 samples) 
106T (6% Si) 1.5 2330 2.31 —2.27 5.42 128243 
87J (7.5% Si) 0.6 2100 1.72 12 
87H (8% Si) 0.9 2110 161 —1.43 300 9 +3 
87E (8.5% Si) 10 2100 1.57 st 
106H (12% Si) 6.2 840 0.55 —0.45 0.70 
106G (13% Si) 8.3 580 0.29 —0.18 0.24 
106D (13.5% Si) 9.2 540 0.21 —0O.11 0.12 
106F (14% Si) 94 510 0.17 —0.09 —0.10 
Si (average for 8-10 1570 1.59 0.55 -—2.05 5.5 


6 samples) 


are given in Table I. The composition of the alloy 
samples was estimated indirectly from measurements of 
the optical band gap* and x-ray determination of the 
lattice spacing.’ * 

The mobility of these samples falls off very rapidly 
with the addition of silicon; indeed at 14°% we are down 
to a mobility one-third that of pure silicon. This is in 
sharp contrast to measurements of R/p for p-type 
samples, where the decrease is less rapid in this region.’°" 
Mobility measurements on the p-type samples have 
been interpreted" in terms of a combination of alloy 
scattering and a lattice scattering which varies continu- 
ously from germanium to silicon. The rapid decrease in 
the n-type mobility may be due to additional scattering 
processes or an abrupt change in the lattice scattering or 
a combination of these. Measurements of the tempera- 
ture dependence of the mobility are being made in the 
hope of clarifying this situation. 

It is possible to estimate A, the ratio of longitudinal 
to transverse effective masses from the data, in the case 
where only one set of valleys need be considered. These 
values are given in the last column in Table I. The value 
5.5 for silicon is in good agreement with previous 
measurements. However, the value 12.343 for ger- 
manium is to be compared with a ratio of 14.6 given by 
Benedek'? and the value 19.3 determined from the 
cyclotron resonance measurements.® The errors in the 
magnetoresistance value of A for germanium are large 
because of a high sensitivity of this constant to the 
experimental data. However, an examination of the 
values for the crystals in the range 6-8.5% silicon shows 
a tendency for K to decrease, from 12.8+3 at 6%, to 


Similar measurements are being made on p-type alloy single 
crystals and will be reported later 

"A. Levitas, Phys. Rev. 99, 1810 (1955) 

2G. B. Benedek (private communication) 
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MOL PERCENT SILICON 


Fic. 1. The variation of the ratios (6+¢+d)/b and (b+) /6 with 
composition in the germanium-silicon alloys. The curves drawn are 
for illustration purposes only 


8_»** at 8.5%. This question will be examined in more 
detail when more data are available in the range 0-10%. 

In the region 11.5-14% silicon, the magnetoresistance 
exhibits the changes in symmetry conditions expected 
for a competition of [111] and [100] minima. This 
behavior can be seen in Fig. 1, where are plotted 
(6+c+d)/b and (6+ c)/b versus alloy composition. Since 
the constants }, c, and d are proportional to (R/p)’, 
dividing by 6 eliminates the mobility variation from 
these functions. In the region 11-14%, (6+c¢+d)/b 
drops off towards its value in silicon, whereas (6+c)/b 
rises significantly from the low germanium value. This 
trend is well outside the estimated experimental error 
and tends to support Herman’s speculations on the 
alloys’ band structure. 

If reasonable values are assumed for the effective 
masses of the valleys in this region, we can estimate the 
separation of the two sets of valleys. Some rough esti- 
mates indicate that samples 106H, 106G, 106F, and 
106D have the [111] minima below the [100], with the 
two sets of the order of kT or less apart. The magneto- 
resistance data satisfy the new symmetry relation but 
are rather insensitive to changes in the effective masses 
of the [100] and [111 ] valleys. When more data become 
available, it may be possible to say something about the 
shape of the valleys in this region. 

Especial thanks are due to Dr. S. M. Christian and R. 
Jensen who grew the alloy crystals used here, and to 
J. J. Gannon who did much of the sample preparation. 
The author is indebted to Dr. J. Kurshan, who began 
these experiments, and to Dr. A. Moore and Dr. F. 
Herman for much helpful discussion and encouragement. 
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Wave Functions and Transition Probabilities for Light Atoms* 


Huseyvis Yirmazt 
Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received July 12, 1955 


A new method of taking electronic correlations into account is presented. This method differs from conven- 
tional configuration methods in its generality, simplicity, and interpretation. However, due to the particular 
choice of perturbation series, there are substantia! similarities. The computation is based on a function, the 


5-function 


which was tabulated beforehand. This function is a bilinear Laplace transform of the Green’s 


function and has various useful properties. The method is applied to the (15s*2s*2*) configuration of C 1, Nn, 


O m1, and F tv 


few significant terms are identified which take care of 60-80% of the discrepancy between 


experimental! and theoretical values of multiplet separations. The spin-orbit separations and nebular transi 
tions are calculated. With a slight modification of the 2 wave function it is seen that substantial agreement 


with experiment can be obtained 


INTRODUCTION 


[' is well known that exact solutions to the wave 
equation for complex atoms cannot be found because 
of the inseparable electron-electron repulsion term in the 
Hamiltonian. Consequently, one must use some kind of 
an approximation 


far developed 


The approximate wave functions so 
are either analytical or numerical in 
nature. The methods of Slater' and of Morse, Young, 
(hereafter referred to as M.Y.H 
analytical wave functions. Hartree’ self-consistent field 


and Haurevitz ) give 
wave functions are numerical and they do not take the 
exchange effect into account. Hartree-Fock‘ self-con- 
sistent field wave functions are also numerical and they 
take exchange All these methods give 


into account 


separable wave functions, i.e., they do not take into 
account the inseparable effect of the electron-electron 
repulsion term in the Hamiltonian. But in most cases of 
physical interest, one needs sufficiently accurate wave 
functions for use in calculations such as transition proba- 
bility, hyperfine structure, polarizability, and spin-orbit 


splittings, so that the inseparability must be included. 
Especially the multiplet separations and, therefore, the 
spin-orbit energies, and magnetic dipole radiations are 
strongly affected by the inseparability.' 

One way of taking the inseparability into account is to 
include factors of the form 


l+aryet+Bl(r; %)"+ 


as is done in the Hylleraas’s wave functions for helium. 
This procedure introduces a large number of variation 
parameters and becomes impractical for many electron 
configurations due to the difficulties of making the wave 
functions antisymmetric and orthonormal. A second 
way is the so-called configuration interaction method 


* Work supported by the Office of Naval Research 


t+ Now at Stevens Institute of Technology, Hoboken, New 
Jersey 

‘J. C. Slater, Phys. Rev. 36, 1 (1930); 42, 33 (1931); 34, 10 
(1929 


*? Morse, Young, and Haurwitz, Phys. Rev. 48, 948 (1935) 
* Hartree, Hartree, and Swirles, Trans. Roy. Soc. (London 


A238, 229 (1939 


*D. R. Hartree, Proc. Roy. Sox London) A1l5SO, 9 (1935 
‘A. P. Yutsis, J. Exptl. Theoret. Phys. (U.S.S.R.) 19, 565 
(1949 


which is essentially a complicated perturbation expan- 
sion. To do this correctly one has to find good wave 
functions for a large number of higher configurations in 
addition to the actual state in question. Unfortunately, 
the perturbation of these states gives tedius expressions, 
which make the examination of a sufficient number of 
terms prohibitively difficult. It seems that in order to 
make further progress possible in this field, an easier 
way must be found. The purpose of this paper is to 
suggest a simpler way of taking the inseparability into 
account. This is a perturbation expansion based on the 
variational in M.Y.H. In 
fact, this work may be considered as a continuation of 
M.Y.H. to include the inseparable effect of electronic 
repulsion terms. The perturbation functions are strictly 
hydrogenic one-electron wave functions and are auto- 
matically selected as soon as the zeroth-order variational 
wave function is given. 

The main feature of the M.Y.H. variational method is 
to take the antisymmetric combinations of the one- 
electron functions 


wave functions discussed 


u=N (>>, Agr*e**”)r*P™(cosd)e'™®, 

and determine the parameters a, from a variational 
principle. The resulting functions have been shown to be 
fairly good by various calculations.* The necessary 
integrals were tabulated so that one could do the 
minimization of each multiplet numerically. Because of 
the increasing need and interest, the earlier tables have 
been extended by the present author to include 3d 
electrons in addition to 1s, 2s, and 2p electrons and 
recomputed on I.B.M. machines in a wider range and 
closer spacing of the parameters. It is hoped that these 
tables, by P. M. Morse and the author, appropriate for 
calculations of the sort discussed in this paper, will be 
published in the near future. 

The zeroth-order wave functions that we have used in 
the present work are obtained by a graphical minimiza- 
tion over the machines computation. Since the varia- 

* A. P. Yutsis and G. K. Tsuyunaitis, Zhur. Eksptl. i Teort. Fiz. 


(U.S.S.R.) 23, No. 5 (11), 512 (1952); P. Gombas and R. Gaspar, 
Acta Phys. Hungarica 1, 295, No. 3 (1952). 
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tional energies are quite close to the true energies, one 
needs to consider only the first-order terms in the 
perturbation scheme. Further, the elaborate parts of the 
calculation have been eliminated by the use of a func- 
tion, the S-function, which was calculated and tabulated 
beforehand. The S-function was investigated by the 
present author quite extensively; many useful expres- 
sions, recursion formulas, and a simple approximation 
have been found. A few of its properties which are of 
continual use throughout this work are given in the 
Appendix. The tables and the properties of the S-func- 
tions and the special choice of perturbation functions 
as strictly hydrogenic single-electron wave functions 
greatly facilitate the examination of a large number of 
perturbation terms. Since it is recognized that con- 
figuration interaction series are slowly convergent in 
atoms,’ the advantage of the present method should be 
evident. 


A. Correction Terms 


The zeroth-order wave function is the variational 
wave function Vo in its determinantal form, obtained by 
the method of M.Y.H. The correction terms are ap- 
propriate combinations of the «’s of M.Y.H. and of the 
set 


Vnram(7) = N naménr® exp(—4Féna) 
X Py™(cosb)e'™* La~d~t'* (Ean), (1) 


where £,,=2ua,(A+1)r/n, ao=a, a;=C, Wi0o= 1, Wer 
=%3, Wai=ts, and Wo-1:=% of M.Y.H. N is the 
normalization factor 


2a,(A+1)u\* 2A+1 
Vne=[ ( ) 
n &an 


(A—m)!(n—A—1)!]! 
x | Q) 
(A+m)![(n+aA)!? 


The functions L are the Laguerre polynomials. These 
functions are orthogonal to the basic variational func- 
tions #», and to each other. 

If there are 2s electrons in the zeroth-order wave 
function, then W200, 200, ---, Wxoo Cannot be used be- 
cause these are not orthogonal to u». But we can build 
up a proper set ¢, as a linear combination of W200, 


W300, oe noo: 
on= 9 A Wav, 


om? 


o2= Ue, f Febudo—su. (3) 


This requires only the following integrals: 


fam fuse (4) 


7 Green, Mulder, and Milner, Phys. Rev. 91, 35 (1953). 
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The set (1) satisfies the simple differential equation 





wa,(A+1) 2 
V(r) = nay (A+1) ——"Win. (S) 
n r 


Thus these functions are hydrogenic functions with 
effective charge ua, (A+1). They would not be proper to 
use as variational wave functions for excited states 
because many of these functions have no adjustable 
parameters, their only parameter being fixed by the first 
variation (orthogonality to u’s). Mathematically they 
are just the correction terms to correct the zeroth-order 
wave function. ‘Therefore for those ¥ whose orthogo- 
nality to the u, are secured by angular parts, one does 
not have to fix the parameters so as to make y look like 
an excited state, but rather so as to make the conver- 
gence of the perturbation series as rapid as possible. 


B. Single and Pair Substitutions 


Correction terms ¥, are obtained by substituting for 
each basic function # in the zeroth-order determinantal 
wave function a y with its parameter and its quantum 
number chosen to be orthogonal to the function re- 
placed. These are the “single substitution terms.” It is 
also possible for each pair of u’s to be replaced by a 
suitably chosen pair of y’s. These are called “pair 
substitution terms.” Since the s-component of the total 
angular momentum is a good quantum number, a single 
substitution function should be so chosen that its m, and 
m, are equal to that of the replaced u. Similarly the 
> m, and > m, of the pair substitution terms must be 
equal to the > m, and > m, of the replaced basic 
functions. As a matter of fact, all the other possible 
substitutions (triple and higher substitutions, substitu- 
tions with different }> m,, etc.) give zero contributions 
to the energy. 


C. Perturbation Scheme 


Let V be a linear combination of the variational wave 
function VW» and the correction terms ¥V,: 


V=a%ot+>d, a¥.+>. a.¥,, (6) 


where the Latin indices represent the single substitu- 
tions and the Greek indices represent the pair substi- 
tutions. Since the energy computed with the zeroth- 
order wave function Vo is quite close to the true energy, 
we have ag™1, a,<1 and a,<1. Therefore we consider 
only the first-order terms in the perturbation. 

The equation to be solved is 


HV=WY. (7) 


Premultiplying this equation by ¥, or ¥,, integrating 
over the space of all the electronic coordinates, and 
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neglecting the higher order terms, we obtain 


a(w [vavas) a J ¥ttvas, 
a(n fvma) a fea dv, 


with W~H 


from these equations. Then the normalization condition, 


The ratios a,/a9 and a,/do are determined 


sy a,7;=1 (9) 
| values of the coefficients 


D. The Integrals Involved 
rhe integrals H,,= /V.HV¥,d», and H,,= 


in (8) are of the same kind as defined by M.Y.H 
integrals H SV HMVodo and Ho = fV¥,HV od: 
different. We the integrals discussed by 
M.Y.H. to include these new possibilities: 


SV dt 
The 
are 


generalize 


1, can be recorrected using the 


An approximate 


expressit mn 


F. Results for 2p’ Configuration 


The method developed in the previous sections was 
applied to obtain the wave functions for the 'D, *P, and 


1s*2s*2p*) ce of C1iNu 


Single substitutions up to n=5, A\=4 


S states of the 
Om, and Fir 


] 


were con 


and double substitutions up to n=5, A 


sidered. Most of them negligible contributions 
The 
given in Table II in the case of O m1 


The PS) (DS 
experimental! values in Table III 


give 


terms which give the largest contribut are 


ratios p= are compared with the 


YILMAZ 


We we that Xan'ns™V ee, Xacen™ Ades VSR’ 
T,."=T,, etc. In order to keep the evaluation of Ho, 
similar to M.Y.H., we also put 


Kacaew@Vaes Oh Kaanwa™@heal 


Most of these integrals are zero, according to the rules of 
Table I. Now it is easily seen that if the primes denote 
the substitution functions wy the Ho, and Ho, are 


Hy = wT.” —ZpV "+6 Dd (Ven nnw'—Xm,nn’), (12) 


men 


Hoe=pl Xan — Xmas 


The T’s are 


given as 


ay(A =] 


E. Correction of the Energy and u 


in asin+n)[ 


ay(A +1)V,” 


From (8) we have 


doll dolly, 


—H. 


; (16) 
Wo—A.,, W 


We 


rected u similarly to M.Y.H 


can calculate the corrected energy and the cor- 
, considering u as a variation 


parameter. This gives 


G. Nebular Lines 


Ihe wave functions thus obtained are used to calcu- 
late the spin-orbit, spin-other orbit, and spin-spin 
interactions, and finally the intensity of the forbidden 
nebular transitions. Electric dipole transitions are still 
forbidden because of parity considerations. The method 
used for the magnetic dipole transitions is a generaliza- 
tion of Condon’s work.* For the electric quadripole 
transitions, we used the formulae of Aller, Menzel, and 
Shortley® after a suitable generalization. Calculation of 
spin-other orbit and spin-spin interactions are similar to 
the method Araki,"' and Garstang.” 

Astrophys. J 79-80, 217 (1934 
in Gaseous Nebulae, D. H. Menzel, L. H 
M. H. Hebt H. Shortley (Harvard 
Reprints from the Astrophysical Journal, 


used by Marvin, 


°E. U. ¢ 
* Physical Processe 
Aller, J. G. Baker, 
College Observatory. 
Vol. 85, No. 4, 1937 
H. H. Marvin, Phys. Rev. 71, 102 (1947 
G. Araki, Progr. Theoret. Phys. (Japan) 3, 152, 262 (1948 
*R. H. Garstang, Monthly Notices Royal Astron. Soc. 111, i, 
115 (1951 


ondon 


and G 
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TABLE I. Integrals. 


X mn, m’n’=0 unless 

V m, nn’=0 unless 

Xm. an’ =0 unless 

X mn =O unless 

V," =T,” =0 unless 


The spin-orbit term requires wave functions accurate 
near the origin."* For this reason the 2p function is 
modified slightly by effective charge considerations. In 
principle, such a modification could be achieved by con- 
sidering a large number of correction terms, which 
would improve the wave function in all respects. The 
modification consists of adding to 2p wave function 
another exponential as us;—.V cos@(e~**'+e~**") and 
adjusting a such that when r—0, uc+pa=Z. The effect 
of this is comparatively small for various physical 
quantities except spin-orbit interaction in which case 
the matrix elements are close to the experimentally 
expected ones. The results of the calculations for the 
nebular lines are given in the Table IV together with the 
spin-orbit splittings, and are compared with empirical 
values given by Garstang.” 


H. Discussion 


In this work the substitutions such as 2s—@,, 
1s2s—+d,ndm, etc., which would give the same contribu- 
tions to all three multiplets are not considered because 
these are not important for the second part of the 
calculation (spin-orbit interactions depend mainly on 
the intermultiplet separations). However, a rough esti- 
mate of the contributions of these substitutions was 
made which yields approximately 0.7 a.u. (atomic 
units). This is rather small (about 14% of the difference 
between the experimental! and the theoretical values of 
the energy). Together with the other substitutions, the 
total improvement is about 28% averaged over the 
D,*P, and 'S states. In comparison, the improvement 
in the intermultiplet separation is much better, 65% for 
@P—'D) and 82% for @P—'S). The remaining dis- 


(9901) ment (01) a = (OD) (ta 
(mip.= UMD. 
(Mia (Mia 


(Mi) n= (Mi) a’ 


= mi z 


(1985) mt = (185) my (mt) nr = (My) 9 
(td = (My) a? 

(1s) = (Mts) n= (Ms) n? 

(Ma) m= (Ma) 

(Mo) n= (Ma) 


crepancies may be attributed to the following facts. 
(a) The method is approximate ; instead of diagonalizing 
a large determinant, we have made use of the approxi- 
mations (8). (b) Only a few of the perturbation terms 
are examined (up to n=5, /=4 for single substitutions, 
n= 5,1=2 for double substitutions). Convergence seems 
to be good as judged by individual sequences, but after 
a certain / the number of possible substitutions increase 
so rapidly that the contributions spread over a large 
number of states. (c) Perhaps the most important omis- 
sion is the contributions from the continium states, 
which presumeably would account for another 30°) of 
the discrepancy between the experimental and the 
theoretical values of the energy. (d) Finally, as a 
consequence of choosing strictly hydrogen like wave 
functions for perturbation series, some of the substi- 
tution terms cannot be used. For example, u;tuy-—> 
Vor War and ugtus—ortPe—1 cannot be employed 
because these are already in the determinant of the 
zeroth-order wave function. Therefore, the improve- 
ment of inner parts of the wave function is left to 
substitution functions with higher quantum numbers 
This makes the convergence very slow in this respect 
and is mainly responsible for the modified form of the 2p 
wave function mentioned above The modified 2p wave 
function, u;= V (e~**'+-e~**") cosé essentially resembles 
self-consistent field wave functions near the origin and 
thereby improves the inner part of the wave function. 
In conclusion, the present method gives contributions 
which are in the right directions and of the right orders 
of magnitudes as far as the energy and the multiplet 
separations are concerned. Further, after the inner be- 
havior of the 2p wave function is modified, calculation 


Taste II. Contributions from various substitutions 


Single substitution 


Ho? /SW 
20.0129 
20.0014 
20.0030 


a,/ ae 
0.0690 

—0.0197 
0.0226 


Double substitutsons 


+(321)" 
»(320) (322 
3p 


-0.021 
0.018 
—§.015 


0.0042 
2 0.0028 
0.0017 


2p 
2/7 
2p* 


%S. Pasternack, (1940 


Astrophys J 92, 129 


—0.025 
—0.020 
—(0).004 


Ho? /SW a,/ ae 
2* 0.0063 0.104 
2 0.0008 0.032 
2 0.0007 0.012 


Ho./ SW 
2 0.0265 
2 0.0038 
2 0.0080 


a,/ ae 
0.046 
0.015 
0.010 


0.0058 
0.0039 
0.0001 


0.0429 
0.0328 
~(),0304 


0.0158 
20.0092 
0.0059 











Taste III. Multiplet ratios.* 


° C1 N O Fi 
Variational! 2.47 2.48 2.48 2.47 
Improved 2.33 2.27 2.25 2.25 
Experimental 2.13 2.14 2.14 2.14 

” bat scheme ¢ 4) 
Taare IV. Transition probabilities 

C1 Ni Ou F tv 
1(D.P m 0.18 0.0027 0.0195 0.0937 
1(D.P ' 0.015 0.0114 0.051 0.161 
1(D.P ” 0.0 0.(P92 0.0066 0.034 
1(D.P , 0.0°21 0.0°176 0.0°78 0.0°26 
1(D.P , 00°32 OM 0.014 0.0°47 
{ D ‘ 0.62 1350 2.00 2@ 
{ P mt 0.002 0.030 0.214 0.94 
1(SoP ’ 0.0°23 O.0P16 O.PR9 0.0028 


for the absolute intensities of the nebular transitions are 


quite satisfactory 
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APPENDIX: THE S-FUNCTION 


Let 


a Green's 


r) and g(r’) be any two polynomials and G(r 


function 


interest for many physical applications: 


Vifa¢e8 J fore Geel rygrye tr avas 1 


In our case G(r, 7 1/ryz. From (10) we see 
that the substitutions /(r r P,\(cosé and g(r 
r.*. P,(cosé.) would suffice for our purpose 
Vi(pa of free, cos je *"Giry Fr 
xr P cosie)e" 2 
The ang ar parts can be integrated at once 
lOr 
V (pa 7 Sail Pa gp 5 
2\+1 
where the function S is defined as 


, | , ’ 
Sil(pa gs J ee" Par) rr cr sdr 
{ vr." 


The following integral must be of 
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This function has interesting mathematical properties. 
The most helpful ones for the calculations are the 
following": 


(a) Sy(p,a' 9,8)=S,(9,8' pa), 

b) Sy (pur! 9,48) =u? **S) (pa 9,8), 
0 

( Si(p+l, a qg,f)=— S,(p,a 9,8), 
da 
(2A+1)! 


a8(a+p)>* 


prq +3)! 1 


€ Si(p,a 9,8) F (a,8,p,q) 
atp)’* ta 
1 . 
+-—F (8,a,q,p) 
8 
lh ‘es 1)"e" 
f) S, p,at+e g, 8) ps S,\(p+n,a 9,8), 
not n! 
r(t, r'(é,’) 
g Sy (p,a 7,3)=> 


where F(a,8,p,g) is the hypergeometric function 
F(—p—1+A,1| —p—q—3|1+8/a), <a/(pt+3),§,=p 
+2—A+ (2A+1)a?/(a?+f*), Ep = p+2—A+(2A+1)e? 
a’?+y8*) and y= (3.4+ p+q+A)/(1+p+q+A). Quite 
a large number of problems can be handled with these 
functions such as variational calculations, improvement 
of variational wave functions, perturbations, Hylleraas 
type of calculations, et 

Here we give also some specific formulas for some of 


the integrals involved: 


\ 7," av, 
n+1)" 
Sa*n = 2n*(a—1)(n—a 
y 
san.\ )3 n+a 
(6) 
3(a+b)*(nb—a 
T T» aV," 
(a+1)*(nb+a)”* 
128nc(n—2)"-* fn(n?—1)\! 
} T'3*= 2cV 3*, 
n+2)**? 6 


2, 3 represents ™;, M2, 


where 1, u; (M.Y.H.), and m is the 
radial quantum number of the substitution term. The 
integral (4) is given as 

4 Some of these properties have also been derived by S. F. Boys, 
Proc. Roy. Sox London) A201, 125 (1950 
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(n—a)"— 2n?+1 
) [- | w—20)+— -| 
(n+-a)" 3 


(a—b)(a+6)(nb— —— 
(a+1)*(nb-+-a) *#2 


3n 
= 8a* = 82'n'(— 
aN 


(7) 


For the calculation of Vm, and Vam, the following 
integrals may be useful: 


x 
f reel L.*(r) Pdr 
0 


[(m+a)! 
F(—m, —m—a\1)\p°), 


at+i+im 


m!(u-+1) 
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f r*e-*" La *(r) Pdr 


(8) 
x f rede f ¢ “ar'| 
0 r 
[(m+a)!} 
my? 
1 
x|1-— F(—m, —m—a}1 “|. 
(u+1)°t?+2™ 
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Fine Structure of Singly Ionized Helium*t 


Rosert Novick, EpGar Lipwortu, AND Paut F. Yeror} 


Columbia Radiation Laboratory, 


Columbia University, New 


York, New York 


(Received July 15, 1955) 


The energy difference (§) between the 2 #5, and 2*/, states of ionized helium has been measured by a 
pulsed microwave method. Helium atoms are excited to the metastable 2 *S; state of the ion by a micro 


second pulse of electrons of about 250-ev energy. 


After bombardment and after the atoms and ions excited 


to nonmetastable states have decayed to their respective ground states, a pulse of microwave power is 
applied to induce the 2#S;—2*P, transition. This transition is followed immediately by spontaneous 


emission of a 40.8-ev photon associated with the 2*P?y—1 *S, transition. 


The photons are observed by 


counting photoelectrons with high-speed counters gated on synchronously with the pulses of microwave 


power. 
for variations in the population of the 2 25, state. 
The present value of § for He* 


Two different levels of rf power are used alternately to provide a means of normalizing the data 


is 14043413 Mc/sec. The stated uncertainty is equal to three times 


the standard deviation plus an estimated 3 Mc/sec for the uncertainty in the corrections for systematic 


effects 
value of 14 043.243.0 Mc/sec. 


A. INTRODUCTION 


HE energy difference ($) between the 2 *S,; and 

2 *P, states of hydrogen and singly ionized helium 
is of purely radiative origin. It therefore provides a 
sensitive test of the theoretical predictions of quantum 
electrodynamics. Since the nuclear charge of ionized 
helium is twice that of hydrogen, the relativistic terms 
in the theory of the radiative shift are of greater im- 
portance in helium than they are in hydrogen. Thus the 
ionized helium spectrum provides a more critical test 
of these terms than does the hydrogen spectrum. In the 
present formulation of quantum electrodynamics, the 
radiative corrections to the energy levels of hydrogenic 
atoms are obtained as a double power series expansion 


* Work supported jointly by the Signal Corps, the Office of 
Naval Research, the Air Research and Development Command, 
and the National Science Foundation 

t Submitted by Robert Novick in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy, in the 
Faculty of Pure Science, Columbia University. 

t Present address: Department of Physics, University of Penn- 
sy ivania, Philadelphia 4, Pennsylvania. 


This result, consistent with previous results, is in agreement with the best available theoretical 


in the parameters a and aZ, where a is the fine structure 
constant and Z is the nuclear charge. A number of these 
terms has been computed and found to give an excellent, 
but not perfect, account of the observed value of '§ 
in hydrogen. The 0,65-Mc/sec difference between the 
observed value of the shift in hydrogen (1057.77 Mc/sec) 
(HV, p. 104)' and the theoretical value (1057.12 
Mc/sec)* is six times the experimental uncertainty. If 
this difference arises because of a missing or incomplete 
term in the theory, then a sufficiently precise measure- 


‘The series of papers on the hydrogen experiments will be 
referred to as HI, H II, H ITI, HIV, AV, and H VI. These are: 
H I, W. E. Lamb, Jr. and R. C. Retherford, Phys. Rev. 79, 549 
(1950). H I, W. E. Lamb, Jr., and R. C. Retherford, Phys. Rev. 
81, 222 (1951). H III, W. E. Lamb, Jr., Phys. Rev 85, 259 (1952). 
HIV, W. E. Lamb, Jr., and R. C. Retherford, Phys. Rev. 86, 
1014 (1952). H V, Trebwasser, Dayhoff, and Lamb, Phys. Rev. 
§9, 98 (1953). H VI, Dayhoff, Triebwasser, and Lamb, Phys. Rev. 
89, 106 (1953) : 

2E. E. Salpeter, Phys. Rev. 89, 92 (1953). The 0.07 Mc/sec 
difference between the theoretical value of $y as given by Salpeter 
and as given in the present paper results from the inclusion, in 
the present value, of the reduced mass correction to the second 
order magnetic moment term (see Table V). 
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ment of $ in He* will indicate the Z dependence of the 
term and thereby give a clue to its nature. 

In 1950, Lamb and Skinner* made the first high- 
resolution measurement of § for singly ionized helium. 
They obtained a value of 140204100 Mc/sec. Since 
neither their method nor their apparatus was suited for 
very precise measurements, a new apparatus was 
constructed and a new method devised for a redeter- 
mination of $ in He*. In 1953, Yergin et a.‘ obtained 
a preliminary value of 14020460 Mc/sec with their 
new apparatus. At the time, accuracy was limited by 
a poor signal-to-noise ratio and by lack of a detailed 
theory of the line shape. Such a theory is necessary, 
since the natural width of the observed resonance is 
about 1600 Mc/sec. To obtain a result for He* with a 
fractional uncertainty which is no greater than the 
present fractional discrepancy between the observed 
and theoretical value of § in hydrogen, it is necessary 
to make a meaningful determination of the center of the 
observed line to within 1°, or less of the line width. 
This requires a full understanding of the various 
systematic effects that may distort and shift the 
resonance curve. Subsequent to Yergin’s work, the 
signal-to-noise ratio has been increased tenfold by an 
improvement of the detection efficiency. In addition, a 
careful study has been made of the various phenomena 
that determine the shape of the resonance curve. As a 
result of this study, a number of corrections to the 
observed resonance center have been discovered and 
evaluated. About one-fourth of the uncertainty in the 
results of the present experiment arises from the 
estimated uncertainties in these corrections; the re- 
mainder of the uncertainty is of a statistical nature. 


B. METHOD 


The atomic beam method developed by Lamb and 
Retherford (HI, p. 552) for the measurement of $ 
in the hydrogens is not applicable to singly ionized 
helium because the particles are charged. In the method 
adopted for this experiment, an atmosphere of helium 
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Fic. 1. Pulse-timing sequence. 


*W. E. Lamb, Jr., and M. Skinner, Phys. Rev. 78, 539 (1950) 
This paper will be referred to hereafter as He I 

* Yergin, Lamb, Lipworth, and Novick, Phys. Rev. 90, 377(A) 
(1953) 
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gas at low pressure is bombarded with electrons for a 
period of about one microsecond (see Fig. 1). After the 
bombardment, there is a waiting period of about one- 
quarter microsecond, during which all of the ions and 
atoms excited to shortlived states decay to their re- 
spective ground states. Thus, at the end of the waiting 
period, the bombarded cloud contains ions in the 
ground state and the metastable 2 *S, state,® as well as 
the two metastable atomic states (see Fig. 2). After the 
waiting period, an rf power source and a photomultiplier 
and counting channel are gated on for a period of about 
one microsecond. The rf electric field induces transitions 
from the metastable 27S, state to the 2*P, state; the 
2?P, state decays with a lifetime of 10— second to the 
ground state of the ion with the emission of A303.8 A 
photon. This decay photon is detected and recorded by 
the photomultiplier tube and counting channel. 

The above cycle of events is repeated at a rate of 
10° cycles per second. The ions and metastable atoms 
diffuse to the wails of the apparatus during the eight- 
microsecond interval between the end of each rf pulse 
and the beginning of the next bombardment pulse. In 
addition to the “delayed” counting channel, described 
above, there is also an ‘‘undelayed”’ counting channel 
which is turned on in coincidence with the bombarding 
pulse. The undelayed count provides a convenient 
reference signal for normalizing the delayed count. This 
normalization procedure greatly reduces the effects of 
changes in detection efficiency, helium pressure, bom- 
barding current, and counting time and thereby sub- 
stantially improves the quality of the rf quenching data. 
Hereafter, the undelayed and delayed counting channels 
will be referred to as channel I and channel IT respec- 
tively. 
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Fic. 2. Energy levels of helium. 
* The metastability of the 2*S, state is discussed in Sec. Ela. 
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Fic. 3. Zeeman splitting of the 2 *Sy and 2 *P, states. 


The experiment is performed in a magnetic field 
primarily in order to make use of the Zeeman effect to 
obtain resonance between the transition frequency and 
a fixed frequency microwave oscillator (see Fig. 3 and 
Fig. 4). The alternative procedure of using a variable 
frequency oscillator would require the maintenance of 
power constant to within a fraction of one percent as the 
oscillator is tuned over a 10% band. Such performance 
would be difficult to achieve with available microwave 
techniques. 

Resonance data are obtained in the following 
manner: At selected magnetic field values, three sets 
of channel I and channel II counts are obtained. The 
first set is taken with high enough rf power to quench 
essentially all of the metastable ions during the rf 
pulse. This provides a measure of the number of meta- 
stables formed at the chosen field. The second set is 
taken with a sufficiently low rf power, so that no more 
than 30% of the metastables are quenched at the peak 
of the resonance. This provides the basic resonance 
data. The third set is taken with zero rf power. This 
provides a measure of the background to be subtracted 
from each of the first two observations. Each of the 
channel II counts is divided by the corresponding 
channel I count to reduce the effect of changes in the 
parameters listed above. The percent rf quenching (f) 
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Fic. 4. Zeeman transition frequencies as a 
function of the magnetic field 
at each field value is obtained from the relation 
f=100(1—b)/(h—5), (1) 


where h, /, and } are the normalized channel IT counts 
with high, low, and zero rf power (see Table I). The 
values of f, so obtained form a resonance curve. The 
value of $ is readily computed from the observed center 
of the resonance curve and the known oscillator 
frequency. 

The present pulsing and waiting method has an 
advantage over the simultaneous bombardment and 
observation method of Lamb and Skinner (He I, p. 
540), in that the large background arising from the 
shortlived ionic and atomic levels has been eliminated. 
This has led to a thirty-fold improvement in the signal- 
to-background ratio. The background from the atomic 
states is additionally suppressed, as in the Lamb- 
Skinner experiment (He I, p. 543), by resonant scat- 
tering from normal helium atoms in the path between 
the bombardment chamber and the detector. 

The background from the short-lived atomic and 
ionic states may also be reduced by combining the 
Lamb-Skinner method with a modulated rf oscillator 
and a lock-in type rectifier in the output of the photo- 
detector. With comparable observation time, the lock-in 
scheme should yield about the same signal-to-noise 
ratio as the pulse method (about 300 to 1 for a five- 
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This method has the ad- 


minute observation time). 
vantage of simplicity in equipment. On the other hand, 
it does not have the flexibility of the pulse method and 
requires a resonant interaction cavity to attain a large 
enough rf electric field for quenching purposes with 
existing microwave CW sources. 


C. APPARATUS 


\ cross section of the main apparatus is shown in 


Fig. 5. The essential parts are: (1) the interaction 
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Fic. 6. Cross section of the interaction region. A—Filament 
shield. B—Filament. C—Control grid. D-—Gnd. E-—Interaction 
space. F—Photon grid. G—Double grid. H—Electron collector 
/—Electrical connection to collector 
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Fic. 5. Cross section of the 
main apparatus. A—Proton 
nuclear magnetic resonance 
probe. B—Interaction region. 
C—Light pipe. D—Magnet. 
E—Formvar film. F—Magn- 
netic shield for the Allen tube. 
G—Allen type photomultiplier 
tube. H—Detector output con- 
nection 


space, (2) the detector (light pipe, Formvar film, and 
Allen tube), (3) the magnet, and (4) the nuclear ab- 
sorption magnetometer probe. Each of these parts and 
their associated electronic equipment will be described 
in detail. 

1. Interaction Space 


A cross section of the interaction space is shown in 
Fig. 6. The body of the interaction space consists of a 
piece of modified K-band wave guide (0.170X0.340 
inch, inside dimensions). Attached to the wave guide 
are an electron gun, an electron beam collector system 
and a viewing grid to permit the 27P;—1 7S, decay 
photons to enter the detector. The electrical connections 
to the interaction space are shown in Fig. 7. The electron 
beam bombarding energy is determined by the steady 
voltage applied between the filament and the inter- 
action space. 

A hot tungsten filament 0.010 in. in diameter and 
1.040 in. long serves as the electron gun cathode. The 
filament is heated by passing approximately 6 amp of 
100 kc/sec alternating current through it. The use of 
the rf heating eleiminates the annoying filament- 
bending associated with dc heating, the vibration 
associated with low-frequency heating, thereby pre- 
venting possible line shape distortion resulting from 
displacement of the electron beam in the interaction 
space as the magnetic field is varied. 

The filament is operated in the temperature-limited 
region. Thus the bombarding current may be controlled 
independently of the bombarding voltage and control 
grid bias. The heating current, and consequently the 
emission current, may be adjusted by varying the plate 
voltage of the rf filament supply oscillator. 

The bombarding current is stable to better than 1% 
over a five-minute period. The effect of fluctuations in 
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the bombarding current is greatly reduced by the 
normalization procedure. 

A control grid is located between the filament and the 
electron beam entrance grid at the bottom of the 
interaction space. The control grid is used to turn the 
electron beam on and off. Normally the grid is held 50 
volts negative with respect to the filament. This voltage 
is sufficient to cut the bombarding current off com- 
pletely. During bombardment the grid is pulsed to 25 
volts positive, to insure that a saturation current is 
drawn from the cathode. No attempt is made to use 
electrostatic focusing, since the entire electron gun is 
immersed in a strong magnetic field (about 7600 gauss). 

After traversing the interaction region, the electrons 
pass through a double grid system and then to a col- 
lector plate which is maintained at a positive potential 
of 225 volts. This positive collector bias prevents 
secondary electrons irom entering the interaction 
region. The double grid in front of the collector prevents 
the electron collector field from fringing into the inter- 
action region. Thus, except for space charge effects and 
possible stray fields arising from contamination, the 
interaction region is free of electric fields. 

The shield underneath the filament is maintained at 
cathode potential and serves to prevent bombardment 
of the vacuum envelope. The control grid pulser has 
been designed to insure precise timing of the bombard- 
ment pulse. The pulse duration is constant to 0.1% 
over a period of several hours; the effective switching 
time is estimated to be less than 0.05 microsecond. 


2. Detector 


The detector consists of an eleven-stage Allen type 
electron multiplier tube® which responds to A303.8 A 
photons from the 2??;—1 5S; transition in the ion. 
Since the Allen tube must be placed outside the mag- 
netic field, it subtends a small solid angle at the inter- 
action space. The effective solid angle has been increased 
by installing a gold light pipe’:* between the interaction 
space and the Allen tube cathode. On the basis of the 
published data on the reflectivity of gold,’ the light 
pipe was estimated to increase the effective solid angle 
by a factor of eighteen. After nearly one year’s use, the 
light pipe “gain’’ was observed to be approximately 
twelve. 

The Allen tube is provided with a platinum photo- 
cathode in order to reduce its sensitivity to soft photons 
from the electron gun filament and to reduce the ther- 
mionic background count of the multiplier. The stray 
magnetic field in the neighborhood of the Allen tube 
was reduced from about 100 gauss to less than 2 gauss 


* J. S. Allen, Rev. Sci. Instr. 18, 739 (1947). 

? The light pipe consisted of a glass tube coated internally with 
a gold reflecting film. 

*F. P. Bundy and H. M. Strong, J. Opt. Soc. Am. 39, 393 
(1949). 

*H. M. O'Bryan, Phys. Rev. 38, 32 (1931). 
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Taste I. Definition of notation. 





Counts in 
Experimental condition Channel I Channel II 

High rf power Us Dy 
Low rf power U; D; 
rf off Ur dD 
Bombardment off (detector 

background)* Us Da 
Counts corrected for detector background 

High rf power U,'=U,-—U4 H=D,—D, 

Low rf power U/{e2U;—-U,g L=D—Dz 


rf off 


Normalised signals 
High-power rf signal =h=H/U,' 
Low-power rf signal alm L/U,' 
Delayed background signal =)= B/U,' 


UJ =U,—Use 


B=D,—D, 


rf quenching 

=g=h—b 

=o =1—b 

= f= 100X d1/oa 


High-power rf quenching 
Low-power rf quenching 
Percent rf quenching 


* Aside from the differences arising from the different observation times 
the channel I and channel II detector background signals are identical. 


by placing a one-inch-thick soft iron shield around the 
tube. 

A thin Formvar film is located between the multiplier 
and the interaction space in order to prevent metastable 
helium atoms from reaching the photocathode and 
thereby producing a large background signal.’ This 
film also prevents-the flow of normal helium atoms into 
the multiplier chamber. As a precaution against 
rupture, the film was mounted on a flat 150-mesh nickel 
grid. With this mounting the helium pressure in the 
multiplier is about one hundredth of the pressure in the 
interaction region. The thickness of the film is estimated 
to be about 500 A. By comparing its performance with 
that of a collodion film of known transmission," the 
4303.8 A transmission of the film has been estimated to 
be about 25%. Formvar was used in preference to col- 
lodion because of its greater mechanical strength. 

The long column of helium in the section of the light 
pipe between the interaction space and the Formvar 
film serves to reduce by resonant scattering” the signal 
from the excited states of atomic helium (He I, p. 550). 


3. Counting System 


A block diagram of the counting system is shown in 
Fig. 8. The two discriminator circuits are used in 
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Fic. 7. Electron bombarder potentials. 


“ RK. Dorrstein, Physica 9, 433 and 447 (1942). 
“H. M. O'Bryan, J. Opt. Soc. Am. 22, 739 (1932) 
" T. Holstein, Phys. Rev. 72, 1212 (1947). 
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Block diagram of the detector circuit and 
counting channels 


Fic. 8 


cascade in order to increase the uniformity of the signal 
pulses. As in the case of the gun pulse, the gate pulse 
duration is stable to 0.1% over a period of several hours. 

The dead time for the entire detection and counting 
system is 0.16 microsecond. The entire counting process 
can be started and stopped by switching the discrimi- 
nation level in the second pulse-height discriminator. 
The normalization procedure eliminates the effects of 
changes in the counting time 

The gain and band width of the amplifier chain are 
such that the Johnson noise and tube noise in the 
first amplifier are not quite large enough to trigger the 
first pulse-height discriminator. The total detector 
background about 2.4 i 


Signal 1S counts per second 
The gain of the amplifier chain is continuously 


(gated 
monitored by a noise voltmeter connected to the grid 
of the first pulse-height discriminator 


4. Magnetic Field 


The magnetic field is produced by an electromagnet 
with pole pieces 6} in. in diameter, tapered to 4 in. in 
diameter, with a gap length of 1 in. The magnet current 
is supplied by a motor generator set. The current is 
regulated by the same regulator used by Lamb and 
Retherford in the hydrogen experiment. (H II, p. 224.) 
This circuit holds the magnet field current steady to 
about one part in ten thousand. 

The magnetic field is measured with a Pound-type 
The water 
sample and interaction region are symmetrically located 


proton resonance absorption apparatus.” 


about the center of the magnet. In order to facilitate 
the field measurements, magnetic field values are 
selected so that the frequency of the proton resonance 
occurs at integral multiples of 100 kc/sec. The width 
of the proton resonance is about one gauss at the base 
of the resonance. The field is generally stable to plus or 
minus one quarter of the proton line width. The uncer- 
tainty in the field measurement has been estimated to 
be plus or minus one gauss 

Knight, Rev. Sci. Instr. 21, 219 


*R. V. Pound and W. D 


1950 
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5. Radio-Frequency Equipment 


A block diagram of the radio-frequency apparatus is 
shown in Fig. 9. The source of the rf power is a Raytheon 
type OK 289 klystron. About 250 milliwatts peak power 
is obtained by pulsing the klystron beam voltage to 
4.5 kv. This power is barely sufficient for the purposes 
of the high-power rf-quenching measurement, although 
it is several times the rated power of the tube. The power 
entering the interaction region is reduced by a factor 
of ten tor the low-power quenching measurement by 
inserting the attenuator. The wave-guide gate switch 
cuts off the power for the rf off observation. 

The rf components between the interaction region 
and the bolometer were designed in such a way as to 
maintain a stable and reproducible relation between 
the rf field in the interaction space and the power ab- 
sorbed by the bolometer. 

The rf power is measured with a Polytechnic Research 
and Development model 618 bolometer and a model 
650-A bolometer bridge. The sensitivity of the bolometer 
is adjusted between two fixed levels for the high power 
and low power measurements by manipulating the 
two-way rotary switch. In the high-power position, an 
attenuator is placed between the interaction region and 
the bolometer; in the low-power position, the power 
enters the bolometer directly from the interaction 
region. The power level is generally’ stable to a fraction 
of 1%. 

A small fraction of the klystron power is fed into an 
rf envelope viewer and an rf spectrum analyzer. The 
shapes of the envelope and the spectrum are continu- 
ously monitored during each observation. The spectrum 
analyzer is also used for measuring the klystron fre- 
quency. This is accomplished by superimposing a pip 
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Fic. 9. Block diagram of the rf apparatus. 
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from the 28th harmonic of a low-frequency CW oscil- 
lator on the klystron spectrum. The frequency of the 
CW oscillator is determined by standard heterodyne 
methods. The width of the rf spectrum is close to the 
theoretical value of 5 Mc/sec for a 0.4-microsecond 
pulse. The klystron frequency is stable to plus or minus 
one quarter of the spectrum width. The uncertainty in 
the klystron frequency is estimated to be +2.0 Mc/sec. 

As an additional check on the magnetic field and 
klystron frequency, the electron cyclotron resonance 
was observed in the interaction region. Within the 
stated precision of the field and frequency measure- 
ments, the resonance occurred at the theoretical value 


fo=eH, 2xrmc, (2) 


where fo is the resonant frequency, H is the magnetic 
field, e is the electronic charge, m is the mass of the 
electron and c is the velocity of light. The electron 
cyclotron resonance manifests itself as a large increase 
in the channel II high-power rf signal (4) as stray 
electrons are accelerated, by the resonant rf field, to 
the optical excitation energy of helium. 


6. Timing Circuits 


The various gates and pulses are controlled by a 
timing circuit which generates triggering impulses 
properly spaced in time (see Fig. 10). A 100-kc/sec 
sine wave from a frequency standard establishes the 
repetition rate of the timing cycle. The 100-kc/sec 
signal is squared and differentiated, and the resulting 
pulses drive pulse-sharpening circuits which feed two 
lumped constant delay lines. The trigger pulses are 
picked off the delay lines at times adjustable in steps 
of 0.1 microsecond. Four different independently ad- 
justable trigger outputs are available. The trigger 
pulses from the delay lines drive sharpening circuits 
which reform the pulses which have been somewhat 
distorted by their passage through the lines. The 
relative timing of the various pulses is monitored con- 
tinuously on an oscilloscope. 


D. OPERATING CHARACTERISTICS 


A careful study has been made of the operating 
characteristics of the apparatus. A few of the more 
important results of this study are presented below. 


1. Signal Strength 


The estimated number of high-power rf induced 
counts per bombardment pulse is given by 


N =}0*(2S)-LnT nponrareC—G, (3) 
e Ls 


where o* (2S) is the cross section for the excitation to 
the 2 *S; state of the ion by 250 volt electrons, / is the 
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Fic. 10. Pulse-timing circuits. 


bombarding current, ¢ is the electronic charge, L is the 
length of the electron beam exposed to the detector, n° 
is the density of helium atoms in the interaction space, 
T, is the length of the bombarding pulse, nr is the 
transmission of the Formvar film and support grid, 
npg is the photoelectric yield of the photocathode, npg 
is the transmission of the photon grid, w is the solid 
angle subtended by the photocathode at the interaction 
space, G is the light pipe “gain” and C is the fraction of 
photoelectrons that are recorded by the scalers. 
Lamb and Skinner (He I, p. 548) have estimated 
a*(2s) to be 
o*(2s)=0.37 X10 23a’, (4) 


where dp is the Bohr radius. Typical values for the other 
parameters are: J=740 microamperes, L=0.902 cen- 
timeter, n°=0.746 XK 10" atoms per cm’, 7, = 0.81 micro- 
second, npg= 4, ne = }X4=4 [} for the film (see above) 
and } for the grid ], n»¢=0.05 (Walker and Wainfan"*) 
C=} (see below), w= 8.4 10-5, and G=18 (see above). 
Using these values, a value for V of 0.099 rf induced 
counts per bombardment is calculated. The observed 
value for NV is 0.024 rf induced counts per bombard- 
ment. Thus the observed signal is about one-fourth of 
the estimated signal. This difference is well within the 
uncertainties in the cross section, the film transmission, 
and the photoefficiency. 


2. Noise 


Ideally, the fluctuations in the rf quenching data 
should be only slightly greater than those imposed by 
the shot noise in the cathode current of the photomul- 
tiplier tube. Some difficulty was encountered in achiev- 
ing this theoretical limit. A large body of the data was 
obtained in which the observed fluctuation level was 
approximately ten times the theoretical value. In 
obtaining these data a magnetron was used as the 
source of rf power and the interaction region was 
exposed to a relatively high density of organic vapors 


“W. C. Walker and N. Wainfan, Phys. Rev. 92, 533(A) (1953), 
and private communication. 
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Fic. 11. Ratio of observed rms fluctuation in the rf enching 
data to the theoretical fluctuation, as observed six erent 
OCCASIONS 
from rubber “O”’ rings Upon replacing the rubber 
‘()” rings with Teflon “O” rings and the magnetron 
with a klystron, the fluctuation level in the rf quenching 


data dropped to the theoretical value. It is not known 
how much of this improvement was due to the improved 
contamination 
! rms 


: , ’ 
theoretical 


rf and how much was due to the reduced 
of the 


fluctuation 


interaction region. The ratio of observed 


in the rf quenching data to the 


different occasions, is shown in 


rms fluctuation, 
Fig. 11 


ately after the improvements 


on SIX 


Che data of July 30, 1953 were taken immedi- 


noted above were m ide 


These data were taken for the purpose of studying the 
t 
stability of the apparatus. Since the individual signals 


often changed by several percent during the course of a 


bet ween the theoreti al 


run, the excellent agreement 

and observed fluctuations in the rf signal could not 
have been achieved without the normalization pro- 
cedure. The source of the large fluctuations in the 


individual signals is believed to be either in the Allen 


tube or in the amplifier and counting circuits 


3. Allen Tube Characteristic 


rhe variation of the undelayed signal (U’,’), delayed 
background (8) and detector background (D,) with 
Allen tube voltage is shown in Fig. 12. These curves 
were taken with the amplifier gain and discriminator 


‘The magnetron was of low voltage, CW design, built ex 
pressly for this experiment. At the high duty cycle required in 
this experiment, this magnetro exhibited very severe back 
bombardment of the athocke with consequent instability of 


operation 


*It is believed that organic vapors condense on the walls of 


the interaction regions where they form charged insulating films 
The electric s could easily cause significant 
motion of the ions in one microsecond. In support of this hy 


that heavy black deposits formed 


fields from such filn 


pothesis, it has been observed 
on all suriaces exposed to electron bombardment. The electrical! 
of these films is in the megohm range. These films cannot 
ng in a hydrogen atn 


they can be ren 


resistance 
be removed by extended heat vosphere a 
temperatures up to 1300°C. H 
rather short heati n air at about 700°C. From these observa 
tions it is conclhuc 1 that the fil are probably carbonaceous 
See J. Blears, J. Sci Suppl. No 

Wilcox, Phys. Rev. 74 1948 
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setting adjusted so that the amplifier noise did not 
quite trigger the scalers. The rather high degree of 
saturation exhibited by the undelayed and delayed 
background counts is an indication that a large fraction 
of the photoelectrons is recorded by the scalers. The 
value of 4, used for the counting efficiency (C) in the 
signal strength calculation, is based on the residual 
slope of these curves at the high-voltage limit. The 
fact that the voltage dependence of the delayed back- 
ground (channel II rf off count) is very nearly the same 
as that of the undelayed signal shows that there is not 
an appreciable number of multiplier satellites having a 
delay of 0.05 microsecond or more."’ It should be noted 
that, when the Allen tube was contaminated, there was 
evidence of an appreciable number of satellites at 
voltages as low as 2.1 kv. 

he detector background count is obtained by turning 
off the electron gun, and then counting in the normal 
manner. This background is satisfactorily low and is 
assumed to be due to thermionic and high field emission 
from the photomultiplier dynodes. 
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Fic. 12. Variation of the undelayed (U;'), delayed background 
B) and detector background (Uz) signals with Allen tube voltage 
The symbols refer to the appropriate definitions in Table I. 


Singletary, 


’ Mueller, Best, Jackson, and Nucleonics 10, 53 
June, 1952). We are indebted to D. W. Mueller for pointing out 


to us that the satellite ratio depends on the photomultiplier 
operating voltage. 
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4. Excitation Functions 


Excitation curves for the undelayed signal, the 
delayed background, and the rf induced signal are 
shown in Figs. 13, 14, and 15. The observed thresholds 
for atomic and ionic radiation occur close to the 
expected values of 21 volts and 65 volts (see Fig. 2). 
The suppression of atomic radiation by resonance scat- 
tering and possible selective absorption in the Formvar 
film (He I, p. 545) are clearly evident in Figs. 13 and 
14. Without this suppression the atomic radiation 
would be many times stronger than the ionic radiation 
and the threshold at 65 volts would not be visible 
(He I, Fig. 6, p. 544). The low voltage peak in the 
delayed background excitation curve is reproducible, 
but its origin is unknown. It is clear from Fig. 14 that 
most of the delayed background arises from ionic radi- 
ation. The excitation function for the metastable state 
of the ion (Fig. 15) does not show the sharp rise indi- 
cated in Fig. 7 of Lamb and Skinner (Hel, p. 544). 
The reason for this is that Lamb and Skinner have 
plotted the ratio of the rf induced signal to background 
signal, and since both of these signals have very nearly 
the same energy dependence the resulting curve is 
approximately a step function. The bombarding energy 
used in the remainder of the experiment corresponds to 
the maximum of the metastable excitation function. 
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Fic. 13. Excitation curve for the undelayed signal 
(Us', Table I). 
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Fic. 14. Excitation curve for the delayed background signal 
(B, Table I). 
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Fic. 15. Excitation curve for the high-power rf 


induced signal (H-B, Table I). 


5. Timing Curves 


The variation of the undelayed signal with channel I 
trigger delay setting is shown in Fig. 16. The trapezoidal 
shape of this curve results from the rectangular shape 
of the gun pulse and the gate pulse. The residual signal 
at large delay settings is due to the delayed back- 
ground. This curve very graphically shows the reduction 
in background obtained with the present pulsing 
technique compared to the background obtained by 
Lamb and Skinner. The background in the latter 
experiment corresponds to the peak value of the 
undelayed signal, while the background in the present 
experiment corresponds to the signal at a delay setting 
of 2.4 usec. Since the rf induced signal is nearly the 
same in the two cases, the pulsing technique results in 
a substantial improvement in the signal-to-background 
ratio. The absence of a signal at the very early delay 
settings shows that there are no excited particles re- 
maining in the interaction region from bombardment 
to bombardment. 

The variation of the delayed background and the 
high-power rf induced signal with the delay setting of 
channel II is shown in Fig. 17. The form of the delayed 
background curve is identical with that of the undelayed 
signal (see Fig. 16). The rf curve exhibits three inter- 
esting features. They are: (1) the extended flat top, 
(2) the nonlinear tail, and (3) the negative value at the 
largest delay setting. The first two features are a con- 
sequence of the fact that the curve was obtained with 
high rf power. Under this condition the lifetime of the 
metastable state is very short (roughly 0.10 micro- 
second in the present case), and essentially all of the rf 
induced counts are obtained in the early part of the rf 
pulse. Similar curves, taken with lower rf power and 
therefore a greater metastable lifetime, exhibit a shorter 
flat region on top. The negative value for the rf signal 
at the largest delay setting results from radiative col- 
lision quenching of metastable ions by normal atoms. 
Since this phenomenon is of only minor importance 
to the present experiment, though it is of some interest 
in its own right, a detailed discussion of the effect will 
be presented in a separate paper. 


E. LINE SHAPE 


If all of the metastable ions were exposed to the rf 
field for the same time (¢), then aside from certain small 
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with 
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the 


direction of rf polarization. Since it was desired to 
study the o transition af, (27S;, m=+4—2*P,, 
m=-—}4), the interaction space was oriented so that 
the rf electric field was at right angles to the magnetic 
field. In this case we require the matrix element of the 
coordinate X between the a state and the f state. This 
matrix element is 

Xas= (V3/2)ao, (7) 


where do is the Bohr radius. 

In practice there is a distribution of interaction 
times (/). Thus, if the number of metastable ions in the 
interaction region decreases monotonically after the 
end of the gun pulse, then 


Te+Ts 
6u)=-uf V (fe #72) di, (8) 


T? 


where V(t) is proportional to the number of meta- 
stables in the interaction space at the time ¢ (measured 
from the end of the gun pulse), 7: is the delay from the 
end of the gun pulse to the beginning of the rf pulse 
and 7; is the length of the rf pulse (Fig. 1). In deriving 
the above expression, the spatial variation of the 
transition rate u has been approximated by a rectangular 
function having the same peak value and the same area 
as the true function (Fig. 18). In addition, the variation 
of the detection efficiency across the detector window 
has been neglected. There are several processes that 
contribute to the ion removal! function \ (1). These are 
tabulated in Table II, together with the characteristic 
removal time for each process. These removal times 
have been computed under the assumption that each 
process acts independently of the others. Each of these 
processes will now be considered in detail. 


1. Removal Process 


a. Natural Decay 


As a consequence of the AL=-+1 selection rule, 
transitions from the 2 *S; state to the ground state of 
the ion are forbidden. This accounts for the metasta- 
bility of the 22S, state. The most probable decay 
mechanism for this state is believed to be two-quantum 
decay, for which the lifetime is 2.2 10~* sec.'® 


b. Thermal and Recoil Velocity 


The heat radiated from the electron gun filament is 
sufficient to raise the temperature of the interaction 
region to about 130°C. At this temperature the mean 
kinetic energy of a helium atom is 0.0521 ev. 

The kinematical limits on the recoil velocity are 
2.8X 10° cm/sec in the direction of the electron flow 
and 0.28 10° cm/sec in the opposite direction. These 
limits are too broad to provide a useful measure of the 
mean recoil velocity. Lamb and Skinner used the 


* G. Breit and E. Teller, Astrophys. J. 91, 215 (1940 
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“sudden” approximation to estimate the excitation 
cross section of the metastable state of the ion (He I, 
p. 548). This approximation is consistent with the 
assumption that the recoil momentum of the ion is 
equal to the momentum of the ejected electron in its 
normal state at the instant of impact. The mean value 
of this momentum is 


P=Z,.0mc, (9) 


where Z,;;= 1.69 is the effective value of the nuclear 
charge, a is the fine structure constant, m is the elec- 
tronic mass, and ¢ is the velocity of light. The corre- 
sponding recoil velocity and recoil energy are 


vre=0.507X10° cm/sec, Er=0.00534 ev. (10) 


Since this energy is only about 10% of the thermal! 
energy and since the angular distribution of the recoil 
velocity is not known, it is assumed that the net effect 
of the thermal and recoil velocities may be represented 
by an effective temperature of the metastable ions. 
This effective temperature is that the 
effective kinetic energy of the ions is equal to the sum 
of the above thermal and recoil energies. The tempera- 
ture is 


chosen so 


T ose = 440°K. (11) 


The corresponding rms transverse and longitudinal 
velocities are 


vr=1.36X10° cm/sec, 2,=0.961X 10° cm/sec. (12) 


Since the ions are free to move only in the direction of 
the magnetic field, thermal and 
recoil removal time may be taken as the time for an 
ion, moving with a velocity of 0.9610° cm/sec, to 
traverse the central half of the interaction region 
(Fig. 18). 


the characteristic 


c. Stark Quenching 


In the presence of an electric field there is a Stark 
mixing of the 2S; state with the shortlived 2?P; and 
2*P, states. The resulting state has a lifetime some- 
where between that of the S state and that of the P 
state. Lamb has developed a theory for this Stark 
quenching of the S states. The lifetime of the mixed 
state is given in H I, Eq. (76), p. 571. 

It may be shown that for the same electric field and 
corresponding magnetic fields, the Stark lifetime of 
either of the ionized helium S states is approximately 
64 times greater than the corresponding lifetime in 
hydrogen. 

Aside from possible stray fields, the ions experience 
space charge and motional electric fields. The maximum 
values for the transverse and longitudinal space charge 
fields are estimated in Appendix I to be 7.9 and 2.5 
v/cm respectively. The motional field is given by 


E..= (VXH)/c, 


where V is the velocity of the ion, and H is the magnetic 
field. We may obtain an upper bound to the effective 


(13) 
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Fic. 18. Spatial variation of the rf transition rate. 


electric field by adding the motional field corresponding 
to a velocity of 1.36X10° cm/sec [Eq. (12)] to the 
above space-charge field. The lifetimes of the a and 8 
states resulting from this limiting field are shown as a 
function of the magnetic field in Fig. 19. The sharp 
minimum in the lifetime of the 8 state at a field of 
7596 gauss is a result of the crossing of the 8 and e 
states at this field. 

Since the Stark lifetime of the @ state, as computed 
above, is very much greater than the other removal 
times (Table IL), we need not seek a more refined value 
for the a@ state Stark lifetime. In the case of the @ state, 
it appears that the Stark quenching is the dominant 
removal process. Fortunately, the results of the present 
experiment do not depend upon a precise knowledge of 
the lifetime of the 8 state. This is because the frequency 
of the rf field is so far removed from any of the 8-state 
transition frequencies that, even in the high-power ob 
servation, only a negligible number of 8-state ions are 
quenched by the rf. 


d. Gas Collisions 


Metastable ions are lost through encounters with 
normal atoms: (1) by elastic collisions which cause the 
ions to diffuse out of the interaction chamber and (2) 
by inelastic collisions which result in the quenching 
of the metastable ions. 

Unfortunately, no estimate exists for the elastic scat- 
tering cross sections of a metastable ion by a normal 
atom. Hornbeck and Wannier have estimated from 
mobility measurements that the effective cross section 


Taswe II. Metastable ion loss processes 


Characteristic low 


Loss process time (user) 


2200.0 
45 
170.0 
8.6 
KS 
0.846 


Natural decay 

Thermal and recoil velocities 
Stark quenching* 

Gas quenching 

Transverse space charge motion 
Longitudinal space charge motion 


* This is for the a state. The Stark lifetime of the @ state is very much 


less than this value 


J. A. Hornbeck and G. H. Wannier, Phys. Rev. 82, 458 
(1951). J. A. Hornbeck, Phys. Rev. 84, 615 (1951). 
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above processes are: 


o.=189ra,, 7-=28 usec, 


o;= 4Mra,’, T,;> 12 usec, 


o,=59xae, 1,=8.6 usec. 


where the subscript e refers to the ejection process, r to 
the radiative process, and g to the combined effect of 
both processes. The velocity used in the above calcu- 
lation is believed to be representative of the collision 
velocity. It is the sum of the mean thermal velocity of 
the atoms and the mean ion velocity resulting from 
space charge explosion (see Appendix I). 


e. Space-Charge Effects 


In the absence of positive ions, the electron beam 
forms a potential well approximately 0.65 ev deep in 
the interaction region. Since the combined thermal and 
recoil energy of the ions is about 0.057 ev, this potential 
well traps the ions as they are formed. The rate of 
ionization is such that neutralization occurs only slightly 
before the end of the gun pulse; thus essentially all of 
the ions are trapped. Since the bombarding electrons 
have a velocity of 0.93 X 10° cm/sec, the density of these 
electrons drops to zero as soon as the electron beam is 
turned off by the control grid lf is assumed that the 
secondary electrons liberated in the gas have a velocity 
corresponding to the recoil momentum in Eq. (9). 


V, “eit = 3.7 10° cm/sec, (15) 


where V, is the velocity of the secondary gas electrons. 
Most of these electrons leave the interaction region 
during the bombardment pulse. Thus at the end of the 
gun pulse there is a pure positive ion space charge cloud 
in the interaction region. The dominant mode of decay 
of such a cloud is a Coulomb expiosion along the mag- 
netic field lines. In addition, transverse 
cycloidal motion resulting from the combined action of 
the magnetic field and the transverse space charge 
field. This cycloidal motion results in a trans- 
verse shearing of the ion cloud in the direction of rf 


there is a 


electric 


propagation 

In Appendix I a detailed estimate is made of both 
the Coulomb explosion and the transverse shearing of 
the ion cloud. It is shown that as a result of the Coulomb 
explosion the ion density decreases as 


p(t)=pof1/(1+ (t/T)*J), 


where p(#) is the ion density at the line ¢, measured from 


(16) 


the end of the gun pulse ; po is the initial ion density, and 
the characteristic time T is 0.846 usec for a typical set 
of experimental conditions. It is further shown that, 
for the same set of conditions and in the absence of the 
longitudinal Coulomb explosion, the shearing motion 
causes the number of ions exposed to the detector to 
drop to half the initial number in 8.8 ysec. 
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2. Theoretical Quenching Function 


From the above discussion it is evident that the 
Coulomb explosion of the ion cloud is the dominant ion 
removal mechanism. Accordingly, a theory of the rf 
quenching function has been developed in which the 
motion of the ions is given by Eq. (24). This theory 
includes the radiative and nonradiative gas quenching 
discussed above. It is also possible to include Stark 
quenching and natural decays. However, since these 
are such slow processes there is little point in considering 
them further. The resulting rf quenching function is 


T2+Ts3 
(pu) = (u+A,)doe wef 
T2 


where yu is defined in Eq. (6), T is defined in Eq. (25), 
$» is a normalization constant, 7, and 7’; are defined in 
1. \,=1/r, is the rate of radiative gas quenching 


(17) 
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Fic. 20. Rf delay curve showing the dependence of the nor 
malized high-power rf-induced signal (¢,, Table I) on the delay 
between the end of the gun pulse and the beginning of the rf pulse. 


1/r, is the total rate of gas quenching [r, and 
The quantity that is experi 
mentally observed is the rf induced signal ; by definition 
this is the difference between channel IT count taken 
with and without rf. This quantity, F(y), is related to 
the above quenching function by 


Fu 


and \, 
r, are given in Eq. (14 


o(u)—(0). (18) 


The percent rf quenching defined in Eq. (1) is given by 


F (1) (ui) —9(0) 
= 100 (19) 


I pa) 


f= 100 . 
(urn) — (0) 


where y, is the rf transition rate corresponding to the 
low rf power and yy is the same quantity with high rf 
power. 
3. Comparison with Experiment 
The above quenching theory has been tested experi- 
mentally in three different ways 
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a. Delay Curves 


The variation of the high-power rf-induced signal 
with the delay between the end of the gun pulse and the 
beginning of the rf pulse is shown in Fig. 20. Since this 
curve provides an almost direct measure of the decay 
of the metastable ion population, it serves as a good 
test of the above ion removal theory. The theoretical 
curve shown in Fig. 20 was obtained from Eqs. (17) and 
(18) by allowing the delay time (7) to assume appro- 
priate values. The agreement between the observed and 
theoretical values is probably better than might be 
expected for such a rough theory. Data obtained in 
April, 1953, under similar conditions, showed com- 
parable agreement. On two occasions rf delay curves 
were obtained with one-tenth the normal bombarding 
current. In such a case it is expected that the charac- 
teristic loss time would be increased by a factor of 
V10=3.16 [Eq. (25) ], but unfortunately neither of 
these curves showed the expected increase. In one there 
was an increase of approximately a factor of 2, while 
in the other there was almost no increase. The former 
result may be consistent with the theory if thermal 
and recoil velocities are taken into account. The latter 
result is not understood. It may be the result of con- 
tamination in the interaction space, since the data were 
obtained after nearly three weeks of continuous running.” 
It should be noted that the precision resonance data 
were obtained soon after a thorough cleaning of the 
interaction space. 


b. Quenching Curves 


The variation of the rf-induced signal with rf power 
is shown in Fig. 21. The data obtained at magnetic 
field values other than the resonance value were shifted 
on the power scale in accordance with Eq. (6) so that 
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Fic. 21. Quenching curves showing the variation of the nor 
malized rf-induced signal with rf power at three values of the 
magnetic field corresponding to resonance and the two working 
points 


*| An inspection of the interaction space immediately after these 
data were obtained revealed a slight black deposit on the electron 
collector 





1166 NOVICK LIPWOR 
The 
field 


they could be compared with the resonance data 
different 
values is an indication that there are no major asym- 
Unfor- 


agreement of the curves obtained at 


metries in the experimental resonance curve 
tunately, such a test is not precise enough for the pur- 
poses of the present experiment 

The theoretical quenching function given in Eq. (18) 
is also shown in Fig. 21. The only adjustable parameters 
in the theoretical curve are the vertical and horizontal 
scale factors. Since the curves are plotted against the 
logarithm of the rf power, the horizontal scale factor 
does not affect the shape of the curves. The agreement 
between the observed and the theoretical curves is quite 
satisiactory 

The effective rf 
determined by fitting the theoretical quenching function 


power in the interaction region, 


to the observed quenching curves, is roughly 1.5 times 


greater than the power indicated by the bolometer 
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Fic. 22. Panoramic resonance curve for the af transition showing 
the dependence of the percent rf quenching Table I) on the 
magnetic field. The vertical bar indicates the standard deviation 
of each point. 
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The field dependence of the high-power rf-induced 
signal is shown in Fig. 23. This curve shows the degree 
of rf saturation actually achieved in the high-power 
observations. The curve is quite flat in the region 
where the precision resonance data is obtained (30.5 to 
33.5 Mc/sec). The only effect of the incomplete satura- 
tion of the high power rf quenching data is to broaden 
the percent rf quenching resonance curve. 

Since the channel I signal is somewhat field de- 
pendent, the normalization procedure introduces a field 
dependent distortion into the low-power and _ high- 
power rf-induced signals. For this reason it is not feasible 
to compare the observed field dependence of the rf- 
induced signals with theoretical curves. Since this dis- 
tortion affects the low-power and high-power signals 
in the manner, there is no net distortion of the 
percent rf quenching data. 

The field dependence of the delayed background 
signal is shown in Fig. 24. The field-dependent part of 
this background arises from the Stark quenching of 
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Fic. 23. High-power panoramic resonance curve showing the 


dependence of the normalized high-power rf-induced signal (¢:, 
Table I) on magnetic field. The vertical bar indicates the standard 
deviation of each point 

metastable ions formed in the 8 state. Close to the Se 
crossing point (Fig. 19), most of these ions decay before 
the channel IT gate is turned on and thus make only a 
small contribution to the delayed background; as the 
field is varied the Stark lifetime increases, so that more 
of these ions decay during the channel II gate and 
thereby increases the delayed background; as the field 
is varied still further from the 
lifetime becomes long compared with the channel II 
gate length and the §-state contribution to the delayed 
background decreases again. No quantitative theory 
for the field dependence of the delayed background 
signal was made since such a theory requires detailed 
knowledge of the electric fields in the interaction region 
as well as precise knowledge of the relative excitation 


crossing point, the 


and detection efficiencies of the various levels 


F. PRECISION RESONANCE DATA 


rhe resonance data were obtained and 


treated by a method similar to that used by Lamb and 


precision 
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Retherford (H IV, p. 1017). Precise data are obtained 
at two points on the resonance curve known as working 
points; these are selected to fall close to the inflection 
points of the curve. Somewhat less precise data are 
obtained at two sets of points known as slope points; 
each set of slope points brackets a working point. 
Several short observations are made close to the center 
of the resonance. These are used to determine the peak 
height of the resonance and to provide a measure of the 
instrumental fluctuations (Fig. 11). If the values of the 
rf quenching at the two working points are exactly 
equal, then the resonant field is equal to the mean 
value of the two working point fields. In general the rf 
quenching values at the working points are not exactly 
equal: in such a case it is necessary to use the observed 
slopes of the resonance curve to extrapolate the working 
point fields to values which would yield equal quenching. 
The resonant field (7) is equal to the mean value of 
the corrected working point fields. 

), (20) 


where H, and H, are the working point fields, hi and fh 
are the average values of the percent rf quenching at 
the working points, and S, and S, are the observed 
slopes at H,; and H,, respectively. 

This procedure has the advantage of being com- 
pletely objective, but it has the disadvantage of not 
providing any measure of the asymmetries in the 
resonance curve. The quenching and panoramic reso- 
nance curves discussed above show that there are no 
major asymmetries in the resonance curve. A number 
of small asymmetries and resonance shifts are inves- 
tigated theoretically in the next section. 

Generally, each run consisted of two observations at 
each working point, one observation at each slope 
point, and six observations at the resonance peak. Each 
observation consisted of a high-rf power, a low-rf power 
and an rf-off reading. The counting time for each 
reading was five minutes at the working points, three 
minutes at the slope points, and one minute at the 
resonance peak. The resonance curve is traversed in a 
zig-zag pattern to reduce the effects of the instrumental 
drifts. The observations at the resonance peak were 
taken between alternate pairs of the other observations. 
The comparatively small number of observations at 
each field value is a result of the somewhat cumbersome 
field measuring and stabilizing equipment, approxi- 
mately five minutes being required to set up a par- 
ticular field value. Typical operating conditions for a 
run are: Electron bombarding energy = 250 ev; electron 
bombarding current=742 wa (peak); positive grid 
pulse= 24 v; negative grid bias=50 v; electron col- 
lector bias=225 v; gun pulse length=0.81 ysec; rf 
pulse length=0.40 ywsec; gate I length=1.104 ysec; 
gate II length= 1.089 usec; pulse repetition rate= 10° 
pulses/sec; helium pressure= 3.1 10-* mm Hg; Allen 
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Fic. 24. Field dependence of the normalized delayed background 
signal (6, Table I). The vertical bar indicates the standard devi- 
ation of each point. The position of the minimum does not coincide 
with the position of the maximum in Fig. 22 since the klystron 
frequency was selected so that the resonant field for the af 
transition did not correspond to the Se crossing field (Fig. 3). 


tube voltage= 2.30 kv; Allen tube pressure= 1.5 10~° 
mm Hg (Ne equiv.); klystron beam voltage=4.8 kv; 
klystron beam current=38 ma (peak); high-rf power 
=(0.250 w (peak), and low-rf power=0.025 w (peak). 

The resonance field was selected close to the Be 
crossing point in order to minimize resonance distortion 
arising from §-state transitions. This is accomplished 
for the following reasons: (1) at the crossing, the - 
state population is minimized due to the rapid Stark 
quenching (Fig. 19), (2) the Se-af overlap is smallest 
at this field, and (3) the field dependence of the Be 
transition is symmetrical with respect to the af reso- 
nance. 

The results of the precision runs are shown in Table 
III. Appropriate dead time corrections have been 
applied to these data.” The theoretical quenching un- 
certainties listed in Table ITI are based on the theoretical 
rms uncertainty in each of the observed counts. The 
ratio of the observed rms fluctuation in the percent rf 
quenching at the resonance peak to the theoretical 
value for each of the precision runs is shown in Fig. 11. 
The approximate equality of the observed and theo- 
retical fluctuation shows that there are no large instru- 
mental fluctuations. A comparison of the observed and 
theoretical fluctuations in the working point data is 
less significant, since only two observations are made 
at each working point. The theoretical slope uncer- 
tainties listed in Table III include the effects of both 
the theoretical rms uncertainty in each of the observed 
counts and an estimated one gauss uncertainty in each 
of the field measurements. The observed slopes on 
either side of the resonance are equal to within the 
theoretical uncertainties in the slopes. This is taken 
as a further indication of a symmetrical resonance 
curve. 


™ Each run was reduced both with and without the dead time 
corrections. In no case did the dead time corrections change the 
value of $ by more than 1 Mc/sec. The dead time corrections 
are entirely negligible for the quenching and panoramic resonance 
curves. 
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Taswe III. Summary of precision data and results.* 


Theor 
Reso- slope ncor Theor 


hing quenching nance uncer- rected uncer 


28 196.0 ; 2 0.14 
0.073 
0.13 
0.097 
0.14 
0.062 
0.13 


0.15 
0.074 
0.14 
0.090 
0.15 
0.072 
0.14 


0.13 
0.10 
0.12 
0.093 
0.12 
0.095 
0.12 


28 350.9 


— Ne ay 


28 294.0 


0.14 
0.076 
0.13 
0.094 
0.13 
0.073 
0.14 


The theory of the Zeeman effect, as given by Lamb 
(H III, p. 265), is used to determine the value of § 
from the observed value of the resonant magnetic field 
and the observed klystron frequency. The fine structure 
splitting (AF) for the n= 2 states of Het is given by 


a'cRy.Z' a a? 5 
Al 1 T 5.946 T e), 
16 r x 68 


where a 1s the fine structure constant, c 1s the velocity 


of light, Ru. is the Rydberg constant in wave numbers 
for Het, and Z=2 in the nuclear charge. Using the 
1953 constants of DuMond and Cohen,” the mass of 
He* as determined by Mattauch and Bieri,™ and the 
ratio of the proton moment (uncorrected) to the Bohr 


magneton as determined by Gardner,” the Zeeman 
constants appropriate to He‘ are: 
H, = 355.217+0.009 Mc, sec, 
H,. = 355.67224-0.009 Mc /sec, 
Hy_= 355.900+0.009 Mc/sec, 
7 0.002558689 + 0.0000000 2 7. 
{p= FAE=117 056.64 2.6 Mc, sec 
™ J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 25, 
691 (1953 


™ J. Mattauch and R. Bieri, Z. Naturforsch. 9a, 303 (1954 
™* J. H. Gardner, Phys. Rev 83, 996 (1951). 


uncer- slope tainty lue tainty 
tainty Co per (% pet of in § 
% Mc /sex Mc /sex ~ Wt Mc/sec) 


0.27 8.80 
0.078 14 038.0 


0.21 


0.033 
0.095 14 046.0 


0.17 


14 058.1 


0.14 
0.15 14 042.2 


0.012 


rhe notation is that of Lamb (H III, p. 265), except 
that the unit fields are expressed in terms of the proton 
resonance absorption frequency. The uncertainties in 
the above constants produce a negligible contribution 
to the uncertainty in §. The theoretical values for 
the rms uncertainty in §, listed in Table III, include 
the effects of an estimated two megacycle per second 
uncertainty in the klystron frequency, an estimated one 
gauss uncertainty in the working point field values, the 
theoretical uncertainty in the working point quenching 
values and the theoretical uncertainty in the resonance 
slopes. 

Run 12 has been given a weight of one-half since asa 
result of equipment failure only half of the normal 
working point data were obtained. The theoretical rms 
uncertainty in the weighted mean value of $(($)) is 

Ar($)x= 2.0 Mc/se (21) 
The rms deviation in ($)s, as determined from the 
individual values of §, is 

Ao(S)_=3.4 Mc/ sec (22) 

The theoretical uncertainty in Ao($)« is 2.2 Mc/sec, 
thus the observed uncertainty in (S$), is consistant 
with the theoretical uncertainty. The larger of the two 


above values of A(S)« is used for estimating the over-all 
reliability of the final result 
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G. CORRECTIONS 


A number of corrections to the observed value of $ 
have been discovered and evaluated (Table IV). These 
corrections are discussed below. Except for the space- 
charge corrections, the quenching function given by 
Eq. (5) is used when it is necessary to consider satura- 
tion effects in the evaluation of a correction, and the 
interaction time (¢) is taken equal to the rf pulse 
duration (7). 


1. Matrix Element Variation 


The form of the 2?P, wave function changes as the 
magnetic field is varied, and this produces a field- 
dependent variation of the matrix elements that appear 
in Eq. (6). This variation may be expressed in terms of 
correction factors to the matrix elements evaluated in 
weak field. These correction factors are given by Lamb 
[H III, p. 270, Eqs. (200) to (201) }. The appropriate 
unit field for the XY that appears in these equations is 
listed above as H. 


2. Zeeman Curvature 


Since the relation between magnetic field and transi- 
tion frequency is not quite linear (H III, p. 265), there 
is a small difference between the true resonant transition 
frequency and the value obtained in Sec. F by linear 
interpolation of the corrected working point fields. The 
Zeeman curvature correction is equal to the difference 
between the mean value of the transition frequencies 
corresponding to the corrected working point fields and 
the transition frequency corresponding to the mean 


field (Ho). 


3. Overlap with Other Resonances 


In addition to the desired af transition, the rf electric 
field may also induce Se, ae and §f transitions (Fig. 4). 
The last two transitions require a component of rf 
electric field along the magnetic field (x polarization). 
If any of the undesired transitions do in fact occur, the 
observed resonance curve will be distorted and the 
value of $ so obtained will be in error. The largest cor- 
rection is expected to arise from overlap with the ae 
resonance since it is separated by only 7000 Mc/sec or 
roughly nine half-half widths from the af resonance 
at the operating field. The 8/ resonance is separated by 
about 21000 Mc/sec, and the Be by about 28 000 
Mc/sec. The intensity of x radiation in the interaction 
region is believed to be less than 10% of the intensity 
of the desired o radiation. Taking the relative intensity 
of the x radiation as 10%, and ignoring the rapid Stark 
quenching of the @ state in the neighborhood of the af 
resonance (Fig. 19), the resulting overlap corrections 
are +0.20 Mc/ sec for ae overlap, —0.02 Mc/sec for 8f 
overlap, and <0.01 Mc/sec for Se overlap. Since these 
are believed to be extreme upper bounds to the true 
corrections, the value adopted was +0.1+0.01 Mc/sec. 
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Taste IV. Corrections to § in Mc/sec calculated at the working 
points of the resonance curve. 





Matrix element variation —1.56 
Zeeman curvature —0.25 
Overlap +0.10-+0.10 
Doppler effect +0.02 
Field inhomogeneity —0.24+-0.60 
Static stark effect <0.01 
rf stark effect <0.01 
Space-charge effects 
longitudinal +0.02 
transverse +0.21 


Total correction —1,724%0.72 Mc/sec 


If the electron cyclotron resonance overlaps the 
desired af resonance, there will be a distortion of the 
observed resonance and the value of § will be in error. 
It may be shown that, in the neighborhood of the af 
resonance, the energy acquired by electrons from the rf 
field is about 2X 10~ ev. Since this energy is much less 
than the lowest excitation energy of helium, there is no 
electronic contribution to the rf induced signal and con- 
sequently no distortion of the af resonance curve. 


4. Doppler Effect 


In Appendix I, it is shown that, as a result of the 
transverse space charge fields, there is a net transport 
of about one-fifth of the ion cloud in the direction of rf 
propagation. The magnitude of the resulting Doppler 
shift is about 0.10 Mc/sec. The sign of the shift is not 
known because the sign of the magnetic field was not 
determined. Since only one-fifth of the ions are affected 
the correction is taken to be +0.02 Mc/sec. 


5. Field Inhomogeneity 


As a result of the spatial separation of the interaction 
region and the proton nuclear magnetic resonance 
probe, there is a slight difference between the field at 
the probe and the field in the interaction region. The 
field in the interaction region was calibrated in terms 
of the field at the proton probe. This was done by 
replacing the interaction region with a second probe 
and observing the difference in resonant frequencies for 
the two probes at a given field setting. The result of 
this measurement is that the field in the interaction 
region is higher by 0.12+0.30 gauss than the field in 
the probe. The diamagnetic corrections to the proton 
field values are negligible.** 


6. Stark Effect 


For the same electric field and corresponding mag- 
netic fields, the Stark shift in ionized helium is 1/64 of 
the corresponding shift in hydrogen. At a field of 11 
v/cm, the Stark shift of the @ state is less than 0.01 
Mc, sec and is therefore negligible. 


*W. E. Lamb, Jr., Phys. Rev. 60, 817 (1941). N. F. Ramsey, 
Phys. Rev. 77, 567 (1950). 
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7. Rf Stark Effect 


The rf electric field used to produce the observed 
quenching also causes a small Stark displacement of 
the energy levels. The theory of this effect has been 
developed by Lamb (H III, p. 275). An rf electric field 
of 30 v/cm is used for the high-power rf quenching 
sec shift of 
the af resonance; this displacement is entirely neg 


measurement. This field causes a 0.006 M« 


ligible 


8. Field Dependence of Removal Processes 
a. Gas Ouenching 


The magnetic field dependence of the gas quenching 
cross section discussed in Sec. E has been evaluated 


by a first-order method that gives the total cross section 


Taste V. Terms contributing to the theoretical value of the 
separation of the 2*S, and 2 *P, levels of hydrogen-like atoms, and 
their values in megacycles per second for singly ionized helium 


Second-order radiative shift*~* 


™ »s 1m > in7 4 1! 
i) 7 Cs yt neta 


2.0 
Ind | . +13 168.8 


Second-order vacuum polarization* 


ny 
; 1) Z8 ~ 433.9 
{1 7) yz 43 
Second-order magnetic moment** 
> 75 ‘ + 108 7 
(1 2 ‘) })Z 1084 


Second-order relativistic shift* « 


m\. ae 
() wy) bea) 1+ 595 3 In2+ ig) comes 


Fourth-order radiative shift* 


L (3a / 2) (0.52)Z* +39 
Fourth-order vacuum polarizatior 

l 4la/54r)Z' ~38 
Fourth-order magnetic moment 

L(—2.973a/r)Z* 15.0 
Finite mass effect* 

L(m/M) (5.3684 —} InZ)Z* +3.0 
Finite size effect** 

1 #@/a.\ 

( jz +7.1 
249 ah\a 


Total splitting $= 14043.2+3.0 


Lamb constant* 
L=a'R be = 135. 63884-00045 Me sex 


Excitation energies* 
K o(2,0) = (16.6464-0.007 )Z* Ry he 


Ko(2,1) = (0.97044.0,0002)Z7R y.he 


* See reference J * See reference 33 
» See reference 28 * See reference 4 
* See reference 29 See reference 35 
# See reference See reference 4 
* See reference 31 * See reference 37 
' See reference 32 See reference 38 
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to within 10% of the value obtained by Lamb and 
Sternberg.” The cross sections given in Eq. (14) change 
by less than one part in 10* as the field is varied from 
one working point to the other. This effect is entirely 
negligible. 


b. Space-Charge Effects 


Since the ions move under the combined action of 
the space charge electric field and the applied magnetic 
field, it might be expected that the ion loss rate depends 
strongly upon the strength of the magnetic field. To 
first order, the ion explosion rate is independent of the 
magnetic field. The reason for this is simply that the 
explosive motion takes place along the field lines and 
is therefore independent of the field strength. The 
transverse ion less rate varies as H~', where H is the 
magnetic field strength. Since the transverse motion is 
slow, this strong field dependence produces only a 
small correction to $. These qualitative arguments are 
supported by detailed estimates in Appendix II of the 
correction to § resulting from the field dependence of 
the space charge removal processes. It is shown that 
that for a specific space-charge model, the corrections 
to § resulting from the field dependence of the ion 
explosion rate and the transverse shearing motion are 
+0.018 Mc/sec and +0.21 Mc/sec, respectively. The 
model used for these estimates is admittedly rather 
crude; however, since the resulting corrections are so 
small there appears to be no need for a more refined 
calculation. 


H. RESULTS AND DISCUSSION 


The final corrected value of $ is 14043413 Mc/sec. 
The 13-Mc/sec uncertainty is believed to represent the 
limit of error; it is equal to three times the observed 
standard deviation of the mean value of $ [Eq. (22) ], 
plus an estimated 2.7 Mc/sec for the uncertainty in the 
corrections (0.7 Mc/sec for the uncertainty in the cor- 
rections listed in Table IV, 1.0 Mc/sec for the uncer- 
tainty in the dead time corrections, and 1.0 Mc/sec for 
the possible effects of the thermal and recoil velocities). 

The values of the various terms that contribute to 
the theoretical value of $ are listed in Table V.**-** 


” N. M. Kroll and W. E. Lamb, Jr., Phys. Rev. 75, 388 (1949 

* J. B. French and V. F. Weisskopf, Phys. Rev. 75, 1240 (1949 

* Karplus, Klein, and Schwinger, Phys. Rev. 86, 288 (1952) 

*® Bethe, Brown, and Stehn, Phys. Rev. 77, 370 (1950) 

" E. E. Salpeter, Phys. Rev. 89, 92 (1953 

#N. M. Kroll and W. E. Lamb, Jr., unpublished calculation of 
the reduced mass correction to the second-order magnetic moment 
contribution to Sr 

™ M. Baranger, Phys. Rev. 84, 866 (1951 
Feynman, Phys. Rev. 92, 482 (1953 

* Bershon, Weneser, and Kroll, Phys. Rev. 86, 596(A) (1952); 
Phys. Rev. 91, 1257 (1953) 

* Baranger, Dyson, and Salpeter, Phys. Rev. 88, 680 (1952). 

* R. Karplus and N. M. Kroll, Phys. Rev 77, 536 (1950) 

* E. E. Salpeter, Phys. Rev. 87, 328 (1952 

* Hofstadter, McAllister, and Wiener, Phys. Rev. 96, 854(A 
(1954). We are indebted to Professor R. Hofstadter for com- 
municating to us the more recent value (1.50+0.25)X10™" cm 
for the rms charge radius of the a particle 


Baranger, Bethe, and 

















FINE STRUCTURE OF 
These values are based on the 1953 atomic constants 
of Dumond and Cohen” and the mass of Het as deter- 
mined by Mattauch and Bieri.* The sum of these terms 
is $r= 14. 043.2+3.0 Mc/sec.* The uncertainty in Sr 
arises from the uncertainties in the nuclear charge 
radius (2.3 Mc/sec), the fourth-order radiative shift 
(1.5 Mc/sec), the excitation energies (1.0 Mc/sec) and 
the physical constants (0.5 Mc/sec). It does not include 
any allowance for the contributions from terms that 
have not been evaluated. The essentially exact agree- 
ment of the theoretical and observed values is for- 
tuitous. 

If it is assumed that the difference between the 
observed and theoretical values of $ for hydrogen is due 
to missing terms in the theory, then by comparing the 
present results with the hydrogen results it is possible 
to place limits on the charge (Z) dependence of these 
terms. If we let 6(Z) represent these additional theo- 
retical terms, from the hydrogen results we have 6(1) 
=+0.65+0.26 Mc/sec and from the present results 
6(2)=0+16 Mc/sec. The uncertainties in 6(z) are 
obtained by adding the theoretical and experimental 
uncertainties. It has been suggested®* that the hydrogen 
difference might be accounted for by a relativistic term 
of the order Z* InaZ. If the coefficient of this term is 
adjusted to fit the hydrogen data then the corresponding 
term for helium is 6(2)=36+14 Mc/sec. This value is 
not consistent with the present result. Thus we conclude 
that the hydrogen difference is not due to a single term 
of order Z® |naZ or higher. It is possible to reconcile 
the hydrogen and helium results with a single term of 
order Z‘ or Z*. However, the coefficient for such a term 
must be at least +0.39 Mc/sec. 
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APPENDIX I. SPACE-CHARGE REMOVAL PROCESSES 


For the purpose of estimating the rate of space- 
charge explosion, a model consisting of a uniform rec- 
tangular cloud of ions constrained to move along the 
magnetic field lines is considered. It is assumed that the 
ions are initially at rest and that the Coulomb repulsion 
is “turned on”’ at a time corresponding to the end of 


* Novick, Lipworth, and Yergin, Phys. Rev. 99, 612(A) (1955). 
The difference between the present theoretical value of $ and 
the value quoted in the above paper results from a small numerical 
error in the latter value. 

® Note added in proof —Professor Salpeter has kindly informed 
us of a small numerical error in the coefficient of the finite mass 
term. The corrected value of this term is +2.8 Mc/sec. The cor- 
rected value of Sr is 14 043.043.0 Mc/sec. 
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the gun pulse (Fig. 25). Since an exact treatment of 
even this model is difficult, the following simplifying 
assumptions are made: (1) the ions continue to move 
with their initial acceleration and (2) the image charges 
in the interaction region walls are neglected. It may be 
shown that, for the dimensions of interest, the initial 
longitudinal space-charge field is given approximately 
by 


Ez=8poZo tan ‘iw a), (23) 


where po is the initial ion space-charge density, Z» is the 
initial coordinate of the particle that experiences the 
field Ez, w is the thickness of the cloud, and a is the 
height of the cloud (Fig. 25). Under the assumption 
that the ions move with their initial acceleration, the 
trajectories of the ions are given by 


Z=Zf1+(#/T?)], 


where Zp» is the initial Z coordinate of an ion, ¢ is 
measured from the beginning of the explosion, and T 


is given by 
¢ w\~? 
r=(4 —py tan™ ) ‘ 
M a 


where po, w, and a are defined above and ¢/M is the 
charge to mass ratio of the ion. The velocity of the ions 
resulting from the space charge explosion is 


Z=224/T?, 


(24) 


(25) 


(26) 


where Zo, and T are defined above. { The mean velocity 
used in the section on gas quenching was obtained by 
evaluating Eq. (26) at a time corresponding to the 
middle of the rf pulse and at a position corresponding 
to the center of each of the exploding segments. ] Under 
the above conditions, the ion cloud expands in such a 
manner that the charge density decreases uniformly : 


p(t)=poi1+(¢/TP}", (27) 


where p(t) is the charge density at the time (/) and po, 
‘and T are defined above. In computing po, it is neces- 
sary to include the contribution from both ground-state 


MAGNETIC 
FIELO 
™ 





| 
i 


L, 
“he 
Fic. 25. Space-charge model and coordinate system used for 

discussing the space-charge explosion. 
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and metastable ions. Lamb and Skinner estimate that 
one hundred ground-state ions are formed for every 
metastable ion (He I, p. 549). The initial charge density 
is given by 


po= not (1s)+o+(2s) U-Ti, (28) 


where n’° is the gas density, o* (1s) is the ionization cross 
is the cross section for excitation to the 
electron beam 


section, o* (2s 


metastable state of the ion, J~ is the 
current density and 7, is the length of the gun pulse. 


Typical values for the constants appearing in Eqs. (23) 


(28) are: 
n° =().748& 10" atom/ cc, 
o*(1s)=0.37xa¢ (He I, p. 549), 
a*(2s)=0.37X10-*xa" (He I, p. 549), 
J~=8.40X 10" esu/cm?/sec, 
7, =0.81X 10~°* sec, 
a=0.865 cm, w=0.0254 cm, 
and 


e/M=7.227X10 


esu, g 
The corresponding values for pp and T are 
(29 


po= 0.165 esu/ce, T=0.846 microsecond 


one half of 


in the above model, the ion density drops to 
its initial value in 0.846 microsecond. The 
value of the longitudinal electric field acting 


El 


maximum 


on those ions exposed to the detector is (see Sec. 


Ez max = 8po(a/4) tan (w/a)=2.52v/cm. (30) 


Estimates have been made of the errors introduced 
by the above approximations. It has been found that, 
if allowance is made for the change in acceleration, the 
effective value of 7, the ion explosion time, is increased 
by about ten percent. Inclusion of the first twenty 
images similarly increases T by about 10%. Thus as 
a result of these two approximations the apparent 
explosion rate is about twenty percent too fast. No 
} effect of the initial 


thermal and recoil velocities, but it is expected that 


estimate has been made of the 


these initial velocities will hasten the dispersal of the 
ion cloud 

For the purpose of discussing the transverse ion 
motion, the longitudinal motion will be ignored. Since 
the resulting transverse motion is slow compared with 
the explosion, this procedure leads to an overestimate 
of the transverse motion. As in the case of the explosion, 
the initial velocities of the particles will be neglected 
If it is further assumed that the ion cloud is of infinite 
extent in the ¥—Z plane (Fig. 25) then the motion is of 
a particularly simple form. In this case the electric 
field is a constant of the motion and each particle moves 


in constant, crossed electric and magnetic fields. The 
electric field is of course different for particles having 
different initial X coordinates (Fig. 25). Under these 
conditions the particle trajectories are cycloids, the 
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average drift velocity of an ion across the field is 


i,=cE,/H, (31) 


where c is the velocity of light, is the magnetic field, 
and E, is given by 

E,=41poXo, (32) 
where py is the initial ion density, and X» is the initial 
X coordinate of the ion (Fig. 25). The maximum value 
of this transverse field occurs at the edge of the cloud 
(see Sec. Elc) 


Ey max = 4rpctt/2=7.90 v/cm. (33) 

Since the transverse drift velocity of each layer of 
ions is proportional to the initial displacement of the 
layer from the center of the cloud, the various layers 
slip past each other and the cloud undergoes a shearing 
distortion, the shear axis being parallel to the Y axis 
(Fig. 25). If the cloud is truly of infinite extent in the 
Y-Z plane (Fig. 25) and if two conducting sheets are 
placed parallel to the broad faces of the cloud then there 
is no change in the above description of the motion. If, 
however, account is taken of the finite extent of the 
cloud and its asymmetrical location between the broad 
faces of the interaction regions, then it is found that the 
plane of zero slip moves from the center of the cloud to 
a point about W’/10 from the center toward the remote 
wall of the interaction region. Thus there is a net 
transport of about twenty percent of the cloud along 
the Y axis (Fig. 25), since this is also the direction of rf 
propagation this effect leads to a slight Doppler shift. 

If the ion cloud extended well beyong the edges of 
the detection window in the Y direction then the 
transverse motion would not lead to any net loss of 
ions; in the actual apparatus at least one edge of the ion 
cloud is close to the edge of the detection window, this 
asymmetry results from an asymmetrical electron gun 
filament temperature distribution. For the purpose of 
obtaining an upper bound to the ion loss resulting 
from this transverse motion, it is assumed that both 
ends of the ion cloud coincide exactly with the edges of 
the detector window, and it is also assumed that the 
motion of the ions near the ends of the cloud is the 
same as it would be for a cloud of infinite extent. Under 
these conditions the number of ions exposed to the 
detector is given by 


N=N i 1—x(pocwt/Hd) j, (34) 
where .V> is the number of particles in the field of view 
at the end of the gun pulse, H is the magnet field, d is 
the length of the detection window, pp is the charge 
density, w is the wdith of the cloud, and / is the time 
measured from the end of the gun pulse. Taking 
d=0.953 cm, w=0.025 cm, po=0.165 esu/cc, and 
H = 7600 gauss, it is found that the number of particles 
exposed to the detector dropes to half of the initial 
value in 8.8 microseconds. 
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APPENDIX II. FIELD DEPENDENCE OF SPACE-CHARGE 
REMOVAL PROCESSES 


The dependence of the ion explosion time (7) upon 
the ion charge density and the dimensions of the ion 
cloud is given by Eq. (25). The ratio of the cloud width 
(w) to height (a) is about 1/34, thus Eq. (25) may be 
expanded in power of (w/a). It is also convenient to 
express the charge density in terms of the total charge 
in the ion cloud (Qo). Thus Eq. (25) may be rewritten as 


eé Oo of 1 w? 
a(t 2) 8 
M ad 6a 


where ()p is the total initial charge in the cloud, and w, 
a, and d are the thickness, height, and depth of the 
cloud (Fig. 25). Since the electron collector current is 
held constant as the magnetic field is varied any field 
dependence in Qo must arise from field dependent 
changes in either the ionization efficiency or the electron 
collection efficiency. There are good theoretical reasons 
for believing that the ionization and excitation cross 
sections are field independent. Since the bombarding 
electrons follow helical paths and since the diameter of 
the helices depend upon the magnetic field it might be 
expected that the ionization efficiency depends upon 
the magnetic field ; however, since the electron spiralling 
frequency (cyclotron frequency) increases at the same 
rate as the helix diameter decreases the rectified electron 
path length is independent of field. Therefore the 
ionization efficiency is believed to be field independent. 
The bombarding electrons pass through a double grid 
system in going from the interaction region to the col- 
lection plate. Since the diameters of the electron helices 
are inversely proportional to the field, there is a small 
field dependence in the grid transmission factor and in 
the electron collection efficiency. A larger fraction of 
the electrons passes through the grid system at high 
fields than at low fields. The change in grid transmission 
has been estimated by assuming that the effective size 
of the grid wires is equal to the geometrical wire diam- 
eter plus one electron helix diameter, the helix diameter 
being computed from the transverse thermal velocity 
of the electrons. The grid transmission increases by 


(35) 
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about 0.067% as the field is varied from the low-field 
working point to the high-field working point. The cor- 
rection to § resulting from this effect is +0.02 Mc/sec.“ 

As a result of the transverse cycloidal motion the 
width of the cloud (w) depends slightly upon the mag- 
netic field; at high fields the cloud width is less than at 
low fields. For the purpose of estimating a correction to 
§ it is assumed that w is inversely proportional to the 
field. With this assumption the explosion time (7) 
changes by about 0.0025% between the two working 
point fields. The corresponding correction to § is 
—0.002 Mc/sec. The quenching function given by Eq. 
(19) was used for the evaluation of the above space 
charge corrections, the gas quenching processes were 
neglected in this calculation. 

In estimating the correction to § resulting from the 
field dependence of the transverse ion motion, the 
explosive motion of the ions is ignored. In this manner 
an upper bound to the correction is obtained. For the 
purpose of evaluating this correction, a quenching 
function has been developed which is based on the ion 
loss function given by Eq. (34). This quenching function 


1S 


i: J Ts 
o(u)= vo{(1- _ Jue wT) 4 € aT s . (36) 
rT wpr T 


where Vo is the number of metastable ions in the inter- 
action region at the end of the gun pulse, yw is the 
quenching amplitude given by Eq. (6), 7 is the length 
of the rf pulse, 7; is the delay between the end of the 
gun pulse and the beginning of the rf pulse and the 
removal time r is given by 

t= Hd/xpocw, (37) 
where H is the magnetic field, py is the ion charge den- 
sity, and d and w are the depth and width of the ion 
cloud respectively (Fig. 25). The field dependence of the 
removal time r shifts the center of the resonance, as 
determined at the working point fields, by 0.21 Mc/ sec. 


“ The principal effect on 5 arising from the variation in collec- 
tion efficiency is due to its effect on T (Eq. (35)]. The nor- 
malization procedure eliminates the other effects which the 
variation would have. 
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This paper first gives the theory of AJ =0, AF = +1 trarsitions of symmetric top molecules having a 
nucleus with a large quadrupole moment on the axis. The manner in which the gaseous state spectrum 
converges on the pure quadrupole sold state spectrum as J becomes infinite is discussed. Also is described 
an absorption experiment in which six quadrupole lines of CH,I and one of CF,I were observed in the region 


between 290 and 520 Mc/sec 


The experiment yielded values of the quadrupole coupling constants of 


~ 1933.9940.25 Mc/sec and —2142.5+1.8 Mc/sec respectively for CH,I and CF,I. These values are in 
agreement with previous values obtained elsewhere from rotational! transitions. 


INTRODUCTION 


HIS paper' is concerned with the observation by 
an absorption method of the so-called “pure 
quadrupole” transitions in the vapors of symmetrical 
top molecules containing a nucleus with a large quad- 
rupole interaction on the molecular symmetry axis. 
These are transitions arising from the reorientation of 
with to the rotational angular 
momentum vector while the rotational quantum num- 
bers J and K remain constant. 
A more detailed dex ription of these transitions may 


the nucleus respect 


be given with reference to Fig. 1, which is an angular 
momentum vector diagram. K represents the quantized 
component of rotational angular momentum along the 
molecular axis. This precesses around the total rota- 
tional angular momentum vector J. The nuclear spin I 
is coupled to J, and these two vectors precess around 


their resultant F. In pure quadrupole transitions, the 


relative orientation of the nucleus and J changes such 
that the spin vector changes from I to I’ with a new 
resultant angular momentum F’, as shown in Fig. 1, 
assuming a frame of reference fixed to J. At the same 
time the nuclear quadrupole moment changes in orien- 
tation with respect to the electric field of the molecule, 
involving a change in the energy, which is accompanied 
by the emission or absorption of radiation. These 
transitions, then may be seen to be those defined by 
the selection rules AJ =0, AK =0, and AF=+1. 
Quadrupole coupling constants may be determined 
very accurately from these observations since these are 
the principal parameters determining the frequencies. 
The conventional method of determining quadrupole 
coupling constants of vapors is from observations of the 
hyperfine splitting of rotational transitions. Those occur 
at much higher frequencies and are usually much easier 
to detect. However, sometimes quadrupole coupling 
constants cannot be determined very accurately since 
they are related to hyperfine splittings which represent 


* Supported by the Office of Naval Research, and by the United 
States Air Force, through the Office of Scientific Research of the 
Air Development Command 

? Present address, Radio Corporation of America, Harrison 


New Jersey 
‘A preliminary report of this work has been published: | 
Sterzer and Y. Beers, Phys. Rev. 94, 1410(A) (1954 


only a small fraction of the frequency. This situation is 
particularly true for high-J transitions. 

Mainly because pure quadrupole spectra exist at 
frequencies below 1000 Mc/sec, they have low in- 
tensities and are hard to observe. However, the recent 
development of a spectrometer for these frequencies in 
this laboratory?* has made possible the observation of 
these spectra in a few favorable cases. 

While pure quadrupole transitions in vapors have not 
been studied generally, the analogous transitions in 
the solid state have been observed very widely since 
their discovery by Dehmelt and Kruger.‘ Those are 
transitions arising from the reorientation of a quad- 
rupolar nucleus with respect to the gradient of a crystal- 
line electric field. The spectra of solids are very simple 
as the electric field is invariant, while with vapors the 
spectra are complex since the effective value of the 
gradient of the electric field is different with each 
rotational state. Although they are also at low fre- 
quencies, the solid state spectra are easy to observe, 
partly because the available intensity is concentrated 
in a very few lines and partly because it is practical to 
work with samples containing many more molecules. 
Since the quadrupole coupling constant has slightly 
different numerical values for the solid and vapor, the 
observations made in the two states are not equivalent. 
Although the spectra in the vapor state are complex, 
as will be shown later, they are very simply related 
theoretically to the spectra obtained in the corres- 
ponding solids if the change in the magnitude of the 
constant is neglected. 

While the ftequenc ies of the pure quadrupole lines 
are determined by nuclear quadrupolar interactions, 
the intensities are fortunately determined by changes 
in the effective electric dipole moments of the molecules. 
If the intensities were determined by the interaction 
of the nuclear quadrupoles with electromagnetic radi- 
ation, they would be much too weak to be observed. 

The mechanism for the interaction of the dipole 
moment P with the radiation may be seen by reference 


*Y. Beers and S. Weisbaum, Phys. Rev. 91, 1014 (1953) 
* Weisbaum, Beers, and Herrmann, J. Chem. Phys. 23, 1601 
(1955 


*H. G. Dehmelt and H. Kruger, Naturwiss, 37, 111 (1950 
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again to Fig. 1. P is parallel to K and has a component 
P, which persists with respect to the precession of K 
about J. P, in turn has a component P» which persists 
with respect to the precession of J about F. When the 
transition takes place, this persistent component 
changes to a new value P,»- because of the change in the 
angle between J and the resultant angular momentum 
F. Thus there is a change in this persistant component, 
which is the effective value of the dipole moment. 

This discussion indicates that the strongest lines occur 
with K=J and that the intensities are zero when J and 
K are mutually perpendicular: that is, when K=0. 
Since a linear molecule in a ground vibrational state is 
equivalent to a symmetric top molecule with K=0, no 
transitions will be observable with such a molecule. 
The discussion also indicates that the strongest lines 
are obtained with J and J as nearly parallel as possible: 
that is, in the group of transitions F=/+J—1 to 
F=]+J. Another reason why this group of lines tends 
to have the greatest intensities is that for each given 
J and J the levels have the highest possible statistical 
weights. These qualitative conclusions are generally 
supported by quantum-mechanical calculations, but 
these indicate that there are a few transitions of other 
types which are relatively strong. 


CALCULATION OF SPECTRA‘ 


The interaction energy of a nuclear quadrupole 
moment ( located upon the axis of a symmetric top 
molecule as given by a first order quantum mechanical 
perturbation calculation is well known*®? 


equQ ; 
Eg= [#C(C+1) 
27(27—1)J(2J—1) 


—1(I+1)J(J+1)], (1) 


where F, J, and / are respectively the quantum numbers 
associated with total angular momentum, total rota- 
tional angular momentum, and nuclear spin. e is the 
charge of the electron. By definition, 


C= F(F+1)—1(+1)—J(VJ+1). 


gs is the second derivative of the electrostatic po- 
tential at the nucleus with respect to a linear coordinate 
measured along a space-fixed axis, as averaged over the 
state with the quantum numbers J, K, and m;=J. This 
potential is the result of the other charged particles in 


* While preparing this manuscript we have learned that some 
calculations on these spectra have been made by T. Itoh of the 
University of Tokyo but most of the details of his calculations are 
unknown to us. See S. Kojima, Symposium on Molecular Physics 
at Nikko, 1953, p. 98 

* See for example, N. F. Ramsey, Nuclear Moments (John Wiley 
and Sons, Inc., New York, 1953) 

? Gordy, Smith, and Trambarulo, Microwave S pectroscopy (John 
Wiley and Sons, Inc., New York, 1953) 
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Fic. 1. Vector diagram of symmetric top molecule in frame of 
reference fixed to the total rotational angular momentum J. 


the molecule. The value of gy is given by 
J 3K? 


qi= mf I 
27 +3 I (J +1) 
where g is the second derivative of the electrostatic 
potential at the nucleus with respect to a coordinate 
measured along the axis of symmetry of the molecule. 

If the quadrupole coupling constant eQgq is expressed 
in frequency units, the frequency of a spectral line is 
obtained by expressing the energies of the two levels 
by Eqs. (1) and (2) and taking the difference. In general, 
the selection rules for electric dipole transitions are 
AJ=0,+1 (except J=0-0), AK=0, and AF=0,+1, 
but in this paper by definition we are restricted to only 
those lines for which AJ =0 and AF= +1. 

To discuss the spectra resulting from these latter 
selection rules, it is convenient to arrange the lines 
into groups. The ailowed values of F may be written 
as F=J+M. Here M is to be considered as a mathe- 
matical parameter which takes on a sequence of values 
in integral steps ranging from —/ to J. According to 
our selection rules, a transition occurs between some 
level labeled by K, J, and M-1 and a level labeled by 
K, J, and M. We define a group of lines by giving M 
some fixed value and allowing J and K to vary. 

First left us consider the K=J groups, which, as we 
have said, tend to have the greatest intensities. For 
low values of J, the frequencies vary rapidly with J, 
but as J becomes very large, they converge upon 
definite limits. These limits may be determined by 
writing down the expression for the frequency in terms 
of J, K, and M and passing to the limit when K=J 
becomes infinite. The resulting expression is 


Siim = 3eQq(2| M| —1)/47(27—1). (3) 


In considering groups for which K#J, we note that 
the only dependence of the frequency upon K is through 
the expression in the brackets in Eq. (2). If J and K 
approach infinity subject to the condition that J—K 
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= L, where L is any integer, this expression approaches 
a constant value 2, independent of L except that as L 
increases the convergence becomes slower. Therefore 
the limiting values of the frequencies depend only upon 
M and are given by Eq. (3). Also it is to be noted that 
in such limits, gy=q. This latter fact may be explained 
by the facts that J and K become parallel in the limits, 
and, therefore, for the states m,;=J the molecular- 
symmetry and space-fixed axes become parallel. 

If we allow J to approach infinity subject to the con- 
dition that K maintain some constant value, we note 
that in Eq. (2) gy approaches the value of — 4g and that 
the limiting frequencies are half the values given by 
Eq. (3). We can explain this behavior in the following 
way. In such limits J and K become perpendicular to 
one another while for the states my=J, J becomes 
parallel to the space-fixed axis. Therefore the molecular 
symmetry axis becomes perpendicular to the space- 
fixed axis. Hence the property of the electrostatic field 
which persists with respect to the precession of the 
various angular momentum vectors is the second spatial 
derivative of the potential with respect to a direction 
perpendicular to the symmetry axis. Since the potential 
must satisfy Laplace’s equation and have axial sym- 
metry, the second derivative with respect to a direction 
at right angles to the axis is equal to the second de- 
rivative along the axis multiplied by this factor — }. 

Many of these remarks have been illustrated in Fig. 
2 for the case when /=5/2, which pertains to the ex- 
perimental work to be described later. The frequencies 
of the five K 
the solid curves. Two of these approach the limit 0.30 


J groups of lines are plotted against J in 


eQq from below; two others approach the limit 0.15 
and the fifth 
group approaches zero in the limit. The frequencies of 
one of the K 


eVq, one from above and one from below; 


J—1 groups are plotted also with a 





Frequency # Units of e0@ 





o J 
° S 5s 
: J 
Fic. 2. Frequencies of principal groups of pure quadrupole lines 
of the vapor of a symmetric-top molecule with a nucleus having a 


spin J =$/2 plotted as a function of J 
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dashed line, and this curve is seen to converge upon the 
same limit as the corresponding K=J curve but some- 
what more slowly. 


RELATION OF THE SPECTRA OF THE GASEOUS 
AND SOLID STATES 


The physical significance of the limiting frequencies 
for large J as given by Eq. (3) may be seen by con- 
sidering pure quadrupole transitions in the solid state 
which result from the change in orientation of a nucleus 
of spin J with respect to a crystalline electric field with 
axial symmetry. The theory of these transitions has 
been given by Pound,*® and he has shown that the 
frequencies are given by a formula identical with Eq. 
(3). Here, however, M must be redefined as the quan- 
tum number giving the projection of J along the 
crystalline axis, and Q must be redefined as the second 
derivative of the electrostatic potential with respect to 
a linear coordinate measured along the crystalline axis. 

The quantum mechanical theories for both the 
gaseous and solid states are, of course, based upon the 
same classical theory. It is not surprising that they 
should give results which coincide when we recall the 
discussion of the correspondence principle in many 
textbooks on quantum theory in which it is shown that 
when the angular momentum becomes large many of 
the quantities associated with the motion take on values 
which approach the classical ones. In fact Feld and 
Lamb* have used this approach to evaluate quadrupole 
splittings of diatomic molecules which have been been 
observed to make magnetic dipole transitions in molecu- 
lar beam experiments. Also in his paper, Pound® sug- 
gested that such an approach could be used for the 
crystalline state but he did not use it because in prac- 
tical situations the theory must include provision for 
asymmetry of the field. 

In the transitions which we are considering for the 
gaseous state the principal agent reacting with the 
radiation field is the electric dipole moment of the 
molecule while in the solid state the agent is the mag- 
netic dipole moment of the nucleus. These facts may be 
reconciled by reference to Fig. 1 and by considering the 
case in which J becomes infinite while J— K=L. Then 
the vectors J and K become parallel, and their principal 
role is to define a direction which is the analog of the 
crystalline axis. At the same time the effective value 
of the dipole moment Pr approaches a constant value 
P, and, since it does not change in the transition, it 
becomes inactive. Then the role of principal agent must 
pass to the next higher available multipole which is the 
magnetic dipole moment of the nucleus. 


HIGHER ORDER INTERACTIONS 


The previous discussion is based upon a first-order 
perturbation theory which assumes that the quadrupole 


Pound, Phys. Rev. 79, 685 (1950) 


‘RV 
*B. T. Feld and W. E. Lamb, Phys. Rev. 67, 15 (1945) 
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Tas e I. Measured pure quadrupole transitions of CH,I and CFy,lI. 
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Second order 
Measured frequency Calculated egQ correction Calculated intensity 
J=K Transition of F c/sec Mc/sec Me/sec cm~ 
(e) CHAI 
1 3/2-+5/2 292.5 +04 — 1934.6 +23 2.29 2.8X10-" 
2 9/247 /2 375.0 +0.3 — 1934.0 41.7 3.48 3.8X 10-8 
3 11/2-9/2 444.76+0.10 — 1934.0 +04 1.55 7.9X10-" 
4 13/2-+11/2 481.05+0.10 —1933.8 +04 1.14 3.3X10-" 
5 1$/2-+13/2 503.0520.15 —1934.4 +0.6 0.85 2.5X10-" 
6 17/2-+15/2 517.3 +04 —1933.95+1.2 0.65 3.5X10-" 
3 11/2-+9/2 500.4 +0.4 —2142.5 +18 9.39 1.7X10-4 











splittings are very small compared to the rotational 
splittings. However, pure quadrupole spectra are only 
observable with very large quadrupole interactions and 
this"assumption”is not completely valid. Corrections 
must be made by an application of the second order 
theory due to Bardeen and Townes.” The calculations 
of these corrections is straight-forward and will not be 
given in detail. As can be seen in Table I, these cor- 
rections amounted to several Mc/sec in the experiments 
which will be described. 

The sign of the quadrupole coupling constant may 
be determined from a study of the second-order cor- 
rections. These corrections, depending upon the square 
of this constant, are independent of the sign. However, 
in the first-order theory a reversal of sign inverts the 
order of the two levels. Thus whether the second-order 
correction is to be added or subtracted to the frequency 
calculated from first-order theory depends on the sign. 
Therefore, both the magnitude and sign of the constant 
may be determined if two or more lines are measured 
accurately. 

While the observation of quadrupole spectra affords 
a method of obtaining accurate values of quadrupole 
coupling constants, it does not seem to be a favorable 
method under present conditions for investigating the 
magnetic dipole (I-J) interaction. The theory of this 
interaction has been developed by Henderson and Van 
Vleck." With our present techniques we have been able 
to observe only K=J and F=I+J—F=I+J-—1 
transitions. Except for J/=1 and J=2, the change in 
frequency due to this interaction varies very slowly 
from line to line in this group. Furthermore, if we 
assume the interaction constants in CH,I are not 
larger than those of NH3;, we cannot expect the total 
effect to be greater than about 50 kc/sec. Such an effect 
would be obscured by experimental errors. 


CALCULATION OF INTENSITIES 


The intensities can be calculated by methods given 
in standard texts.’ However, a direct calculation re- 
quired the evaluation of the matrix element of the 


# J. H. Bardeen and C. H. Townes, Phys. Rev. 73, 627 and 1204 
(1948). 

“R. S. Henderson and J. H. Van Vieck, Phys. Rev. 74, 106 
(1948). 


molecular dipole moment P between the state JKF 
and the state /KF*,"where F*=F+1, but we were 
unable to locate any explicit evaluation of these matrix 
elements. Therefore we devised a procedure employing 
standard reference material whereby these matrix 
elements were evaluated indirectly. 

This procedure consisted of two principal steps. The 
first consisted of calculating the intensity of a fictitious 
transition connecting two states with the same J and 
K without any nuclear hyperfine splitting but occurring 
at the actual frequency of the spectral line. (An actual 
transition of this type, of course, would occur at zero 
frequency and therefore would have zero intensity.) 
This intensity could be calculated directly with matrix 
elements whose values are well known. The second step 
introduced the effect of hyperfine splitting. The in- 
tensity calculated in the first step was multiplied by the 
ratio of the relative intensity Jp.r+ of the transition 
from F to F* to }-/, the sum of all the intensities con- 
necting all of the levels with the same J and K, These 
quantities have been calculated by several authors,”~™ 
and numerical tables have been reprinted in several 
standard textbooks. By combining these two steps and 
evaluating all constants, the following final result was 
obtained : 


3.86 10°" (23 +1) K*V BA togf Pl pe 
T**(Av) J (J+1)E I 
Xexp{—4.80K 10“ BJ (J+1)+(A—B)K*)/T)}, (4) 


where a=absorption coefficient at center of line in 
cm~, y= frequency in Mc/sec, B= rotational constant 
with respect to the principal axis of inertia parallel to 
the symmetry axis in Mc/sec, A=rotational constant 
with respect to a principal axis of inertia perpendicular 
to the symmetry axis in Mc/sec, f,=fraction of the 
molecules in vibrational state in which the transitions 
take place, P= dipole moment in Debye units (1 Debye 
unit= 10~'* esu), 7 = temperature of the gas in degrees 
Kelvin, and (Av);=half-line width at half-maximum 
at 300°K and 1 mm Hg pressure expressed in Mc/sec. 


™R. De Kronig, Z. Physik. 31, 885 (1925) ; 33, 261 (1925). 
4 E. L. Hill, Proc. Natl. Acad. Sci. U. S. 15, 779 (1929). 
“ H. E. White and A. Y. Eliason, Phys. Rev. 44, 753 (1933). 
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Fic. 3. The frequencies of the principal pure quadrupole lines 
of CHI plotted against J. The intensities at room temperature 
are indicated by the diameters of the circles 


The values of g and o in Eq. (4) can be evaluated as 
follows’: 
R= frkK, 
wl ere 


gx=ilforK=0, gx=2 for K¥0 (6) 


For molecules with a. threefold axis of symmetry with 
one set of three identical “off-axis” nuclei having spin 


I,a=3, and 


for K divisible by 3, 
including K =0, 
for K not divisible by 3. 


To determine which pure quadrupole transitions are 
likely to be the most intense ones, we note from Eq. 
(4) that the absorption coefficient is proportiona! to the 
square of the frequency. In general, the highest fre- 
quency lines are the F= 1+ J—1—F =1-+-J transitions, 
as indicated in Fig. 2. These are the transitions which 
we predic ted from the vector model to be the strongest 
Also in accord with the vector model, we note that for 
and 


therefore, even aside from considerations of frequency, 


a given J, the intensity is proportional to A’, 


generally the strongest lines for a given J will occur 
for K=J, 
For low values of K 


J the 
J} because of the predominant effect is the increasing 
this effect 
is outweighed by the decrease in the ratio J p.re/(>-/) 
in Eq. (4), 
decrease rapidly with J. A further decrease is caused by 
the Boltzmann factor 

In Fig. 3 are shown the frequencies of the principal 
pure quadrupole lines of methyl iodide, CH,I, plotted 
against J. Centered upon the appropriate points are 
circles whose diameters are proportional to the in- 


intensity increases with 
statistical weights. For large values of K=/J, 


and the net effect is to cause the intensity 


tensities at room temperature, the strongest line being 
the K=J=3, F=11/2-9/2 intensity of 
8X 10-" cm. Mainly because the ratio J pipe (>-7) is 


with an 
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small compared to unity, these intensities are generally 
considerably smaller than those of rotational transitions 
in the same frequency region. (For example, the 5:5; 
line of HDO, which was observed in this laboratory’ at 
486.50+0.15 Mc/sec, has a computed intensity of 
1.5X10-* cm™.) The smallness of this ratio is to be 
attributed to the fact that here we are dealing with 
‘“nondiagonal’”’ AF = +1 transitions. On the other hand, 
it is to be noted in Fig. 1 that a few low-J/ lines not in 
the F=J+J-—-F=J+I—1 group have comparatively 
large intensities. This fact is explained by the existence 
of abnormally large values of this ratio. 


EXPERIMENTAL TECHNIQUES 


The experimental investigation employed a Stark- 
modulated spectroscope with a 3 in.X1} in.X20 ft 
absorption cell. The details of the instrument itself are 
given elsewhere** and will not be given here. However, 
because of the very low intensities of the lines it was 
necessary to operate the equipment in an unorthodox 
fashion at the cost of resolution. 

To obtain high sensitivity, it was necessary to operate 
at high-power levels, corresponding to rectified crystal 
detector currents of about 0.5 Ma. To avoid power 
saturation it was necessary to use high gas pressures 
such that the line width was comparable to the band- 
width of the rf system. Therefore it was not practical 
to operate at fixed pressure and sweep the frequency in 
the usual way. On the other hand, the high degree of 
absolute frequency stability obtainable at low fre- 
quencies made another procedure possible. 

The system was tuned up near to the expected 
frequency of a line. The cell was filled with gas at such 
high pressure that the Stark modulation completely 
failed because of the absence of any resolution of the 
Stark components. The corresponding deflection of the 
output meter gave the zero. Then the pump was turned 
on, and the meter deflected as the pressure decreased. 
This deflection went through a maximum and ultimately 
decreased because of the onset power saturation. It was 
assumed this deflection decreased in the limit to the 























Fic. 4. Illustration of the pressure variation method. The zero 
is shown at A. With the gas at high pressure, the pump is turned 
on at B causing downward deflections followed by the beginning 
of a slow recovery. At E the pump is turned off and gas is admitted 
The cycle is repeated at CF and again at DG. These data were 
obtained on the K=J=4, F=13/2-+11/2 line of CH,I at 480.8 
Mc, sec 
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same value as that at high pressure, although it was 
impractical to verify this assumption since it would 
have required pumping such a long time that other 
factors could not be assumed to remain constant. This 
effect and its reproducibility is illustrated in Fig. 4. 
At A, the deflection is that pertaining to high pressure. 
Then at B, the pump was turned on, and the output 
deflected downward, and, after reaching a stationary 
value, tended to recover slowly to the value at A. After 
a few minutes at E, the pump was turned off and gas 
at high pressure was readmitted. The deflection returned 
to that at A. Then this cycle was repeated twice, C and 
D corresponded to B, and the F and G corresponded to 
E. 

On a recording such as shown in Fig. 4 we observed 
either the maximum deflection, or, by the use of the 
pressure calibration which was introduced on to the 
record by the chronometer pen, we determined the 
deflection at some preassigned pressure. In either case 
some of the effects of noise were eliminated by smooth- 
ing. Having obtained either the maximum deflection or 
the deflection at some pressure at the original frequency, 
we repeated the process at other frequencies main- 
taining constant power. Then the line contour was 
obtained by plotting the deflections against frequency. 
Such a contour, obtained by the maximum deflection 
procedure, with the K=J=3, F=11/2-+9/2 line of 
CHI is shown in Fig. 5. The validity of these procedures 
for obtaining the line frequency may be illustrated by 
the fact that four values, two obtained by maximum 
deflection and two by the constant pressure method, lay 
within 70 kc/sec of their average value while we have 
assigned a probable error of 100 kc/sec to our final value 
of this frequency. 

Confirmation of the identities of two of the CH,I lines 
was obtained by observing some of their Stark com- 
ponents. A few of the measurements were made by this 
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Fic. 5. Line contour computed from deflections obtained by 
pressure variation method as illustrated in Fig. 4. This is a plot 
of the K=J=3, F=11/2-+9/2 line of CH,l 
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Fic. 6. Some Stark components of the K=J=3, F=11/2-+9/2 
line of CH,I by sweeping Stark voltage at a constant frequency 
of 447.0 Mc/sec. 


same pressure variation technique, but a better method 
proved to be the one where at a constant frequency and 
pressure the Stark voltage was swept while the output 
was recorded as shown in Fig. 6. Because of a gradual 
change in stray pick-up, the base line has a large slope, 
but superimposed upon it are three small peaks cor- 
responding to three of the components of the K=J=3, 
F =11/2-+9/2 line of CH,I. Small as these peaks were, 
they were reproducible, and their positions changed with 
frequency in a manner consistent with their calculated 
Stark coefficient. 

Whereas these techniques were developed for use in 
this low-frequency region, one of the present authors 
has also employed them to good advantage in observing 
the J/=0-—1 rotational spectrum of trifluoriodomethane 
in the S-band." 


EXPERIMENTAL RESULTS 


Observations were made upon two molecules, CHsl 
and CF;I. The CFI was obtained from the reaction of 
trifluroacetic acid with silver iodide. After partial 
distillation, the sample was observed to have the correct 
boiling point for CF3lI. 

Listed in Table I are the measured frequencies and 


the corresponding values of eQg for the six lines which 
were observed for CH,I. The weighted average is 


— 1933.99+-0.25 Mc/sec, which is in good agreement 
with the value of —1934 Mc/sec obtained by Gordy, 
Simmons, and Smith’* from the observation of micro- 
wave rotational transitions. 

The spectrum of CF;I is very much weaker than that 
of CH,I mainly because of the less favorable population 
of the same energy levels, and it was possible to observe 
only one line, whose frequency is also listed in Table I. 
The corresponding value of egQ is —2142.442 Mc/sec 
in good agreement with the value of —2143.842 
Mc/sec obtained from the experiment on the J=0—1 
rotational transition mentioned above."* These values, 


is I 
(1955 
‘* Gordy, Simmons, and Smith, Phys. Rev. 74, 243 (1948) 


Sterzer, J. Chem. Phys. 22, 2094 (1954); 23, 762 (E) 





1180 F. 


however, are not completely independent, since the 
rotational data were used to supply the second-order 
correction.” These values are also in good agreement 
with the earlier value of —2150 Mc/sec obtained by 
Sheridan and Gordy" 
rotational transitions in the K-band. 


from observations of higher 


STERZER AND Y. 
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wratortes 


an approximate threshold law for multiple ionization is 


WO years ago, in a paper on the threshold law for 
single ionization! a serious effort was made to take 

into account the three-body character of the ionization 
process. It is a result of that calculation that the inter- 
action of the two electrons is a relatively minor effect as 


far as the power law is concerned, the reason being that 
the two slow electrons, upon emerging from the ion, 
+ plified 


keep to opposite sides of it 


soning whicl 


type of rea 


neglects the interaction of the emerging 
outside the rea zone hi thus 
If it is applied to do 


, 
electrons tion sem 


quantitative value * ionization 








occurs in the case of single 


ic energies of the two er 


G egion in which ionization 
Fic. 1. Reg 

ionization. T, and 7, are the kinet 
electrons, and AE is the energy 


erging 


excess 


1G. H. Wannier, Phys. Rev. 90, 817 (1953 


a quadratic dependence of the yield on the energy excess 
results. This was communicated to Fox, Hickam, and 
Kjeldaas and is mentioned in their paper.’ It appears 
that these ideas are of some interest to the experimental 
workers in the field, and the derivation of this approxi- 
mate threshold law will therefore be presented here. 
Draw around the ion a spherical surface (whose 
radius 5 is, as is usual in this type of argument, un- 
specified) and let the electrons emerge from the sphere 
“switched off’ mutual interaction. Each electron 
must then have a kinetic energy T greater than e?/d in 
order to escape. In Fig. 1, the case of single ionization 
is illustrated. The kinetic energies 7, and T; of the two 
emerging electrons are plotted on abscissa and ordinate. 


with 


he region in which ionization occurs is limited by two 
straight lines parallel to the axes. Now a line of constant 
energy excess AE in this diagram is straight and of slope 
-1; the segment of it leading to ionization is marked 

in the figure. Clearly, the length of this segment is 
to the energy excess and so is the yield 

unless the probability distribution has a strong anomaly 
in the corner. 
more than two electrons emerge from the reaction zone, 


proportional 
This possibility is hig! ly improbable. If 


then one can plot their respective kinetic energies in a 
space of higher dimensions, and reason as above. For 
the case of double ionization, we work in three di- 
the straight line AE 
plane and the segment a triangle. Its area, and thus the 

f : For 
us becomes*the 


constant becomes a 


mensions: 


vield, 


varies as the square of the energy excess. 


n-fold ionization, the threshold law 


nth power. One can reason by analogy to single ioni- 


zation that the true exponent is probably slightly larger 
than n. 


* Hickam, Fox, and Kjeldaas, Phys. Rev. 96, 65 (1954). 
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A method is described here for determining the probability of obtaining a given electric field on an ion 
in a plasma. This quantity is essential for computing the broadening of spectral lines from neighboring 
ions and therefore for their contributions to the opacity. The Pines-Bohm method of separation into long- 
range Coulomb interactions has been employed. It is argued that the formulas give the line width for iron 


at one kilovolt and normal density to +3%. 


I. INTRODUCTION 


T is often essential to know the breadths and shapes 

of spectral lines to compute the absorption coef- 
ficients and Rosseland mean opacities' of substances 
at high temperatures. An understanding of the causes 
of line broadening also aids the interpretation of the 
spectra of the sun and stars.’ Several experiments’ have 
been performed for the purpose of observing line shapes 
under conditions that are controlled enough to check 
theoretical calculations. 

Some of the causes of line broadening? are (1) the 
natural width due to the coupling of the atom with the 
electromagnetic field, (2) Doppler broadening, (3) elec- 
tron collisions with the atom, and (4) the Stark effect 
shift of the atomic levels by fields from neighboring ions. 

To compute the line broadening by Stark fields from 
neighboring ions, it is essential to know the probability 
P(e)de of finding a given electric field of magnitude ¢ 
at a radiating ion due to the displacement of neighboring 
ions. This paper is concerned with the calculation of this 
probability. 

In the past, the Holtsmark distribution’ has often 
been used for P(e). It is obtained by neglecting the 
Boltzman factor and thus ignores the fact that one ion 
is hindered from approaching another by the electro- 
static repulsion. This is a good approximation when the 
potential energy of two ions, exerting fields of the 
largest interesting magnitude on each other, is much 
less than the thermal energy kT. This potential energy 
must be at least as great as that for two ions separated 
by their average spacing. Thus, the Holtsmark approxi- 
mation is good when the number of ions per cubic 
centimeter n<10"7*/Z* with T in degrees or when 
n<10(kT)*/Z® with kT in electron volts, where Z is 
the number of electron charges on the ion. In some cases 
the upper limit on m may be lowered by as much as a 
factor 10~', since the wings of the spectral lines are 
generated by large Stark displacements of the levels of 


* This work was sponsored by the U. S. Atomic Energy Com- 
mission 

'L. H. Aller, The Atmospheres of the Sun'and Stars (The Ronald 
Press Company, New York, 1953) 

*H. Mayer, Los Alamos Scientific Laboratory Report LA-647, 
1947 (unpublished) 

* J.}Holtsmark, Ann. Physik 58, 577 (1919); Physik Z. 20, 162 
(1919); Physik Z. 25, 73 (1924); S. Chandrasekhar and J. von 
Neumann, Astrophys. J. 95, 489 (1942). 


the ions, and, therefore, by close collisions between ions. 
These conditions are well satisfied in the reversal layers 
of normal stars and in laboratory experiments that are 
known by the author to have been performed to observe 
line broadening. They are not satisfied, however, in 
stellar interiors. Here the radiation transport may be 
computed with the aid of the Rosseland mean opacity 
which will, in some cases, depend strongly on the 
widths of the lines. For these cases, then, the Boltzmann 
factor must be taken into account. 

The problem may be considerably simplified by 
employing the following model. The electrons are 
assumed to be either attached to an ion or free to move 
through the plasma. Since the free electrons move so 
much more rapidly than the ions, they may be treated 
as a smeared negative charge. For simplicity this 
smeared charge will be assumed uniform in density and 
to be undistorted by displacements of the ions. The 
ions will all be taken to have the same charge. 

With this model, a certain set of units appears to be 
natural. For the unit of length, it is convenient to take 
the “ion sphere radius.” This is the radius of a sphere 
that, on the average, contains exactly one ion. The 
unit of field strength then will be taken to be the mag- 
nitude of the field exerted on one ion by another ion a 
unit distance away, and the unit of energy will be the 
difference in potential energy of two ions when sepa- 
rated by unit distance and when separated by infinite 
distance. This is equivalent to using the charge on the 
ions as the unit charge. 

Mayer® has made two approximations to P(e) that 
take account of the Boltzmann factor. The first is 
useful when @ is much less than one, where @ is the 
temperature measured in the above energy units. In 
this case, the ions tend to remain at their equilibrium 
positions at the center of their respective ion spheres 
and to feel a restoring force proportional to their dis- 
placements. Thus, they move like three-dimensional 
simple harmonic oscillators (SHO). For very large 
fields and large 6’s, the approximation must break down 
since an ion will get out of its own ion sphere. 

Mayer’s second approximation is for large fields and 
takes account of the fact that the Boltzmann factor 
and the available volume in configuration space make 
it more probable to obtain large fields by the close 
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approach of a single nearest neighbor than by the 
cooperative action of several nearby ions. Thus, the 
contributions to the field at the radiating ion by other 
than the nearest neighbor are neglected. It is not clear, 
however, how to normalize this approximation since 
P(¢) is not represented well in the neighborhood of its 
maximum. 

To determine P(e) over the entire range of ¢ and to 
check the normalization used by H. Mayer in his 
nearest neighbor approximation, it is necessary to 
consider other methods of treating a plasma than those 
mentioned above. Another simple approximation may 
be obtained by visualizing the high-energy ions as being 
free particles in a box. This gas is made up of ions having 
sufficient energy to make an approach to another ion 
close enough to exert the required field on it. The 
Holtsmark distribution can then be applied to this 
reduced number of ions to obtain P(e). The level of the 
bottom of the box, however, still remains as an unde- 
termined constant and the approximation is only good 
for large fields. 

The work of Pines and Bohm‘ has suggested a very 
effective way of treating the ions in a plasma. They show 
how to separate the Coulomb forces into long and short 
range components and to convert the system of ions in 
an electron sea into a system of particles interacting 
with short range forces and a set of waves whose am- 
plitudes become independent coordinates. The wave 
part of the system is quite easy to treat. The particle 
part is much more difficult and so formulas have been 
obtained that give upper and lower limits to P(e). 

All the approximations have been compared for the 
case of iron at normal density (7.83 g/cm*) and one 
kilovolt temperature (@=0.186) and all but one have 
been compared at temperature the 
Holtsmark distribution gives the correct values of P(e). 
An ionic charge of 23 electron charges has been assumed. 
To compute the Rosseland mean opacity, it is essential 
to know how far the tail is from the line center when 
its absorption is equal to the continuous background. 
For the important lines in iron at one kilovolt, this 
occurs when P(e) has values of the order of 10~*. Values 
of P(e) smaller than this are of little interest. 

The probability, 
(O(e)de, of finding an electric field e at the radiating ion 
would require an evaluation of the expression, 


} r 
f-- few(= )o(es z: en 
ny - Z fa vr? 
Ole) 
y 
f f-o(- Jar dty 
A 


where @ is the temperature in energy units, V the 
potential energy of the system, .V the number of ions, 
and r; the position vector of the ith ion. The numerator 


‘D. Pines and D. Bohm, Phys. Rev. 85, 338 


infinite where 


accurate determination of the 


1952 
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of Q is merely the sum over al! configurations having 
fields in the range de around e as selected by the Dirac 
delta function. If N is very large, the limit of this 
integral may be taken when N and the volume of the 
system increase without limit in such a way that the 
number of particles per unit volume remains constant. 
The radiating ion is placed at the origin of coordinates 
since a shift in position of this ion will merely give the 
same configurations of the other ions with the same 
probabilities (except for surface effects). 

It is convenient to expand the delta function in terms 
of plane waves so that 


1 
O(e)=— [7 explie-bat, 
(2xr)* 


V r; 
f-feol(- +i1->- Jar -dey (2) 
6 ir? 


f. ° f exp(- Jars --dty 
6 


Since 7'(I) is a function of the magnitude of I alone, 
the probability density of finding a field of a given 
magnitude € is 


2e f” 
»(e-)=4r€QO(e) = f 1 sin(le)T (D)dl. (3) 


us 


7 


Il. SHO AND NEAREST NEIGHBOR APPROXIMATIONS 


For Mayer’s? SHO approximation, the radiating ion 
will be attracted toward the center of its ion sphere by 
the negative smeared electron charge. If r is its dis- 
placement from this center, its potential energy is $7’, 
and the electric field on it has magnitude r. For this 
case, then 

P(€)= (2/)'(2/6') exp(— &/28). (4) 


For large fields, Mayer makes the assumption that 
only the nearest neighbor to the ion at the origin makes 
a contribution to the field there. Thus he is able to 
relate P(e) to the probability density,’ 44rr°ng(r), that 
an ion will lie a certain distance from the origin. The 
function® g(r) is the “radial distribution function.” 
Instead of this probability, the probability of the 
nearest neighbor lying at distance r should be used 
but the difference is small for large fields. When the 
nearest neighbor is near the origin, de= —[(2/r*)+1 ]dr. 
Thus, we find that 


? 
P(o)=4arng / ( +1), 
r (5) 


The first term in € comes from the interaction between 
the ions and the second from the shielding of the elec- 


* Hirshfelder, Curtis, and Bird, Molecular Theory of Gases and 
Liquids (John Wiley and Sons, Inc., New York, 1954), pp. 84, 321. 
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trons. For a system of particles interacting in pairs with 
short range forces, g may be approximated® by 
exp{—«(r)/6} where u is the potential energy between 
a pair of particles and must go to zero more rapidly 
than r~ for large r. Because of the shielding effect of 
the plasma, such a short range interaction appears to 
be a possibility and the separation of the Coulomb 
interactions into short and long range components 
demonstrates that this is essentially the case. For close 
approach of the two ions « may be approximated by 
r~'+-49°+- constant. Since u is not known over its entire 
range, it is not clear what the constant should be. Since 
it enters an exponent, P(e) is quite sensitive to its 
value. Mayer chose the value —} and obtained the 
formula: 


P(¢)=[3r?/(2r-*+-1) ] exp[—(r-'+-4r°—§)/0], 
(6) 
e=r?—r. 

The constant —} corresponds to including in wu the 
interaction of the nearest neighbor with the central 
ion and with the electrons in a sphere of unit radius 
around the origin and with nothing else. 

The values of P(e) given by Eq. (6) are shown in 
Fig. 1 for iron at normal density and temperatures of 
one kilovolt and infinity. 


Ill. MODIFIED HOLTSMARK DISTRIBUTION 


It is possible to get another simple approximation to 
P(e) at large e by modifying the Holtsmark distribution 
to take account of the Boltzmann factor. Most of the 
ions moving around in a plasma may well be quite 
confined by the action of other charges on them 
However, there must be a few ions with very high 
energies that move around quite freely and that only 
notice the presence of other charges when they approach 
quite close to another ion. It is also true that only these 
ions have sufficient energy to approach a second ion 
closely enough to exert a Jarge field on it. Thus P(e) 
may be calculated for large fields from an equivalent 
system of a reduced number of ions in a box whose 
bottom has some average potential energy V. We may 
again place the radiating ion at the origin and then the 
potential energy of an ion on close approach will be 
r-'+4%°— VD. Thus only those ions with energy greater 
than 

E=r51+4r¢—D, (7) 


where ¢=79-*—fo, will contribute to P(e). 

The number of ions per unit volume in the Holtsmark 
distribution must be reduced by the fraction S(£/@) 
given by the Maxwell Boltzmann law: 


4 x 
S(E/0)=— f exp(— 2x*)a*dx. (8) 
VI EM 


The density of particles has been taken into account 
by the unit of length mentioned in Sec. I. This unit is 
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the ion sphere radius and must be increased by the 
factor S~* when the number of ions is reduced. Thus 
the field strength unit is proportional to S!, and P(e) 
is proportional to S-!. If H(e) is the Holtsmark dis- 


tribution, the modified distribution is 
P(e) =H(¢/S!)/S!1. (9) 


As in the case of Mayer’s nearest-neighbor approxi- 
mation, it is not clear what value should be assigned to 
V. The points on Fig. 1 correspond to V =}. 


IV. SEPARATION INTO SHORT AND LONG RANGE 
INTERACTIONS 


Pines and Bohm‘ have suggested a way of splitting 
the electrostatic forces into long and short range terms 
and have found a way of treating the long range inter- 
actions quite accurately. A similar procedure will be 
adopted here. 

Suppose we have a plasma of essentially infinite 
extent, and suppose we consider that portion which lies 
within a large cube containing N ions. We shall limit 
this system to one having an electrostatically equi- 
potential boundary. This means that the average field 
on a test charge as it moves across the cube from one 
side to the other is zero. The potential for such a 
system that is electrically neutral is 


k-(r—r; 


(10) 


ei 
b=4r>'> 
4s 


k? 
and the charge density is 


p=)’ pre™'*, peed eo, (11) 
k ] 


where unit volume is taken for the Fourier expansion. 
These quantities give a potential energy to the system of 


_ Pxpr® 
2x >’ (12) 
: 


fe 


The primes indicate the omission of k=0 from the 
sums.‘ 

The separation into short and long range parts is 
accomplished by splitting V into two sums, one over 
k’s larger than k,, the other over k’s less than &,. The 
sum over large k’s may then be evaluated to give the 
short-range potential energy, 


=¥ 0(R,,), 


i<j 


(13) 


Var. 


where 


R,, =k.(t;- r;), 
k. 2 
(R)=-f 1- si(R)} 
R 7 


Si(x) being the sine integral. 
The electric field at the origin is the negative gradient 





1184 Av @; 
of the potential energy with respect to the coordinates 
of the particle at the origin. Thea 


(14) 


The essential quantities for O(e) (Eq. (2)) have now 
been expressed in terms of the two sets of coordinates 
made up of the p,’s and r,’s. An approximation to the 
Jacobian of the transformation from one set of coor- 
dinates to the other may be obtained in the following 
manner. From Eq. (11), it is clear that py may be 
thought of as a sum of two dimensional unit vectors at 
various orientations. While the r,’s are ranging through 
the volume of the system for the integrations in Q(e), 
the p,’s should be points in the complex plane whose 
density is essentially that given by the solution of a 
two dimensional random walk problem. Thus, if &, 
is chosen so that the number of &’s less than &, is equal 
to the number of r,’s, we may write approximately that® 

to within a constant factor) 


dry: . -dr,, > Il exp\— Pups” 2n)dxydyx, (15) 
hi he 
where py = X_+1y, and n is the number of ions per unit 
volume. 
Unfortunately, the expressions for }>,(r,/r?) and V 
{ Eqs. (12), (13), and (14) ] contain both r,’s and p,’s 
L j ’ J J p 


ty ae { 4rn 1 1 
f f exp} o | xu? + yu") + Sat 
iT as { ie sx Rk? 
IT’ 
kl < rf | 4n 1 1 
exp} ™ os. 
- ss | 6- n 


where 


BROYLES 


so that we need both sets of coordinates. Thus the 
number of coordinates is too large. Actually, however, 
the number of r,’s required is small since they appear 
only in short-range terms and only those particles near 
to the origin can contribute to the field there. To circum- 
vent this difficulty, we shall alter the system in an unes- 
sential way by placing around the origin an impene- 
trable barrier in the form of a sphere containing a 
large number N of ions but a very smal] number com- 
pared to the total number of ions in the system. The 
number of ions inside the impenetrable sphere will be 
determined so that the average number per unit volume 
is equal to that for the whole system. This device will 
serve to keep the number of coordinates from becoming 
excessive. 

The electrostatic field and potential energy are now 
separated into short and long range terms. The long 
range terms depend only on the p,’s and the short 
range terms on the r,’s. With these approximations, the 
transform 7(1) [Eq. (2)] is factorable into a T, for 
particles and a 7, for waves. For 7, there still remains 
a restriction on the p,’s arising from the fact that p is 
a real quantity. Thus 


p-x= px". (16) 


For this reason we shall take only those p,’s to be 
independent that belong to k’s having a positive Z 
component and indicate a sum or product over these 
k’s by a plus sign superscript. This transform can now 
be reduced to 


I-k 


Vx fp dxyd yy 


=exp(—7P), 


| xy?+-y,") | dx dy. 


3/k20)' tan (k20/3)*]. 


T 


In the units mentioned in Sec. 


I, the number of ions per unit volume » is equal to (44/3) and k? =9r/2. 


This &, was determined so that the number of wave degrees of freedom equals the number of particles in 


the whole system. For the particles, we obtain 


f--feo|-z0 
{ ‘ 
r, 


f f evt-z 


The approximations up to this point do not appear 
° . - . 
to be particularly drastic. The formulas above might 
be expected to give a reasonably good approximation to 


* This is the same transformation obtained by Pines and Bohm 
in their Appendix I 


R;;)/0)}—ik. © 


R,;:1 dt 
dR; - . -dRy 
j=l R; dR; 


o(R,;;) 6}dR,- ad -dRy 


P(e). In Eq. (18), however, we run into the age-old 
difficulty of noncentral interactions. These interactions 
have been reduced by the above approximations but 
are not eliminated. Monte Carlo techniques would 
probably do a good job of evaluating these integrals. 
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To reduce them by analytic methods, it is necessary 
to replace the potential energy by a function involving 
only central interactions. Since the particle natvre 
seems so important at this stage, approximations similar 
to that used by Hartree to treat the atom do not 
appear promising. One thing that can be done is 
simply to neglect interactions that do not involve the 
central particle. Another possibility is to neglect short- 
range contributions to the potential energy and electric 
field at the origin due to all ions except the ion at the 
origin and its nearest neighbor. 


V. SHORT-RANGE CENTRAL-INTERACTIONS 
APPROXIMATION 


If we neglect interactions that do not involve the 
central ion, the multiple integrals in 7, [Eq. (18) ] then 
reduce to a product of integrals: 


v(R) R-1 de N 
f exp| ——— tk. — } iR 
6 R aR 


fe meet 
6 


The limit of T,, as V and the volume go to infinity so 
that their ratio is , is 


(19) 
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r R- Ide 
wat Like -—th,- alle] 
R dR 


T,=lim| — 


fio 


4rn 


a cat 


fo r dv dv 
rip)= f {1—|sin(u—) / (u. /(#—)]| 


Xexp(— 0/0) R*dR. 


=exp 


Combining Eqs. (20), (17), and (3) gives 
2 
P(e)=— 


Tr 


2 3 
f 1 sin (le) exp| —yP- (bp) fd. (21) 
0 k 


These formulas have been evaluated to obtain P(e) 
for the case of iron at a temperature of one kilovolt and 
normal density (see Fig. 1). 

VI. SHORT-RANGE NEAREST NEIGHBOR 
APPROXIMATION 

If we neglect all terms in the exponent in the inte- 
grand of 7’, [Eq. (18) ] that involve particles other than 
the one at the origin and its nearest neighbor we obtain 


R, dv 
~. oe f exp| —0(R) (@—ik l-— ——}dRy---dR, 
R;| >0 2|> { Ry! >!R,! R, aR, 


>0 2) >|Ri! 


‘a f 
Taking the limit of 7,, as N and the volume go to 
infinity, and substituting this into Eq. (17) and Eq. 
(3) leaves 


P(e) = eJ/(2k-(wy)'K J, 


s=f (R?/0’) exp{ — (R/k.)?— (0/8)} 
0 


X {exp[ — (k,v’— 6)*/47] 


—exp[ — (k.v’+«)?/4y ]}dR, 


n 


K= f R* exp[ — (R/k.)*— (0/0) AR. 
0 


Both J and K may be approximated by the method of 
steepest descents. 

For evaluating J [Eq. (23) ] at large values of ¢, only 
the variation in » in the exponent of the second term 
of the integrand is significant. The first term is neg- 
ligible and the other quantities may be replaced by 
their values at R= R, where R, is that value of R that 


a exp{ —0(R,)/0}dRy---dR, 
Rw! >({R,! 


makes k.v'+e=0. Also v may be replaced by 
v,'+,’’(R—R,) in the exponent. These approximations 
together with the steepest descents approximation for 
K give 
P(e) = [ (—eR2/(REARGry'01"”) )(g0"/24)! 

Xexp{ —[(Ri— Re)/k2]—([(01— 0) /0}}, 


go" = (6Ro/k*)+ (09/8) + (2/Re*), 


(24) 


where Ro is the location of the saddle point in the 
integrand of K and the subscripts 1 and 0 indicate 
arguments of R, and Ro. 

For small values of ¢, the rapidly changing part of 
the integrand of J is the same as the integrand of K. 
If Ro is the location of the saddle point of the integrand 
of K, then 


= [e/(2k.00's/ry) Hexpl — (kete’—¢)*/47] 
— exp — (k.to'+«)"/4y]}. 


Comparisons between these approximations and the 
accurate formulas of Eq. (23) are made in Table I. 


P(e) 
(25) 
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Taste I. Comparison of approximations to the short-range nearest neighbor (SRNN) formula with accurate evaluation. 
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‘ 03 OS i 1.5 2 3 4 5 6 8 10 
Accurate SRNN 0.63 113 0.66 0.147 0.043 0.0056 0.00082 0.000155 0.0000375 0.0000036 
Eq. (23 
— Large ¢ approximation 0.064 0.024 0.0037 0.00067 0.000144 0.0000342 0.0000032 
- Eq. (2 
Small «approximation 0.78 1.36 0.61 0.034 
Eq 25 
Accurate SRNN 0.066 0.20 033 036 0.225 0.087 0.032 0.018 0.0086 0.0046 
Eq. (23 
ga _Latge ¢ approximation 0.030 0.019 0013 0.0068 — 0.0040 
. Eq. (24) 
Small ¢ approximation 0.084 0.27 042 O45 0.227 0.050 
Eq. (25) 
VII. COMPARISON WITH HOLTSMARK obtain 
r . : . . (lc )=]3k 32(2 1/15 
The Holtsmark distribution is the accurate deter- I(1,0)=Bk ®)/15, 
mination of P(e) corresponding to the exact evaluation 2 7 (26) 
of Eq. (1) for Q(e) for infinite temperature. For this P(e)= -f « sinx exp{ — (2(21)#/5)(x/e)!}dx. 
we" 


reason, it is particularly interesting to compare the 
approximations mentioned above at infinite tempera- 
ture with the Holtsmark distribution. 

Even at infinite temperatures, the “short-range central 
interaction” approximation [Sec. V, Eq. (21) ] requires 
considerable numerical work. However, it can be shown 
that it reduces to the Holtsmark distribution in the 
limit of large fields. In this limit, close approaches of 
the ions are important and » may be approximated by 
1/r. Setting @ equal to infinity and neglecting y, we 
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Fic. 1. The probability of obtaining field strengths of magnitude 
«for @= @ and @=1 kev for iron at normal density for large values 
of «. Only approximations good in this region are shown. The 
correct curve at 6= 1 kev is believed to lie between the SRNN and 
SRCI curves. 


This is the formula for the Holtsmark distribution as 
given by Chanrdasekar and von Neumann! except for 
the small difference between 2 (27)!/5 and unity arising 
from a slight difference in units for ¢. This is actually 
a convenient derivation of the Holtsmark distribution. 

Curves are shown in Figs. 1 and 2 for the “short-range 
nearest neighbor” (SRNN) approximation [Sec. VI, 
Eq. (23) ] at infinite temperature and for the “nearest 
neighbor” (NN) approximation [Sec. II, Eq. (6) ]. The 
latter approximation does not have long-range and 
short-range separation for forces and potential energy. 

The “modified Holtsmark”’ approximation goes over 
into the Holtsmark distribution at infinite temperature. 


VIII. DISCUSSION AND CONCLUSIONS 


The two approximations involving separation of the 
Coulomb interaction into short- and long-range com- 
ponents must bracket the correct evaluation of P(e). 
The short-range central-interaction approximation 
(SRCI) in Sec. V gives P(e) correctly for a system of 
particles that has no short range interactions between 
particles other than those involving the ion at the 
origin. Thus, the Boltzmann factor is too large when 
two or more particles are near the origin, and the prob- 
ability of large fields is higher for this system than for 
the true plasma. 

The short-range nearest neighbor approximation 
(SRNN) (Sec. VI) replaces the plasma by a system 
where the short-range forces act only between the 
nearest neighbor and the central ion. Since the short- 
range contributions to the field at the origin due to 
other than the nearest neighbor are neglected, the 
probabilities of large fields should be smaller than that 
for the true plasma. This is confirmed for the case of 
infinite temperatures since the SRNN curve in Fig. 1 
lies below the Holtsmark for large e. 

The nearest neighbor approximation made by Mayer* 








STARK FIELDS FROM 


(Sec. II) is a remarkably good one in view of the 
uncertainty in the constant appearing in the potential 
energy. The large field approximation [Eq. (24)] to 
the SRNN formulas is very close to the NN formula 
[Eq. (6) ] when » is set equal to &./R. Mayer’s formula 
is given further justification from the fact that the 
short-range potential »(R) [Eq. (13) ] can be expanded 
for small R to give 


v= (1/r)—1.54...+4r-+--+, (27) 


The constant 1.54 is very close to the } used in Eq. (6) 
for the NN approximation. 

The modified Holtsmark (MH) 
provides a simple means of computing P(e) for large 
fields that is probably good to roughly a factor of two 
in the parameter ranges considered here. However, it 
does not seem to be as accurate as the NN approxi- 
mation [Eq. (6) ] and is somewhat more difficult to 
compute. Nevertheless, since the approximations used 
in it are different from those used in the (NN) approxi- 
mation, it can serve as a check on those formulas. 

The widths of the spectral lines from the broadening 
due to electric fields of other ions is bracketed by the 
SRNN [Eq. (24)] and SRCI [Eq. (21) ] approxima- 
tions so that the widths are determined to +3% for iron 
at one kilovolt and normal density. Under these 
assumptions, the NN approximation [ Eq. (6) ] provides 
a simple formula for determining the widths to better 
than 6% while the MH approximation [ Eq. (9) ] may 
serve as a simple check. 

The uncertainties stated above do not include any 
errors arising from the neglect of the supplementary 
conditions that should be imposed because of the extra 


approximation 


coordinates present when the potential is separated into 
long and short range components. This error is believed 
to be small because of the arguments presented in Sec. 
IV below Eq. (15). 

The value of P(e) around its maximum is not well 
determined but might be expected to lie near the 
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Fic. 2. The probability of obtaining field strengths of magnitude 
¢ for @= « and @=1 kev for iron at normal density for small 
values of «. Only approximations good in this region are shown. 
The correct curve for 6=1 is believed to lie between the SRNN 
and SRCI curves but nearer to the SRNN curve. 


SRNN curve because of the close agreement between 
it and the SHO curve in this region and its good agree- 
ment with the Holtsmark curve at infinite temperature. 
Accurate evaluation of 7, [Eq. (18)] is required to 
determine P(¢) more accurately. Monte Carlo methods 
might accomplish this. 
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The hyperfine splittings of hydrogen and deuterium in the 125, state have been remeasured by the atomic 


beam method. It is found that 


4y(H) = (1420.405734-0.00005) X 10° sec, 
Av(D) = (327.384302+0.000030)  10* sec™. 


The result for hydrogen is in agreement with a recent measurement of Wittke and Dicke. It is in significant 
disagreement with an earlier atomic beam measurement. 





ECENTLY, Wittke and Dicke' have made a new 

determination of the hyperfine splitting of hy- 
drogen in the ground state. The result is in disagreement 
with an earlier result of Prodell and Kusch? by almost 
three times the sum of the stated uncertainties of the 
two results. While no interpretation of the experimental 
value of the hfs splitting itself is concerned with the 
discrepancy because of a lack of knowledge of the fine 
structure constant to a precision comparable to the 
discrepancy between the two results, the resolution of 
the discrepancy is, nevertheless, of importance in the 
comparison’ of the hyperfine structure separation of 
hydrogen in the 1S and 2S states and in the search fora 
differential hfs anomaly for hydrogen and deuterium in 
the 1S and 2S states. 

Dicke* has suggested that a systematic error may 
have occurred in the atomic beam method through a 
continuous change in phase of the rf magnetic field 
along the rf circuit (hairpin) traversed by the atom. 
Such a change of phase can occur through a differential 
resistance or radiation at the two ends of the hairpin. 
The change in phase may be reversed by mechanical 
reversal of the hairpin with respect to the direction of 
the beam provided that the whole electrical environ- 
ment of the hairpin, including its shielding, is reversed. 
In the previous modification of the experiment, no 
complete reversal was possible. In the present experi- 
ment, the hairpin was rigidly and symmetrically 
mounted in a rigid shield with minimal apertures to 
allow transit of the beam and the whole system could 
readily be reversed with respect to the beam. The 
apparatus generaliy was as previously described.*? How- 
ever, the Pirani gauge had been remarkably improved 
in steadiness and a much better frequency standard 
was available for the present work. The wire deflecting 
magnets had been replaced by conventional iron mag- 
nets of increased deflecting power. 

* This research was supported in part by the Office of Naval 
Research 

‘J. P. Wittke and R. H. Dicke, Phys. Rev. 96, 530 (1954); 
J. P. Wittke, dissertation, Princeton University, 1955 (unpub- 
lished). 

2A. G. Prodell and P. Kusch, Phys. Rev. 88, 184 (1952). 

* Reich, Heberle, and Kusch, Phys. Rev. 98, 1194 (1955). 

*R. H. Dicke (private communication). 


The oscillator output was beat against a signal, 
derived from the frequency atandard, of 1420 and 328 
Mc/sec for H and D, respectively. The beat frequencies 
of about 405 and 615 kc/sec were measured on a BC 221 
frequency meter which was, in turn, calibrated against 
the standard. The oscillators themselves were as previ- 
ously described. The rf amplitude was adjusted to 
values in the neighborhood of the optimum value where 
the line has its theoretical transit-time width and the 
probability of transition at the line center isa maximum. 
A probe in the coaxial line which fed the hairpin was 
connected through a crystal to a galvanometer. In most 
cases a detectable change in the galvanometer current 
occurred as the oscillator frequency was varied over 
several times the line width. The observed effect is, of 
course, a result both of variation of the rf current in the 
hairpin and of the frequency-dependent characteristics 
of the detecting circuit. The effect of a variable rf field 
amplitude will be discussed in the section on errors. 

To determine the central frequency of the line, pairs 
of observations were made of the frequencies on both 
sides of the intensity maximum at which the readings of 
the galvanometer in the Pirani gauge circuit were equal. 
Since the Pirani gauge circuit had, for long periods of 
time, a slow and constant thermal drift, alternate pairs 
of readings were made for an opposite direction of 
traverse of the line frequency and effects of drift were 
thus cancelled out. In a random way and at the dis- 
cretion of the observer, the center was measured for a 
range of widths whose extremes differed by a factor of 
five though a statistically significant body of data is not 
available for widths which differ by this large factor. 
The data for H were taken on eight days and those for 
D on six. The adjustment of all available parameters 
(rf circuit, rf amplitude, deflecting fields, beam in- 
tensity, etc.) was changed between different days and 
sometimes within a given day. Data were taken for 
both directions of traverse of the hairpin by the beam 
and by five different observers. 

For hydrogen the line (1,0; 0,0) was measured. The 
frequency of the line is very nearly independent of 
magnetic field at low field, but a small correction, 
quadratically dependent on field, must be subtracted 
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from the line frequency to determine the zero-field hfs 
separation. To determine the field, about 0.32 gauss, 
the frequency of the line (1,0; 1,—1) was measured. 
The quadratic correction was about 280 cps. For 
deuterium, the central frequency of a doublet was 
measured. The doublet is unresolved, and at the fields 
used in these experiments the separation of the com- 
ponents is about 400 cps. The line of lower frequency, 
(3,4; 4,—4), and that of higher frequency (},—4; 4,4) 
are characterized’ by matrix elements proportional to 
the rf amplitude and (1+-x) respectively. In the present 
case x, the usual magnetic field parameter, is about 
0.0026. If the rf amplitude is less than its optimum 
value, the component with a larger matrix element will 
be characterized by both a greater width and a higher 
probability of transition at the center than will the 
component of the smaller matrix element. If, however, 
the rf field is greater than its optimum value, the line 
of larger matrix element has a lower probability of 
transition at the center and a greater width than does 
the other line. 

Salwen® has given tables of both the transition proba- 
bility and line width as a function of rf amplitude. It is 
easily shown that over a considerable range of rf ampli- 
tude about its optimum value, the shift of the center 
of the doublet arising from the differential transition 
probabilities is wholly negligible (~1 cps). Atoms with 
a very low velocity may make such large excusions in 
their trajectories that they may collide with the sur- 
faces of the deflecting magnets or with other obstacles. 
In the present case, however, the magnetic moment of 
atoms in the terminal states of the two transitions are 
so nearly identical that no significant loss of intensity 
in either of the two lines with respect to the other can 
occur. 

For D, the magnetic field was determined from the 
frequency of the line (},—4; },—}). The quadratic field 
correction was of the order of 1000 cps. 


RESULTS, CORRECTIONS, AND UNCERTAINTIES 
The following results are obtained: 
Av(H) = (1420.405734-0.00005) X 10° sec, 
Av(D) = (327.3843024-0.000030) X 10° sec. 


In each case the result depends on the determination of 
the center of an observed line to about 1 part in 750 of 
the line width. A detailed consideration of the various 
uncertainties follows. 

(a) Statistical uncerlainty.—A total of 440 obser- 
vations was made for H and 360 for D. The probable 
error of the mean value of Av was 12 cps for hydrogen 
and 6 cps for deuterium. The difference occurs because 
the H line is broader than the D line, because of a better 
absolute frequency stability of the oscillator used for 
D than of that used for H and because uncertainties in 


5H. C. Torrey, Phys. Rev. 59, 293 (1941). 
*H. Salwen (to be published). 
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the frequency standard have a larger absolute effect on 
the measurement of the H line than on that of the D 
line. No statistically significant variation of the result 
dependent on the observer, rf amplitude, deflecting 
field, or any other adjustable parameter has been found. 
A completely independent set of observations for both 
H and D, with a hairpin somewhat less perfectly 
shielded than the one finally used, gave a result in both 
cases within the limits specified above for the final 
result. 

(b) Magnetic field determination.—The lines used to 
determine the magnetic field have a linear frequency 
dependence on field and the frequency presumably gives 
an average value of the field over the transition region. 
The quadratic correction term, however, depends on the 
average value of the square of the field and it has been 
assumed that this is equal to the square of the average 
field. The lines with a linear field dependence had their 
natural half-width, in the case of D about 25 kc/sec. 
While no theoretical or experimental investigations of the 
effects of field inhomogeneity exist, it seems reasonable 
to assume that the inhomogeneity does not exceed 10% 
of the total field, which, for D, would give a frequency 
spread in the line of about 28 kc/sec. If the field is 
assumed to vary linearly from one end of the hairpin 
to the other with an extreme variation of 10%, the 
difference between (H*), and (/7)? is about 0.075%. If 
the variation is assumed to be quadratic with a total 
variation of 10% and a minimum field at the center of 
the hairpin, the difference is 0.083%. The effect is thus 
less than 1 cps for D and very much less for H. 

A random fluctuation of the field of the order of a few 
milligauss was noted. The fluctuations were so rapid 
that a critical measurement of the half-width of the 
field-dependent line could not be made in a single 
observation. However, sufficient measurements of the 
low-frequency, field-dependent line were made to insure 
that an average applicable to the calculation of the 
quadratic correction was found. 

(c) Doublet error.—It is estimated that an upper limit 
to the displacement of the apparent center of the 
deuterium doublet from the true center is +3 cps. 

(d) Overlap error.—The rf field had a direction relative 
to that of the constant field such that both o and # 
transitions could be excited. Only those lines were ob- 
servable, however, which correspond to the high-field 
transitions Am,;=+1, since the deflecting magnets 
operate at a field where high-field quantization occurs. 
Therefore the line (1,1; 0,0) but not the line (1,—1; 0,0) 
occurs for H. The line (1,1; 0,0), at higher frequency 
than the line (1,0; 0,0) under observation is separated 
from it by about 13 line widths. The overlap of the lines 
then shifts the central frequency at half-intensity of the 
line (1,0; 0,0) upwards by 8 cps and the true Ay is then 
the apparent Av reduced by 8+4 cps. In the case of 
D, the two adjacent a lines are both observable and 
symmetrically spaced on either side of the doublet under 
observation. These lines, therefore, give no overlap 
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rf amplitude.—It is inevitable that 


some variation of the rf amplitude will occur over the 


variation may shift the 


rhe effect may be 


width of the line and 1s 


apparent center ol aicu 


lated from Salwen’s® tabulation of line widths and 


transition probabilities in a beam which issues from a 


, 
irce containing atoms in thermal equilibrium. In 


I+ 


vn some results lor a resonance line whose 





natural half-width is 35 kc/sec. The curves A and 
calculated for an optimum rf amplitude at the center 
of the line and a linear variation of 5 and 2.5% respe: 

tively over a range of 35 kc/sec. The line widths whic! 
correspond to the probabilities are indicated. The curve 
C corresponds to an amplitude at the line center of 
1.3 times the optimum value and a variation of the 


| > over 35 kc/sec. It is to be noted that 


amputud ‘ 


€ ol 


~ 
5 


the shift reverses in sign with respect to A an 


same sign in the change of amplitude and 


near the half-widt All available evidence suggests 


that the amplitude did not vary by more than 0.5% 
over the line width in hydrogen. Moreover, the vari 
ation had a variable sign and the rf amplitude at the 
line center had a variable magnitude from run to ru 
Accordingly a maximum error of 20 cps at the half 
widt point 1s assigned. The data of each run wer 
analyzed to detect a statistically significant variatior 


of Av as measured at the narrow and wide portions of 
} 


overea 


the resonance line. In no case was an effect dis 


In the case of H. the 100 observations in the total bod, 


of data taken at the smallest widths, with a mean wid 


of 22.7 kc, sec differed in mean frequency from the 100 
observations at the greatest width, with a mean wid 
of 40.8 kc sec by 28 cps. The difference is much less than 


the statistical uncertainties allow. For hydrogen we 


allow, however, an uncertainty of + 20 «¢ ps arising irom 


the effect under discussion. For deuterium, where the 


line is narrower we allow +15 cps 
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(f) Phase change in the hairpin.—There is no sta- 
tistically significant variation of the apparent Ay as the 
direction of traverse of the beam through the hairpin 
is reversed. Any effect of a continuous change in phase 
over the length of the hairpin should average out in the 
reversal. Nevertheless, an identical traverse in both 
directions is limited by mechanical tolerances. We 
assign +5 cps as a maximum residual error for both H 
and D. 

g) Frequency errors comparison 
made of the local frequency standard with WWV and 
the standard was always within 2 parts in 10° of WWV. 


Frequent was 


Because the local standard was frequently reset, the 
residual error was random in magnitude and presumably 
in sign. A generous estimate of error arising from the 
difference between our standard and WWYV is, therefore, 
+ 28 cps for H and +7 cps for D 

In the course of his measurements of the hfs of hy- 
drogen, Wittke' has made a study of the possibility of 
error in the intercomparison of a local 
frequency and WWV due to a diurnal 
variation of a Doppler shift in the transmitted signal. 
He concludes that there is no detectable systematic 
effect at Princeton, New Jersey and we assume that no 
significant error occurs in New York. Finally, the signal 


systematic 


standard of 


transmitted by WWYV is corrected whenever the devi- 
ation from the nominal frequency is greater than 1 part 
in 10°. The maximum error for H is thus +14 cps and 
for D, + 

All the estimates of possible systematic error appear 


3 cps 

to be rather generous in magnitude. The rms sum of the 
incertainties is +40 « ps for H and +20 « ps for D. We, 
result a t larger 


somey 





nowever, give in the final 


uncertainty to allow for an unfavorable accumulation 
of error. 
At the present 


previous determination of Av(H 


time the origin of the error in the 
beam 
inade- 


by the atom 
method is not clear. It appears, however, that 
siding of the hairpin, with a consequent dif 


ferential radiation at the two ends may have been 
responsible for the error. Our present result is in satis- 
factory agreement with the result, Avy(H 1420.40580 
+ 0,00005)*K 10% sec of Wittke and Dicke. If it is 
assumed that there is no significant dependence of Ay 
molecular hydrogen into which 
the atomic hydrogen is mixed, the data of Wittke and 
Dicke give for Av(H) the value 1420.40571 Mc/sec. It 


holly clear, both from the data and from theo- 


on the pressure of the 


is not Ww 


retical he pressure dependence of Av(H 
is as great as found by Wittke and Dicke 
Ihe hyperfine structure anomaly as previously de- 
with the same values of the auxiliary con- 
stants is now (1.703+0.005) X10 


the important aid of 
Prodell in the 


Itisa pleasure Lo ac knowledge 
lr. Eck, J. Hendrie, A. Lurio, and A 
lation of the large body of data on which the 


present result depends. 
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Resonance transition probabilities for a system in the presence of oscillatory perturbations at two or more 
different frequencies are discussed. It is shown that if resonance transitions are induced by a perturbation at 
one frequency, then the presence of the other perturbations at nonresonant frequencies alters the resonance 
frequency for the first perturbation. Theoretical expressions for the alteration of the resonance frequency are 
derived. Various applications of the derived formulas are discussed, including resonance experiments with 
more than one oscillatory field, molecular beam experiments in a nonuniform constant field, evaluation of 
“collision-narrowing” effects in nuclear paramagnetic resonance, etc. The effects of the extraneous oscillatory 
perturbations are shown to be especially important if their frequencies are close to Bohr frequencies for the 


perturbatio 


I, INTRODUCTION 


N many cases, resonance transitions are studied in the 

presence of more than one oscillatory field. For ex- 
ample, in nuclear resonance experiments the transitions 
are often induced by a high harmonic of an oscillator at 
a low fundamental frequency. In such a case the other 
harmonics are often also present and the question arises 
as to the effects that the oscillatory magnetic fields of 
the other harmonics may have on the apparent reso- 
nance frequency. Likewise, in a molecular beam experi- 
ment, the transitions are induced by an applied oscil- 
latory field while the molecules pass through a fixed 
field. If the fixed field is not completely uniform, the 
motion of the molecule through the varying field gives 
rise to an apparent oscillatory field at the molecule in 
addition to the one specifically applied.’ As a still 
different example, if a molecule is subjected to many 
collisions, the magnetic field of say one nucleus at the 
position of the other fluctuates in time and one Fourier 
component of this fluctuating field will appear as an 
oscillating magnetic field; if an externally produced 
oscillating field is produced to induce a resonance transi- 
tion, the transition then actually occurs in the presence 
of perturbations at more than one frequency. 

One special case of the simultaneous presence of two 
perturbations has been discussed by Bloch and Siegert,’ 
Stevenson,’ and Winter‘: that of a magnetic moment 
acted upon by two fields rotating at equal frequencies 
but with opposite directions of rotation. The more 
general results derived in the present paper will be 
shown to agree with those of Bloch and Siegert in the 
special case to which their result applies. 

In the present paper, it will be shown that if resonance 
transitions are induced by a perturbation at one fre- 


* John Simon Guggenheim Fellow. 

' Kolsky, Phipps, Ramsey, and Silsbee, Phys. Rev. 81, 106 
(1951) ; 87, 400 (1952). 

? F. Bloch and A. Siegert, Phys. Rev. 57, 522 (1940) 

* A. J. Stevenson, Phys. Rev. 58, 1061 (1940). 

‘N. Winter (private communication). Dr. Winter’s calculations 
were made without his knowledge of the existence of the work re- 
ported in the present paper. Dr. Winter’s results will be reported in 
Comptes rendus hebdomadaires des stances de l’académie des sciences, 
Paris. 


quency, then the presence of the other perturbations at 
nonresonant frequencies will alter the resonance fre- 
quency for the first perturbation. Since most resonance 
experiments involve only single quantum transitions 
rather than the multiple quantum transitions that have 
occasionally been discussed,*” the present discussion 
will be limited to single quantum transitions, i.e., the 
assumption will be made that one of the oscillatory 
perturbations is approximately at the resonance fre- 
quency of an allowed transition while the other per- 
turbations are not at resonance frequencies. 

The results reported here were first obtained in 1950 
and have been privately circulated’ and quoted in 
various publications.'*~? The present report is the 
subsequent paper promised in one of these earlier 
publications. 


Il. MAGNETIC MOMENT IN TWO ROTATING FIELDS 


A particularly easy case to discuss is that of a mag- 
netic moment yfl acted upon by a fixed field Hy about 
which as an axis two fields 1, and H2, perpendicular to 
Ho, rotate with angular velocities —w and —w». 

In the absence of HH», the magnetic resonance fre- 
quency for w would be equal to the Larmor frequency, 


wo= yHo. (1) 


It now remains to see how the presence of H; rotating at 
frequency —w+ affects the position of the resonance fre- 
quency for w. This problem can easily be analyzed by 
the use of a rotating coordinate system." 

Consider the problem from the point of view of a 
coordinate system rotating with angular velocity —w2. 
Then, as discussed by Rabi, Ramsey, and Schwinger," 


*N. F. Ramsey (private communications and public lectures, 
1950) (unpublished). 

* H. Silsbee, Ph.D. thesis, Harvard University, 1950. 

™N. F. Ramsey, Molecular Beams (Oxford University Press, 
Oxford, 1955). 

*P. Kusch, Phys. Rev. 93, 1022 (1954). 

* Brossel, Cagnac, and Kastler, Comptes rend. 237, 984 (1953). 

* Besset, Horowitz, Messiah, and Winter, J. phys. radium 15, 
251 (1954). 

" Rabi, Ramsey, and Schwinger, Revs. Modern Phys. 26, 167 
(1954). 
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on this rotating coordinate system the effective magnetic 
field H,, from Ho, H2, and the rotation will 


magnitude 


have the 


He =((Ho—w2/7 


2+ AP}. 2 


However, on this rotating coordinate system the ap- 
parent rotational frequency of H, will be (w—we). 
Hence, if the magnitude of Hy»>—w:/y is much greater 


than either 7, or H;, the resonance frequency will be at 
w— w= yH.=y| (Ho—w2/7)"+A? | 3 
or for w wW vH; 
w= wot (we—ws)((1+ (yH)?/(wo—w)?}!—1) 
wot (yH2)*/2(wo—w 4 
Consequently it is apparent that the presence of the 
perturbatior of amplitude yH, shifts the resonance 
away from the Larmor frequency w 
The Sper ial case considered by Bloch and siegert* and 
by Stevenson‘ was that for which w. wW and H, Hi, 
in which case the above reduces to 


P 
which is just the It is also 


apparent from Eq 4) that the selection of Ww? wo 1S 
one for which the extra oscillatory field is particularly 
neffective, in agreement with the conclusion of Bloch 


and Siegert that their term was ordinarily small. On the 


if we we the shift of the resonance frequen y 


other hand, 


can become significant in some cases 


Ill. GENERAL CASE FOR TWO EIGENSTATES 


The discussion in the preceeding section was li 





to a magnetic moment in a magnetic field. 
present section the result will be generalized to transi- 
tions involving any two eigenstates p and g. However, 
the discussion in this sectio | be limited to the 


nh Wi case 


of only two levels being involved. In the next section, 
the effects of the presence of more than two eigenstates 
will be considered 

The calculation can be performed in several different 


ways. One is to consider directly a case for which the 


result is relevant, namely the case of the separated 
oscillatory field method of molecular beam 
The cal " 


thereby simplified since the two oscillatory fielk 


resonance 
described in a previous paper.’ ilation is 
is can be 
considered to be applied at vet the 


separate times, | 
results for the shift in resonance frequency is applicable 
equally to the case when the two perturbing frequencies 
are applied simultaneously since for levels of fixed 
separation the resonance frequency in the separated 
oscillatory field method is the same” as in the method 

the 
11 


separated oscillatory field problem in this section has the 


with a single oscillatory field. Consideration of 


further advantage that the results show the consistency 


of the conclusions of the present section with those of 


4 N. F. Ramsey, Phys. Rev. 78, 695 (1950 
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the preceding section for which the perturbations are 
simultaneously applied. 

The problem then is that of an atom or molecule with 
energy eigenvalues W, and W, which is first perturbed 
for a time + by a perturbation of the form 


r wt , 3h tot a 
J Pq hbe' ? J qp hbe ? J PP J ea= 9, (6) 
where the notation here and subsequently is that of 
reference 12. Then the atom enters a region where 
(unlike the usual case’*) it is subjected to a perturbation 

r » e2+¢@ 4 = i(w2t+e@ j oe 1/7 =—_ 7 
V pg=bye*or*®, Vi =hbe > Vop=Vee=9, (7) 
for the time 7. Finally the atom is again perturbed as in 
Eq. (6) for a time r. Without loss of generality in the 
calculation of the shift of resonance frequency, 7 (but 
not br) can be taken as very small and |26|>|wo—w. 
it will be assumed that >2b, 

| 


though some generality is lost by this assumption. At 


For simplicity, 


Wo We 
time ‘=0 the system will-be assumed to be in the state 
C,=0, C,=1. 

For these assumptions, sinO=1, cosO=0, sinO,=0, 
cos), 1. 


Eqs 


and a=2b6, so the equations analogous to 


(8a-f) of reference 12 become the following: 


+T i sin}a,T+costa2T |C,(r 


adit - - (8) 
exp{i dro We+W,)/2h |T} 
C,(r) exp{il —4a.—4u 


2AIT}, 

br exp tw TK q\7T rh " 

iwT)C p(t +T) 
+cosbrC,(7+T). 


? sin 


i sinbr expt 


The nonappearence of ¢ in the above equations can be 
seen from the equivalence of ¢ to wf; in reference 12 and 
from the fact that wf, terms do not appear in Eq. (4) of 
reference 12 with the above assumption of sinO,=0. 
Therefore, 


C,(27+T) = —i sinbr cosbr exp{ il 4a2+-4u, 

w—(W,+W,)/2h]T} —i sinbr cosbr 
W,+W,)/2a)T} 
2i sinbr cosbr cos}\2T 


Xexp(—[ot (W,+W,)/A]T/2), 


Xexp{il—4a:—4us 


(9) 


where 


(10) 











Therefore, the transition probability is 


Py, g= 4 sin*br cos*br cos*($\27) 


=sin?(2br) cos?(}4sT). (11) 


It is apparent from Eq. (11) that the transition 
probability of Eq. (11) will be a maximum for A,=0. A 
discussion of the effect of a molecular beam velocity 
distribution on a function of this form is given in 
reference 12, Eq. (14), ff. The resonance frequency w for 
maximum transition probability, from Eq. (10) above 
and from Eq. (5) of reference 12, then is 


@= 427 w2= [ (wo —w)?-+ (2b2)* }'+-we 
=wot (wo “We { [1 + (2b)?/ (wo— ws)? }'— 1} 


=wot (2b,)? 2(wo—ws). 


(12) 


In the special case of magnetic moments," 2),= 7H and 
the above reduces to Eq. (4), which was derived for 
magnetic moments only but with the two perturbations 
applied simultaneously instead of successively as in the 
separated oscillatory field method. 

If |wo|>>|w2|, Eq. (12) can also be written as 


w=wot (2d, }?/Qwot+ (2b2)*we/2wo?+ (2b. 92/2? (12a) 
On the other hand, if |wo|<|wel, 


w= wo— (2b2)*/2w2t (2b2)*wo/2w??. 


(12b) 


From these equations it is apparent, when oscillatory 
instead of rotating fields are used and when wz is far 
from wo, that the first terms dependent on w2 are mutu- 
ally cancelled by the positive and negative rotating 
components into which the oscillatory field can be 
resolved.? Nearer the resonance frequency, however, 
this partial cancellation is much less complete. 


IV. MORE THAN TWO EIGENSTATES 


Now consider the case of four levels p, g, 7, and s with 
the primary resonance observed at frequency w being 
that for transitions from p to q while there are also 
present nonresonant perturbations with the matrix 
elements 


V pr=hbeiert+o,, 


V g= hb etlustt oo), 


(13) 


between the levels p and r and between the levels s and 
g. wy and w, could of course be equal and for a two- 
frequency problem they would have to be, with the two 
frequencies being w and w:=w,=w,. 

With the same approximations as in the preceding 
section, this problem can be solved as in that section ; in 
fact the same Eqs. (8) apply except that the middle two 
equations are replaced by 


C,(r+T)=C,(r) exp{il4a,+4u, 
—(W,+W,)/2aJT}, 

C,(r+T)=C,(r) exp{il—}a,—}u, 
—(W,+W,)/2k)T}. 


(14) 
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Consequently, Eq. (9) is replaced by 
C,(27+T) = —i sinbr cosbr exp{i[}a,+4o,—w 

— (W,+W,)/2h]T} —i sinbr cosbr 

Xexp{il—4a,—}w,— (W.+W,)/2aJT} 

= 2i sinbr cosbr cos}\,,T 
Xexp{ —ilw+4(a,—a,)+4(@,—e,) 
+(W,+W.4+W,4+W,)/2A]7/2}, (15) 

where 


An= i (a,+a,)+4(w-+w,)—w 


—(W,—-W,+W,—W,)/2h. (16) 
The transition probability P,,, is then given by 
P,, «= sin?(2br)-cos*(4\,.7). (17) 


Just as in the previous section then, the resonance 
frequency is 
w= 4[a,+w0,—(W,+W,)/h]+4[a,+0,— (W,+W,) hr) 
= (W,—W,)/h+}( (W,—W,) /h—a,} 
x {[1+ (2b,)?/((W,—W,)/h—w, 1} 
+43{(W,—W,)/h—w,} 
x {1+ (28,)*/((W,—W,)/A—w,. 1) 
=wo+ (2b,)*/4[ (W,—W,)/h—w, | 
+ (2b,)*/40(W,—W,)/h—w,]. (18) 


It is of interest to note that Eq. (18) equals Eq. (12) in 
the case that W,=W,, W,=W,, and w2=,=a,. 

Equations (12) and (18) may be combined to provide 
the net resonance frequency in the general case of the 
presence of several nonresonant perturbations to differ- 
ent eigenstates. Let w be the resonance transition fre- 
quency between the two levels p and g. Let the level p be 
perturbed by a matrix element to the state r at fre- 
quency w, such as 


Vi ge=P dy, eXestiOnr), (19) 
while g is perturbed by 
Viguh Ore etetttiere) | (20) 
Then, from Eqs. (12) and (18), 
w—wo= > «(2 by¢)?/2(wo—w,) 
+¥ >," (2 b,,)?/4[(W,—W,)/h—w, | 
+¥5¥°,"(2 b,_)/40(W,—W,)/h—w,], (21) 


where the symbol >,” indicates that the summation 
does not include r= or g. Expansions similar to Eqs. 
(12a) and (12b) can also be made for Eq. (21) when 
desired. 


V. APPLICATIONS 


The relations derived above are applicable to a 
number of different present and contemplated experi- 
ments. In molecular-beam magnetic-resonance experi- 
ments, the oscillatory magnetic fields are often produced 
as high harmonics of a much lower frequency funda- 
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mental. In such experiments undesired harmonics are 
often present along with the fundamental. Equation 
(21) can then be used to estimate the distortion caused 
by the unwanted oscillations. As shown by the above 
formulas, these effects can be serious if the unwanted 
frequency is at all close to a Bohr frequency of the 
system. It should be noted in the application of Eqs 
(12) and (21) that for perturbation frequencies far from 
resonance, the positive and negative rotating com- 
ponents partially cancel each other as discussed in 
conjunction with Eqs. (12a) and (12b); however, this is 
not true for the components closer to the resonance 
condition. 

The above formulas can also be applied to the case of 
a molecular beam resonance experiment for which the 
constant magnetic field is not exactly uniform and 
unidirectional. By field measurements, the fluctuating 
magnetic field components perpendicular to Hy can be 
estimated as well as the characteristic cyclic distances d; 
for the variation of the direction of these components. If 


1 


v is the velocity of the molecule. then the characteristi 


frequencies for the fluctuating components are v/d, 
Equations (4), (12), or (21) can then be used to 


evaluate the displac ement of the resonance frequen y 
For the molecular beam case, in the averaging of sucl 
} 


relations as Eq. (11) over the molecular beam velocity 


to obtain the experimental i it should be noted 
that w: hence Az, In the 
frequently occurring case that expansions such as Eq 
(12a) are applicable, the cos*?(4A,7) of Eq. (11 


and for T=/ 


ne shape, 
and are velocity-dependent 
bec omes 


for a particular velocity 1 


COS bd 7 Cos {iw WT 2b uw T 2b. ‘ dw Pd, 
T (2b dw 17+ } 
cos*{ 4[wo+ (2b2)?/2wo—w |/ 
+ * 2] dw / 
2bs)*L.n/Quitde+---}. (22 


From this, it is apparent that the first term in Eq. (12a 
that is dependent on the frequency w2 becomes a velox 
ity-independent phase shift (2b2)*./2we*d, in Eq. (22 
rhe effects of such velocity-independent phase shifts on 
the average resonance line shape have been discussed by 
Ramsey and Silsbee." 

The above formulas may also be applied to a discus 
in nuclear paramagnetic 


nuclear magnetic. 


sion of “collision narrowing” 
resonance."* In a free molecule, the 
resonance frequency depends on the orientation state of 
the molecule, due to the various magnetic interactions 
within the molecule. Furthermore, because of the even- 


84, S06 (1951 
73, 699 (1948 


Ramsey and H. B. Silsbee, Phys. Rev 
Furcell, and Pound, Phys. Rev 
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order perturbations of these interactions, the average 
frequency of the resonance lines in the vicinity of the 
nuclear Larmor frequency is not equal to the Larmor 
frequency in the average magnetic field at the nucleus 
(the external magnetic field corrected for the magnetic 
shielding of the molecule). The average nuclear reso- 
nance frequency for the free molecule is in fact closer to 
the Larmor frequency in the average magnitude of the 
field at the nucleus rather than in the magnitude of the 
average field (these differ since the internal fields are not 
always parallel to the external field). If the molecule on 
the other hand is subjected to many collisions which 
change the molecular orientation, the separate resonance 
lines are averaged to a single one by the process" of 
“collision narrowing.”’ However, it is not immediately 
obvious that the collision-narrowed line is at the Larmor 
frequency of the nucleus in the magnitude of the average 
field at the nucleus rather than in the average magnitude 
of the field; indeed, the latter corresponds more nearly 
to the average of the resonance frequencies for the free 
molecule. 

The discussion of the previous sections can be applied 
to show that it is the magnitude of the average field 
rather than the average of the magnitudes that is 
relevant when the molecule is subject to frequent 
collisions. Although the collisions cause a randomly 
fluctuating field, the field can be Fourier-analyzed into 
components at angular frequency w;, where w, is of the 
order of the collision frequency or of the inverse of the 
correlation time’® +,. Then the nondiagonal matrix 
elements can be taken to be of the form of Eqs. (19) and 
(20), and Eq. (21) applies. However, in most cases of 
collision narrowing, 


wi>(W,—W,)/h>2 bp ~7H., 


where #7, is a typical instantaneous component of the 
molecular magnetic field perpendicular to the direction 
of the external field Ho. Consequently, in this limit, 
w=wo. On the other hand, in the absence of collisions a 
typical frequency w,; would be the Larmor precession 
frequency of the molecular rotational magnetic moment; 
this is not necessarily larger than (W,—W,)/h so the 
terms on the right side of Eq. (21) become important 
and w*wo 

Finally, it should be added that there are resonance 
experiments in which several different oscillatory fre- 
quencies are deliberately, instead of accidentally, intro- 
In such cases, the formulas of the preceding 
sections may be directly applied to estimate the shifts 
of the resonance frequencies. In some precision experi- 
ments, these shifts can be important. 


duced. 


WN. F 1940). 


Ramsey, Phys. Rev. 58, 226 
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The electron affinity of boron, carbon, nitrogen, and oxygen atoms has been calculated by the method of 
Bacher and Goudsmit which enables the energy of a state in an m-electron configuration to be calculated 


in terms of the spectroscopic values of the energies of states of the (»—1)-, (#—2)-, 


, 1-electron ions. The 


negative ions of boron and nitrogen are found to be unstable, the electron affinity being ca —0.14 and 
—0.72 ev, respectively. The electron affinities of carbon and oxygen atoms are 1.75 and 1.13 ev, respectively. 
The last value is in fair agreement with the recently observed values, 1.48 ev found by Branscomb and 


Smith, and 1.05 found by Schiiler and Bingel 


ARIOUS theoretical calculations have been sug- 

gested for the estimation of the electron affinity 
of various atoms.’ For the simplest of atomic systems, 
namely the negative ion of the hydrogen atom, accurate 
calculations have been carried out by the variational 
method. For ions involving more than two electrons, 
calculations of similar accuracy (i.e., with the use of 
Hylleraas wave functions) would be excessively lengthy. 
Calculations with the Hartree-Fock method would be 
simpler, but that method is not suitable for the accurate 
determination of the rather small difference between 
the rather large total energies of the n- and (n—1)- 
electron systems. Extrapolation methods based on some 
polynomial expressions for the ionization potentials of 
an isoelectronic sequence in powers of the nuclear 
charge Z have also been used; but the disadvantage 
with this method is that the coefficients of terms like 
1/Z, 1/Z* determined from the higher positive ions in 
the sequence may not be accurate for the extrapolation 
to the negative ion. 

It was first suggested by Bacher and Goudsmit’ and 
by the writer’ that the method of Bacher and Goudsmit,’ 
which expresses the energy of a state in an n-electron 
atom in terms of the energies of various states of the 
preceding ions, may be useful for the estimation of 
electron affinity of atoms. The method is the more 
accurate the further one can go back in the series of 
(n—1)-, -, l-electron ions. The 
method has been applied to the case of the fluorine 
atom.’ The limitation of the method is, apart from the 
approximate nature of the method itself, that in most 
cases not all the states of the higher ions have been 
found spectroscopically. In the case of the fluorine atom, 
this method seems more satisfactory than other calcu- 
lations of comparable simplicity. In the present note, 
the Bacher-Goudsmit method has been applied to 
boron, carbon, nitrogen, and oxygen atoms. 

In each case, the energy difference between the ground 
state of the negative ion and that of the neutral atom is 
calculated from the spectroscopic term values of the 


(n—2)-, (n—3)-, 





‘See H. S. W. Massey, Negative Jons (Cambridge University 
Press, London, 1950 

*R. F. Bacher and S. A. Goudsmit, Phys. Rev. 46, 948 (1934) 

*T. Y. Wa, Phil. Mag. 22, 837 (1936) 

‘J. L. Margrave, J. Chem. Phys. 22, 636 (1954) 


preceding ions.’ For a multiplet, say *P, the ‘center 
of gravity” of the components *Po;,2 is employed. 
Table I summarizes the spectroscopic data and the 
result of the calculation. For B~ and C~, the lowest 
state, namely, 1s*2s°2p?*P and 15s*2s*2p**S respec- 
tively, can be calculated from the expressions for these 
states in terms of the ions up to 1s*'S given in the paper 
by Bacher and Goudsmit and the spectroscopic values 
given in Table I. For N~, the expression for the state 
1s*2s°2p' *P is also given in that paper. As the states 
of 1s*2s2p**P of N1 and of 1s°2p**P of Nm have not 
yet been observed, these states are in turn expressed 
in terms of the states of their preceding ions. The final 
expression is 
1s*2s*2p* *P 
= 4(s*p*)[44S+5 *D+3 *P ]+ (4/3) (sp*) *P 

— 4(s*p*)[12 *P+5 'D+'S]— (1/9) (sp*) 

[15 °S+4S+ 20 *D+12*P]+4(s*p) *P 

+ (4/9) (sp) [1100P)42P+5CD)42S ] 

— (s*) ‘S—4(sp)[14*P+2 'P]+ (4/3)(s) *S. 

From Table I, it is seen that the electron affinity of 
nitrogen is ~— 5850 cm™'= —0.72 ev and no stable N 
exists. This is of considerable interest in connection 
with the problem of the positive 8-decay of the O" 
nucleus.® 

For C~, the electron affinity calculated is 14 169 
cm™ or 1.75 ev. For B~, it is —1135 cm™ or —0.14 ev 
so that B~ is unstable. 

To obtain an idea of the accuracy of this method of 
calculation, we have calculated the energy of the 
15*2s*2p’ *S from the energies of the states of preceding 
ions by means of the expression for s*p’ ‘S. The calcu- 
lated value of E(15s*2s*2p* 4S) of N 1is —2 154 261 cm™, 
referred to the state 1s? .S of N vi, compared with the 
observed value —2 153 201. The error is — 1060 cm™ 
or 0.13 ev. 

For O~, the expression for the state 1s*2s*2p* *P given 
in Bacher-Goudsmit contain the term 1s*2p**P in On 
which has not yet been observed. We shall hence make 
use of the expression for 1s*2s2p**P of O1 in terms of 


*C. E. Moore, Alomic Energy Levels (National Bureau of 
Standards, Washington, D. C., 1949). 
*M. E. Rose, Phys. Rev. 90, 1123 (1953) 
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i values in cm™ referred to the state 15? 4S. 


970 
520 178 533 


768 911 238 786 
803 986 283 689 
853 347 111 
906 414 384 


960 97 610 207 
99? 651 060 
666 OO6 

695 983 

1 059 739 727 


1 102 997 796 835 


1 OR8 726 903 205 

913 242 
636 957 908 
606 980 250 
689 3 039 979 
169 3 057 108 
540 O80 071 
767 } 100 292 


1 160 140 


NM Nhe ee 


1 193 875 
3.171 193 

3 188 132 

$217 851 

263 909 

3 343 375 

357 026 

383 842 

303 842 

3 367 375 

3 459 887 

447 811 

2 147 351 cale. 3 493 679 


502 808 calc 


The calculated energy for 1s°2s°2p5?P of O- is 

—3 502 808 cm= referred to 15218 of O vi, and this 

leads to an electron affinity of 9129 cm— or 1.13 ev 

which is in fair agreement with the re« ent observed 

D+. values, 1.05 ev found by Schiiler and Bingel’ and 1.48 ev 
[18*#P+10'!p+2'p found by Branscomb and Smith.* 


’V.H. Schiiler and W Bingal, Z. Naturforsch 10A, 252 (1955). 
P—4 (sp) 18 4P+102*p+ 225 *L. M. Bransx ymb and S. J. Smith, Phys Rev. 98, 1127 (1955), 


. . 4nd private Communication (to appear in J. Research Natl. Bur. 
} sp 9°P+ P | s) Standards 
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The consistent use of a general statistical theory makes possible the elimination of ambiguities and of 
idealizing assumptions from the interpretation of delayed-coincidence experiments. Introduction of the 
concept of the “total coincidence counting rate” (which can be determined experimentally) makes possible 
the definition of resolving time, thereby eliminating discrepancies between earlier definitions; it also pro- 
vides means for relating the coincidence efficiencies directly to the number of source events. 

The effect of random time lags on coincidence curves is calculated and experimental methods for the 
determination of time lags are derived. The statistical errors in the determination of moments of a coinci- 
dence curve are calculated and outlined in detail for first moment investigations. It is shown that: (1) the 
best choice of the resolving time is a (experimentally measurable) weighted rmis of all time delays present 
in the measurement; (2) using the best choice of the resolving time the standard error of the centroid, ob- 
tained by successive measurements of the points of a coincidence curve, is approximately twice the least 
theoretical standard error (that could be obtained for the total time of observation) ; (3) the moment method 
can be applied generally for the determination of mean time delays; other methods, while applicable with 
some restrictions, can lead to similar or greater statistical errors. 





I. GENERAL CONSIDERATIONS 


CONSEQUENCE of recent improvements“ in 
coincidence counting techniques is that a re- 
formulation of some basic definitions has become 
necessary. For example, two hitherto equivalent defini- 
tions of the resolving time of a coincidence circuit are 
no longer equivalent or even, strietly speaking, meaning- 
ful. We shall demonstrate that a consistent and un- 
ambiguous set of definitions for all parameters needed 
in the interpretation of delayed-coincidence measure- 
ments can be formulated in terms of experimentally 
observable quantities without any idealizing assump- 
tions or approximations. 
The basic equation for delayed coincidence experi- 
ments is given by the convolution integral’: 


vin= f P(T—1)w()dt, (1) 


x 


where 7 is the inserted time delay, N (7) is the coinci- 


* This work was supported by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission 

t Now at National Bureau of Standards, Washington D. ©. 

t Now at Northeastern University Boston, Massachusetts. 

§ Now at Shell Research and Development, Houston, Texas. 
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dence curve for the source whose decay time is to be 
measured, P(T) (usually termed a “prompt”’ curve) is 
the coincidence curve for a source of simultaneous 
events, and w(t) isthe normalized probability density 
for the time interval ¢ between entry of particles of the 
source to be measured into the respective detectors. 
P(T) and N(T) are meant to be taken with the same 
source strength. Equation (1) is valid under the follow- 
ing conditions: (a) the quantities ¢ and T are inter- 
changeable, i.e., the inserted delay mechanism does not 
materially affect the pulse shapes; (b) the pulse shape 
distributions in the respective channels are the same 
for both sources. Condition (a) usually offers no experi- 
mental difficulty, as one generally uses short delay 
cables with negligible attenuation. Condition (b) can 
be met either by assuring that the same type and 
energy of radiation enters the detectors from both 
sources,’ or by eliminating the effect of any discrepancy 
between the radiations by proper pulse shaping or 
pulse height selection. 

As has been pointed out earlier,“ a consequence of 
Eq. (1) is that the moments of NV can be expressed in 
terms of those of P and w by the relations 


r 


MAN)=>. : M,.(P)Mi(w), (2) 


kd k!(r—k) 


+e 
M,N) -f T'N(T)dT. 


This set of equations can be solved for the moments of 
w, thus determining the latter function. If w is known 
except for the values of a finite set of parameters, as 
many of Eqs. (2) will be needed as there are parameters 
to be evaluated. It is convenient to rewrite Eqs. (2) in 
terms of the normalized moments up= M,/Ms. Since 
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source strengths, one obtains 


iOT equai 
P 
bu 


he normalized moments are independent ot the 


trengths, Eq. (3) is valid for any source strength. 


er parameter, the “total coincidence counting 


g 
denoted by C, will be needed for a clear 
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phenomena involved.'* In par- 

and deter 

nd for the 


We 


errors. 
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functions define the probability of a single coincidence- 

countable pulse pair producing a delayed coincidence 

count for a delay of value 7. In terms of p and n, Eq. 
1) can be rewritten as 


By applying the moment theorem of Eq 
and n, one obtains the important result: 


M,(n)=Mo(p), 


i.e., the area under a reduced coincidence curve is 
independent of the source strength and independent of 
time delays at the source. Furthermore, since the 
coincidence circuit cannot distinguish time delays at 
the source from those introduced by the detectors or 
the coincidence device, the above statement can be 
extended to read; the area under a reduced coincidence 
urve is independent of all time delays, regardless of 
origin. For a given coincidence circuit, this area de- 


, , 
penas only 


on the pulse-shape distributions. 

Application of Eq. (2) to a simple parent-daughter 

is straightforward." If one detector responds only 

to one of the particles, which case will be called “asym- 
” (as, for example, in a 8—+y experiment), then 


dec ay 


w4(N uy(P)+8, (6) 


i.e., the mean life 6 is given by the displacement of the 
centroids of the V and P curves. 

In the event that both detectors have the same re- 
which case is termed “sym- 
experiment with y’s of 
a coordinate system in which 


to either parti les, 


as is true in a y—y 
and in 
1. (3) yields 


po(\ po(P 


iar energy 


+- 29". (7) 
rhe generalization of the theory to the analysis of 
t 


he mean lives of a radioactive family will be given in 
ppendix A 


Il. RESOLVING TIME 


A careful analysis shows that two different time mag- 
itudes are needed to describe the resolution of a co- 
device and the statistical accuracy of time 
measurements'* and by their use the inconsistencies 
between several earlier definitions of the resolving time 

The problems encountered in 
attempting to define the resolving time of a coincidence 
circuit can best be appreciated by considering some 


ncidence 


an be eliminated. 


impie Cases. 

First, let us assume that all pulses in a given channel 
are of the same shape and that no random time lags 
between events and pulses are introduced by the equip- 
rhen there will be a well-defined interval in the 
time coordinate describing the separation of the mem- 
bers of a pulse pair for which a coincidence will be 


ment 
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recorded. Without loss in generality the possibility that 
this interval consists of several separate subintervals 
can be disregarded here. The resolving time, r, is 
customarily defined as half of the magnitude of this 
interval, and could be measured experimentally in two 
ways. One could either measure the coincidence curve 
for a prompt source, obtaining a rectangular curve of 
width 27, or one could observe the chance coincidence 
counting rate, V., for unrelated sequences of pulses in 
the two channels, obtaining 


N.=NaNzp-2r, (8) 


where V4 and ' are the respective “‘singles’”’ counting 
rates. 

Now, let us introduce random time lags between the 
actual events and the pulses which come from them. 
The value of 7 will be unchanged, and can be deter- 
mined as before from Eq. (8), since the chance coin- 
cidence counting rate will not be influenced by the 
random lags. However, the prompt coincidence curve 
will be broadened and will no longer be of rectangular 
shape. The maximum of the prompt curve will even be 
lowered if any of the random time lags exceed r. Despite 
the distortion of the coincidence curve, there is a con- 
venient functional of it that will yield 7. Noting that 
in the absence of random time lags, the height of the 
rectangular coincidence curve will be C, the area of the 
curve divided by C will be 27. Now, invoking the prin- 
ciple expressed by Eq. (5), that the area of a reduced 
coincidence curve is independent of time delays, we 
can write 


1 + 1 +20 
T= f P(T)dT= f p(T)dT, (9) 
yO 29 


which is also valid if P(T) is replaced by N(T7), the 
coincidence curve for any source of related events, 
prompt or otherwise. 

On the other hand, we see that the width of the 
coincidence curve is no longer given by the resolving 
time, 7. Nevertheless, the width of the prompt coin- 
cidence curve determines the statistical accuracy of the 
measurement of time delays. Therefore, it is desirable 
to introduce a second characteristic time, 7’, that is a 
measure of this width. Theoretically, the best choice 
would be the square root of the normalized second 
moment about the mean of the prompt curve, ¢ 
={u2—u:"}', which appears in the calculations of 
statistical accuracy. However, in practice, one prefers 
to choose a quantity which is easier and quicker to 
calculate from the data. Therefore we choose the 
definition 


L-w 1 ns 
= — f p(T)dT= ” f P(T)aT, (10) 
2Pmax —“ 2P 


which has the virtues that r’ reduces to 7 in the ab- 
sence of time lags, and that 7’ is usually very close to 


ox" -* 
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the half-width at half-maximum of the coincidence 
curve, being the half-width of the rectangle that has 
the same height and area as the curve. 

If one writes 


r= ag*, (11) 


the constant a is of the order of magnitude unity for 
the types of delay curves usually obtained. This can 
be seen from the examination of a few analytical func- 
tions. For example, for a simple exponential a= 1, for 
an isoceles triangle a=}, for a Gaussian a=/2, and 
for the extreme case of a rectangle a=3. Therefore, in 
the estimation of statistical error one is often justified 
in using r’ instead of o. 

The final step is to extend the definitions to the 
general case in which each channel receives a distribu- 
tion of pulse shapes. Then a resolving time can be 
defined in the original manner for every possible kind of 
coincidence-countable pulse pairs, and r should be the 
average of these resolving times over the pulse shape 
distributions. We again consider first the case of no 
random time lags, and describe all possible coincidence- 
countable pulse pairs by a running index “k.” Letting 
C, be the number of “type &” pulse pairs appearing in 
unit time, the prompt coincidence curve will be given by 


¥(T)=>.Cw,(T), (12) 


where y, is the coincidence curve for a single “type k” 
pulse pair, i.e., a rectangle of unit height and of the 
width 27,. Without loss in generality, we can assume 
here that all ¥,.(7) have the same centroid, as failure to 
meet this condition can be compensated for by intro- 
duction of appropriate time lags. Then, since }C,=C, 
the maximum of ¥(7) will be C, and the average re- 
solving time, r, will be given by 

> Coe, 29 
T= =— 


ar cf ¥.(T)dT 


1 +o 
= f W(T)dT, (13) 
IC 


eu L 


EG ae 


as before. 


The internal noise of the coincidence circuit causes fluctuations 
in rs. These will be taken into consideration in Sec. IIL. Replacing 
rz in Eq. (13) by its average for “type k” pulse pairs, Eq. (13) 
and the above derivation remain valid for the general case. 


The argument already given for the case of uniform 
pulses again serves to extend Eq. (9) to apply to co- 
incidence curves influenced by random time lags. Thus, 
2r is always given by the area of the reduced coincidence 
curve p(T) or n(T). 

The chance coincidence counting rate will still be 
given by Eq. (8), provided the quantity N4Nz only 
includes coincidence-countable pulse pairs. 

The definition of r’ is based on the shape alone of the 
observed prompt coincidence curve and will also be 
given in the general case by Eq. (10). In the literature 





1200 BAY, HENRI, 
both r [defined by Eq. (8)] and r’ have occasionally 
been called “resolving time.”” We suggest calling r the 
and 7’ either the “practical resolving 
just the “half-width of the prompt 


<C, one always has 7’>>r. 


“resolving time”’ 
time” or, better, 


Since Pmax 
IIL. EFFECT OF TIME LAGS ON COINCIDENCE CURVES 


We will investigate the effect of time 
(1) in the detectors and (2) in the rest of the equipment. 
First we consider prompt events. 

(1) The pulses of a “type k” 
with some time delay after the events; the difference 
of these time delays will be denoted by ¢,’. It must be 
that the defin is arbitrary 
definition for the timing of pulses of d 


curve.” 


. os ‘ 
lags originating 


pulse pair both appear 


ition of since no 


fferent 


define the 


noted 
unique 
(For example 
a pul 
or as the 


shape can be given. one can 


appearance of se as the center of gravity 
output 
How- 


the 
tner, 


time of 


of a voltage curve time at which the 


voltage, or current, rises to a given level, et 
definition to an 
d the 


quantity of greater interest in 


4 ; 
ever, when changing from one 


only the origin of the ¢,’ axis will change an vari- 


ance v(t,’), which is the 
the investigation of time lags, remains unaltered. 

(2) The 
duce a prompt curve 
If there 


“type k” pulse pairs for which ¢,’=0 pro- 
which will be denoted by Pxo(7 

fluctuations in the coinci- 
of height C;,, 


no statistical 


: : 
dence circuits, Pyo would be 


were 
a rectangle 
width 2r,, with its center at Say 7T,. One could then 
T,=1t,"' (where T=0 


time 


regard corresponds to equal 
annels of the co- 
the 


One 


inserted delays in the two chi 


incidence circuit) as the time lag originating 


coincidence equipment (excluding the detectors). 


should note that while /,”” depends on the definition used 
, 


for the sum 4,'+4%," (for prompt events) is inde- 


that definition. 


t,’) is the prot babi lity density for ¢,’ 


k 


the probability density for ¢, 


since {,’’ is a constant. Therefore, whe 


ignoring the fluctuations (noise) of the coincidenc 


circuit, 


where ¥,(7) is a rectangle of height unity, width 
with its center at T7=0 


The prompt curve for all types of pulse pairs is 


P(T) 


its centroid is 


AND 
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uy’, one has 


—m(P) F} 


and using the notation o?= y.— 


: i a 2refo(te’) +L 
o(P)—7(¥)= > 
C 


7 Cr2riel([ te 


2G Ver 


kek 


b2Te 


—p(P)P Ay 


(17) 


¥(T)=> Cw, (T). (18) 
The right-hand sides of Eqs. (16) and (17) represent 
tne weighted mean and weighted mean square devia- 
tion of the time lags, with the weighting factors 27, 
for ty 

Now, to take into account also the effect of sta- 
tistical fluctuations originating in the coincidence 
circuit, we consider again the “type k” pulse pairs for 
which ¢,’=0. Identical pulse pairs now produce dif- 
ferent coincidence curves, depending on the state of 
internal noise of the coincidence circuit. If one dis- 
tinguishes by a running index / the different states of 
noise of the circuit, each determined by a set of values 
of all the noise ponusnatem, then for each such “state ?” 
there will be a ¥4:(7) rectangular curve of height unity 
and width 27,4; around 7=0, a Cy, total coincidence 
rate, and a /,;"’ time lag. The prompt curve Pyo(T) will 
therefore be 


Pio(T) 


Caf Val 


The centroid is given by 


(19) 


P.(1 (20) 


N\ 4 ? = ’ j 
ter} So Ce2reiter 


D>reil ur (pe 
> RP ’ 


Lah kieéTel 


Mri2reitt \ ty”) +f ([ter— 
Caden 
Cer. 


the general case for all 


where 


Vv.(T) 


The prompt curve P(T) in 
types of pulse pairs is 
P(T)=> P,(T) 


S 
k 


>> Cu LT — (ta +tar’”) lpn’ (te)dte’, (23) 


Ss 
’ 


the centroid is 


LD Ca2raiter du e2Fale ‘ 
ui(P)= neem 2———— ’ (24) 
5c slives ECs, 
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and 

o(P)—o?(¥) 

Ded Cudney (25) 
Le Cu2res 

¥(T) =D. (T)=LiL Cider 


Equations (24) and (25) show that, also in the general 
case, when time delays of all origins are taken into 
account, the coincidence equipment “sees” the weighted 
average and weighted mean square deviation of the 
time lags, with the weighting factors equal to the 
individual resolving times. In addition, one can see 
that the effect of internal noise in the coincidence 
circuits is (1) to change the form of ¥(7) and (2) to 
introduce additional time lags appearing as fluctuations 
of a 





where 


The occurrence of these weighted statistics in the operation of 
the coincidence equipment can readily be understood in the fol- 
lowing way: In a multichannel arrangement consisting of a large 
number of identical coincidence circuits with an inserted time 
delay AT between them, every “type k” input pulse pair would 
give a coincidence output simultaneously in 27,/AT channels. 
Therefore in the calculation of the area and of higher moments of 
the P(T) curve a “type &” pulse pair occurs with the relative 
frequency C,2r,/2C,2r; instead of C,/2DCy. What is true for a 
multichannel equipment is also true for the one-channel equip- 
ment since it gives a similar P(7) coincidence curve in the suc- 
cessive measurements 

In Eq. (25), o?(W) represents the smallest possible 
width of the prompt curve compatible with the given 
pulse shape distribution and resolving times 7x; of the 
equipment (i.e., a prompt curve without time lags, 
which could be called “prompt-prompt” curve) and the 
right side of the equation describes the broadening of the 
prompt curve by time lags. Introducing now the symbol 
#? for the right sides of Eqs. (17) and (25), one can write 


o?(P)=02(¥) +22. (26) 


It should be noted that ¥(7) can be determined in 
principle (e.g., by pulse-shape selection, approximated 
by pulse-height selection) but in most cases it is suffi- 
cient simply to write 


o? (VY) = (1/a)7?, (27) 


and consequently 
o°(P) = (1/a)r?+2, (28) 

where a is the same as in Eq. (11), and can be estimated 

. . . ? 
fairly well with some knowledge of the amplitude 
distribution. 

Generalization to the case of the N(T) curve can be 
obtained simply by adding the first and second moments 
of the w(t) curve. Therefore, 


a (N)= (1/a)7°+#+07(w). (29) 


The problem of the variation of o*(P) with varying 
conditions in the coincidence circuit is important for 
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Sec. VI. There are methods for varying 7; »(¢,’) cannot 
be reduced below some theoretical limits for scintillation 
counters and little is known about the time lags 4, 
=t,’+i,” for different pulse shapes (or amplitudes). 

The variation of ? for different values of r was in- 
vestigated in a differential coincidence circuit. Using 
y—v coincidences from Ni® (established as “prompt” 
within 10-" second”) and stilbene scintillators, r alone 
was varied and the reduced coincidence curves taken, 
For r varying from 7.9X10-" second to 1.65 10-" 
second, /, calculated from Eq. (26) with a=x/2 (i.e., 
taking V to be Gaussian, since no pulse height selection 
was used), varied by less than 2 percent around its 
mean value 10.5 10~" second. Thus for the differential 
coincidence circuit the functional dependence of «°(P) 
on 7 as given in Eq. (28) with constant @ and constant 
i can be used. 

Equations (17) or (25) can be used to obtain an esti- 
mate of time fluctuations of scintillation counters. This 
is important since, to our knowledge, no other methods 
are at present available to determine these time 
fluctuations. 

For symmetric excitations of the two detectors, as in 
the above experiment, one can regard //v2 as the 
weighted rms of the time lags related to one channel. 
This gives 7.5X10~-" second for stilbene, 6.5107 
second for dipheny] acetylene and 3.5 10~ second for 
diphenyl acetylene when a pulse-clipping method is 
used (anode pulses shorted by dynode pulses). Since 
these values are near to the theoretical expectations for 
the scintillators** plus time lags in photomultipliers, 
one can conclude that the spread of time lags attribu- 
table to the varying pulse shapes is small (~10~” 
second or less), at least in the differential coincidence 
circuit. Using Cerenkov counters,* i/V2~2 10~" sec- 
ond was obtained, this can be attributed to the photo- 
multipliers. Time lags due to the fluctuations of 4,” 
have been investigated by the use of pulses branched 
from one detector (where t,’=0) and were found to be 
of the order of a few times 10~" second for a differential 
coincidence circuit, i.e., about one order of magnitude 
smaller than the time lags +/»(t,’) for scintillation 
counters. 

To obtain results more specialized than the above 
weighted averages, e.g., for scintillation counters, and in 
particular to obtain the dependency of »(t,’) on the 
total number of photoelectrons utilized, one has to 
apply Eqs. (17) or (25) with pulse-height selection in 
the experiment. 


IV. EXPERIMENTAL DETERMINATION OF C 


Figure 1 illustrates a possible scheme for obtaining 
the coincidence curve N (7) and the value of C appro- 


* Bay, Henri, and McLernon, Phys. Rev. 97, 561 (1955). 
* Bay, Henri, and McLernon, Phys. Rev. 90, 371 (1953). 
”R. F. Post, Nucleonics 10, No. 5, 46 (1952). 

™ R. F. Post and L. 1. Schiff, Phys. Rev. 80, 1113 (1950). 
™* Bay, Cleland, and McLernon, Phys. Rev. 87, 901 (1952). 
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last 
coincidence curve ; C; represents a sim! 
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lar circuit having 


circuit, with a resolving time 7;, 


a resolving time rt» at least an order of magnitude 
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In Fig. 1, ry>~ 2X10 lr2~3X10~° 
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level of the discriminator following C; is set sufficiently 
high and that of C; sufficiently low (even tolerating 
noise pulses in C;), that any pulse pair yielding an 


output from C; great enough to trigger C,’s discrimina 
tor is certain to produce an output from C;,’s dis- 
criminator u 


the delay time, 7, is correctly chosen. R 


represents a far slower coincidence circuit, the purpose 


of which is to determine whether a pair of outputs from 
The out- 
will be the 
the 
In actual experi- 


stem from the same source events 
rate of R as a function of 7 
V(7 
discriminator following ¢ 
lor { a 


( 1 and ( . 
put counting 
rate of 


coincidence curve , and the counting 


2 Wii be ¢ 
differential coincident 


ments, we used 


circuit in which one can vary r independently of the 
pulse length. 
Having determined C, one can use the reduced 
coun idence curve wl ich 18 normalized to one pair of 
events, and present the following advantages: 

(1) No needed for the 


strength ol a 


correction is decrease in 


radioactive source while making a 
measurement 
(2) The cl ange 


efficiency introduced by displ: w the 


thereby counting 
source, aS 1S 


done in some time-of-flight measurements, does not 
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measurements one uses a 
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in the experimental conditions. In such a case it is 
easier and faster to record changes of C than changes of 
areas of the coincidence curves. 

(5) The C, circuit monitors the equipment and 
diminishes the effect of temporal fluctuations during 
the experiment. 


V. COINCIDENCE EFFICIENCY 


The chance coincidence counting rate was given in 
Eq. (8) as N4Ng-2r, valid only if all pulse pairs are 
coincidence-countable. Equation (8) can be written in 
terms of the disintegration rate, », of the source by 
introduction of €4 and eg, the efficiencies for the count- 
ing of singles: 


V -= v’e4€p°2r. (30) 


It should be noted that .V, as used in this section con- 
tains only chance coincidences originating from the 
source events. Other types of chance coincidences may 
be present in a given experiment and .V, should be 
corrected for them. 

In practice, not all pulse pairs are coincidence- 
countable, and Eq. (30) must be modified to 


(31) 


V = v"<4€pe-' 27, 


where ¢, is a proportionality factor for the pulse pairs 
that are coincidence-countable. Although it is common 
practice to regard a quantity such as e¢, as the efficiency 
of the coincidence circuit proper, «. has no fixed value 
for a given circuit since it depends on the values of €4 
and ¢g, which in turn are determined by arbitrary dis- 
crimination levels. (In fact, it is possible to choose e€4 
and €g in such a manner that ¢, is greater than unity.) 
However, the product e=e,4ege, is well defined, being 
the fraction of source events yielding coincidence- 
countable pulse pairs. 

For the experimental determination of ¢, we use the 
relation 


(32) 


( ve 
By Eqs. (9), (31), and (32), 
terms of experimentally observable quantities as 


« can be expressed in 


Equation (33) shows that .e is independent of time 
magnitudes such as /, 6, and r, and that it is also inde- 
pendent of the source strength v and can be deter- 
mined experimentally without knowledge of the source 
strength. Furthermore, « (being independent of @) is 
the same for the prompt and decaying sources. Since «¢ 
ratio of the number of coincidence-countable 
pulse pairs to the number of source events [Eq. (32) ], 
we ca! it the coincidence yield of the experiment. 


is the 
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The ordinates of the reduced coincidence curves 
n(T) and p(T) give the fraction of coincidence-count- 
able pairs which are in the proper time-delay interval 
(given by 27) around 7 and which therefore will be 
counted. It is usual to call Pmax=Pmax/C the “coinci- 
dence efficiency” (as in reference 9). In general, one can 
call p(T) and n(T) the “coincidence-counting effi- 
ciencies” at 7, which are related to the number of 
coincidence-countable pulse pairs. One also can directly 
relate the counting efficiencies to the number of source 
events by multiplying p(7) and n(T) by the coinci- 
dence yield e. 


VI. STATISTICAL ACCURACY OF MEAN-LIFE 
DETERMINATIONS 


In the measurement of an individual point at 7; of a 
curve V(T), n;=n(T,) is the probability of obtaining 
a coincidence count per countable pulse pair. Let the 
duration of observation for one point be [ft] and let the 
number of countable pulse pairs occurring during [1] 
be @ and the number of observed counts be 21;. Then, 
MN; may be regarded as the number of successes in C 
trials, with an @ priori probability of success n,. For a 
given @, MN; follows a Bernoulli distribution, its mean 
being Cn, and its variance v(2,) = Cn,;(1—n,). 

In the following, we have to distinguish between two 
different cases. 

(1) C is not The 
during [¢] fluctuates from point to point and 


measured. number of trials @ 


o(N,) = (C),n,(1—n,)+n70(C). (34) 


With a Poisson distribution for © around its mean value 


a 


C)~.= | t\ a 
the variance is found to be 
o(Ni)=(1)Cn,; (35) 


or, if one regards sampling values as experimental 
estimates for population values, and uses the same 
notation for sampling and population values, one gets 


o(NINLNR;, (36) 
o(NJLN,/(t), (37) 
v(nj=n,/[11C. (38) 


If the coincidence curve is obtained from a set of 2,’s 
taken at equidistant 7; values, u, can be approximated 
by /7,'N./XN;. Taking the same [1] for each point 
and employing the usual method of treatment of the 
propagation of errors, 


a*(p,) - —=- ‘ 39) 
(NT K 


— 


where N=} MN, is the total number of counts observed 
along the entire coincidence curve. 
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The variance of @ in terms of those of the moments 
used is 


0(8) = o°{ ui (N) }+o7%(P)] (40) 
for the asymmetric case, and 
1 
0 (0) = ——{o*{us(.V) ]+0°[e2(P) )} (41) 
168 


for the symmetric case. 

Simple formulas, particularly useful for order-of- 
magnitude estimates when planning experiments, re- 
sult from the use of an approximation. This consists 
of fitting a Gaussian to the prompt-coincidence curve 
P(T) and expressing all pertinent moments of P(T) 
and \(7) in terms of r’/6.%* If one also takes N to be 
the same for the two curves, then 


v(0) 1 4/7’ ‘) 
| 1+ ( ) (42) 
e ai r\@ 
for the asymmetric case, and 
v(0) 1 (5 lsr'\? 1/7'\! 
\-+ ( ) + ( ) | (43) 
e NMi4 wrv\O r\@ 


for the symmetric case. 
Valuable information is obtainable from Eq. (39) 
concerning the optimal use of coincidence equipments 
among given circumstances. We restrict our discussion 
to the statistical error of 4, in the asymmetric case. 
We determine first how to choose the best value of 
the resolving time for measuring a given lifetime and 
for a given time of observation. We assume that 7 is 
unaffected by the variation of r as was shown to be the 
case for a differential coincidence circuit (Sec. ITT). 
Using the notations of Eqs. (11), (26), and (28), one 
can write 
w(V)+P atr+P 


o*{ ui (P) ]= (44) 


RN ni 
For 9t we substitute 
M=L1IC ¥ ny=[1]C27/AT, (45) 


where AT is the distance between two adjacent points. 
The measured points m are distributed along the length 
T— 7, which is proportional to the width of the co- 
incidence curve. Thus, writing 


Tm— T= 2x{u2(P) —p"(P)}}, (46) 
we have 
x (ag *7?4-2)8 
o*(u:(P) )=- . (47) 


[T}c T 
where [7°]=m([1] is the total time of observation for 
the entire coincidence curve. The value of « will be 





* Kanner, Bay, and Henri, Phys. Rev. 90, 371 (1953). 
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discussed later. Equation (47) yields the optimal 71, 


denoted by ro, for which o*{4,(P)] is a minimum. We 


have 
To haf? (48) 
and 
3713. 
of us (P 49) 
al 2[7 
When ¥(7) is a Gaussian, a=x/2. When it is a rec- 


Since ¥(T 


these two extreme cases, it is safe to write Eq. (48) as 


tangle, a= 3 is most probably between 


(50) 


re~P 


for the P(7) curve and 


re~P+e (51) 


for the V(T) curve. Thus the best choice for 7 is the 
weighted rms of the time delays present in the measure- 
ment. This choice of r corresponds to a Pinax being ~60 


to 70 percent of C [depending somewhat on the shape 


of the ¥(7T) curve | 
Since both P(T) and N(T) are involved in the 
measurement of a lifetime, the resulting optimal choice 


for r will be determined by /, 6, and the intensities of 
the prompt and decaying sources. 


With ro, and a~2, one can write 


2K 
of u;(P) |~ i? 52 
we 
and 
x 
x oy N ~ (2? tg 53) 
rr 


The factor «x is the range of the measured interval rela- 


tive to the width of the curve. It is of practical interest 
to have « as small as possible, i.e., to avoid long measure- 
ments with small counting efficiencies. Utilizing some 


geometrical properties present in individual cases, one 


finds means to shorten 7,,— 7. In practice one seldom 
needs « >3 (or os T three times the half-width of the 


curve between half-maxima). 


| 


Larger reduction in « can be achieved in the case of 


a pure parent-daughter exponential decay (if one is 
also sure that no mixture of other, e.g., prompt, coin- 


cidences is present). Using the differential equation 


V(T)— P(T)=—0(dN/dT), 34 


derived by Newton,'' and its integrated form 


Te Te 
f \ roat— f P(T)dT=0,N,—N,, | 
“T; T; 


V(T,) and N,.=N(T,), 
and 7. such that V,=N,, one finds that the areas of 
the two curves within the section 7,,— 7) are equal, i.e., 
the two curves can be normalized without measuring 
the outer parts. Calculating the first moments y;(.V) 


4 
on 


where .V, and choosing 7), 
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and yw; (P) for the measured sections, one obtains: 


1 





6=[ui(N)—pi(P) -—_——_ —, (56) 
1—Nan(Tn—T1)/A 
where A represents the area of N(T) or P(T) within 
the measured section. With V,.(7—71)/A small com- 
pared to unity, the variance of @ will be 
welN)—wr(N) w2(P)—p?(P) 
»(6)~ —+—_—— 


Tuy Np 


F(T.—T:)* N,? 
a ---— (57) 


A? Mit Wen 


3y proper choice of 7; and 7,, the small additional 
error due to the third term in Eq. (57) can be over- 
compensated by the gain in Ny and Np. 

Instead of measuring the first moments of the 
measured sections, one can utilize Eqs. (54) and (55 
directly to calculate 6.'* Dividing the measured sections 
into two intervals 7>— 7, and 7,,—7o, where 79 is the 
abscissa of the intersection of N(T) and P(T), one 
obtains 


Ae— Ay-- (d2—a)9 


pe " (58) 
2Ne— (Ni+-Ne) 

where A; and A, are the areas under the V(7) curve 

for the two intervals, a; and a2 are the corresponding 

areas under the P(7) curve, and n= (A;+A:2)/(a;+a2) 

is the normalizing factor. Disregarding the statistical 

error of n, one obtains, for Vn<NVo, 


ING, 


| - 
tact 
Vo7 NitWMn Wo 


The first three terms are of the same order as in Eq. 

57) since (A,;+A-)/2No represents the width of the 
V(T) curve and A~(T,,—T7T,)No/2. Except for 0K’ 
the additional term is not small (3i9¢<<U), and therefore 
the total error is greater than that obtained with the 
moment method. 

We next examine the following question: Is it pos- 
sible to improve the accuracy by utilizing the total 
time of observation [7'] in a better way, using unequal! 
counting times at the various delays T;? 

Rewriting Eq. (39) in the following form: 


(59) 


7: { Ti-p 2V ti 

ou (N)] (60) 
L J >)? 

where [f;] is now the time of observation for the 

point 7;, and minimizing the expression on the right in 
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Eq. (60) with the condition 


> [(t,]=[T]=constant, (61) 
results in the time schedule 
| Ts —pal JN; 
(4.)=(7}-—_—_—__, (62) 
> Ti Vv Nj 


and 


1 /0| Tims | SNA? 
o*{y(N)]=- (= ae ). (63) 
[T] UM 
A comparison of Eqs. (63) and (52) for a Gaussian 
and for an experimental coincidence curve gives in 
both cases, when utilizing the time schedule of Eq. 
(62), a rather small improvement (~ 10 percent). 
(2) C is measured.—The ordinate of the reduced 
coincidence curve is calculated as n;=%,;/C and its 
variance is 


o(n;)—=n,(1—n,)/eC. (64) 


In the successive measurements of individual points of 
a coincidence curve the observations are made either 
for a constant € (“preset count”) or for a constant [7] 
(“preset time”). Since n; is always calculated from 
correlated values of N,; and @, Eq. (64) is valid for all 
separate points and in the calculation of errors € can 
be replaced by its average value [/]C. Thus 


o(ny=n(1—n,)/ (tC). (65) 


A comparison of Eqs. (65) and (38) shows that the 
statistical error is smaller when C is measured. 
The expression for o*{4;(m) ] is: 


> (Ti—w1)*n(1—n)) 
Te 3 n;)? 
1 > (Ti—ws)*n2 
Me = 


- pi? - . (66) 
> nN; 


~ 


ro 7N4 
o*| p(n) | 


[11C ¥ n, 


The first term in the bracket is the same as in Eq. (39) 
and the term to be subtracted from it is always positive. 
Calculation for a Gaussian curve and for actual co- 
incidence curves showed that the second term is ~30 
percent of the first term when r= 75. 

Other advantages of the measurement of C have been 
pointed out in Sec. IV. 

It is interesting to compare the errors given in Eqs. 
(52), (63), and (66) with the least possible error ob- 
tainable during [7'] in the presence of time lags char- 
acterized by / and in the presence of the time delay 
function w(t). The least possible error would be ob- 
tained with a multichannel coincidence system con- 
sisting of channels having a negligibly small r, and of a 
sufficiently large number to cover, without overlap, 
the entire range of the coincidence curve. In such a 
system none of the [7 JC coincidences would be missed 
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being counted, the variance of u,(P) would be 


o*{ui(P)J=#/((T IC), (67) 
and the variance of u;(N) would be 
o*( ui (N) )= (P+6)/((T]C). (68) 


With «=3, the factor appearing in front of f/([7]}C) 
in Eq. (52) is ~6, i.e., the one-channel method yields, 
in about six times larger a time of observation, the same 
accuracy as the (infinite) many-channel system. By 
the use of unequal times [Eq. (63)] this factor is re- 
duced to ~5.5, and by the measurement of C to ~4 
[Eq. (66)]. It can be further reduced by methods 
diminishing «. Therefore, related to the same time of 
observation, the standard error obtained with the 
one-channel equipment is approximately twice (2x)! the 
least theoretical standard error. 


Slope Method 


One can utilize the slope of a coincidence curve to 
measure time delays when: 

(a) w(t) is a simple exponential function. In this 
case 6 can be determined [Eq. (54) ] as'*: 


N(T)—P(T) 
@=— : 


Os: (69) 
dN/dT 

(b) w(t) is of a general form but its entire range is 
not longer than the linear part of the prompt curve. 
It has been shown?’ in this case, that 


N(T)—P(T) 
dP/4T 


pi(w)= (70) 
As was pointed out in Sec. IV, the slope method is 
simple only if one avoids the normalization procedure, 
i.e., if one measures C (denoted by C, and C, for the 
two curves). We will therefore relate the slope s to the 
reduced coincidence curves. We approximate s by 


$= (m,—m,)/(T:—T3), (71) 


where 7, and 7; are two separate points chosen around 
T, and obtain for the variance of @ 


1yn(1—n) p(i—p) 
ya 2[), 0 
[tan 


[tr 1, 
F my(1—;) 2(1—M) 
Siccsligamaenion | ceefocrenement, (72) 
#(T,—T;)*| [h1C, [tes 
The second term in Eq. (72) shows that the method is 
feasible only for very small 6’s. Namely, 7,;— 7; must 
be small compared to / to avoid a large systematic 


error in the determination of s. On the other hand, large 
#/(T,—T:)* introduces large statistical errors. For 


" Bay, Meijer, and Papp, Phys. Rev. 82, 754 (1951). 


s 
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6<i the second term in Eq. (72) can be neglected and 


we calculate the first term for the highest slope Sinex of 


the n(T) curve. 
Since n(T) is a threefold convolution integral of 
¥(T), p(t) (we take here the time lag function to be 


uniform for all pulse pairs), and w/(f), it follows that 
Smax cannot exceed (dW/dT) max, Pmax, OT Wmax- 

For the ideal case where (d{/dT) max = © [rectangular 
¥(T), with uniform r for all pulse pairs], when 7 is 
large enough to cover the entire range of p(t) and when 


Ot, we have Smex—~Pmnax and 
’ 
n(T)~p r)~ ff o(oat (73) 
" 
Writing 
Pinax = 1/ (2a), (74) 
we obtain for each of the coincidence curves 
v(n ~al? ((7 \ . (75) 


where the measured ordinates of n or p are taken as }, 
corresponding to the nodal point of the p(t) curve. 

A comparison of Eq. (75) with Eq. (67) shows the 
important fact that the ultimate determining factor for 
the accuracy of very short time measurements is also / 
when using the slope method. 

In practice (dy dT x 1S finite, S max 1 (2a'?), and 
the actual statistical error may be similar to that ob- 
tained by the moment method, Eq. (52) corrected as 
in Eq. (66 
The convenience of the slope method makes it very 

2 


useful for the detection of very short time delays.’ 


Tail Method 


For large V(T)>P(T), the tail of the 
coincidence curve approaches an exponential for both 
the asymmetric and the symmetric parent-daughter 
cases. 6 can be determined by fitting a straight line by 
least squares through a semilog plot of the experi- 


T’s where 


mental points. This leads to the slope”*: 
1} NAT.-T)(y.-9) 
A= : (76) 
a] > is NV (T;:—T) 
where T > NT; > Ni, yi=logN;, 7= Nai Ns 
and the points of the plot are weighted by 1; to satisfy 


the condition 


N wl y; 1/[¢]=constant, 77) 
if [4] is the same for all points. 
The variance of @ is 
i 1 
A) (78) 


(1 NAT. -TY 


* For example see R. H. Bacon, Am. J. Phys. 21, 428 (1953). 
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or, when measuring at equidistant 7;’s, 


Fr 6 

2(@)=— — . (79) 
N 2— pr? 
where ue and yw, are the normalized moments of the 
measured section. For 7,,—7:>>6,2(@) approaches 
&/N, which is just the variance of the center of gravity 
of the measured section. Thus the moment method with 
the use of Eqs. (56) and (57) having here P(T)=0, 
choosing a coordinate system such that 7,=0, and 
omitting M1, in Eq. (57), leads to similar statistical 
accuracy. 

The determination of @ from the tail has the advantage 
of involving only one coincidence curve. There is there- 
fore no need to be concerned here with pulse shape 
distributions [Sec. I, condition (b)]. Of course in this 
case MN, being dependent on 1, 7’,6, and 7,,—T7), is 
generally a rather small fraction of CL7']. This restricts 
the practical use of the method to #>r’. 

Summarizing the results of statistical error calcula- 
tions for the different methods, one can conclude that 
the moment methods can be used generally. Other 
methods, applicable only with some restrictions, can 
lead to similar statistical accuracy as the moment 
method. 


Effect of Chance Coincidences 


The chance coincidence counting rate is measured 
at 7== and its mean value subtracted from all the 
measured counting rates along the coincidence curves. 
Again we consider two cases: 

(1) C is not measured. —N;, is obtained by measuring 
MN,’ = Ni +MN, for the time [/] and calculating 


(80) 


where XN, is the number of chance coincidences occurring 
during [¢] and .V, is the chance-coincidence background, 
determined separately at T=, during the time [/, ]. 
The variance of N; is 


(81) 


and since the last term of Eq. (81) is common for all 
points of the coincidence curve, the variance of y, is 


orb Vy. 
o*(u,)= as + rs > ee T i —p,) 
N [Cy N,)? 
N. 
+— ; (> 7—nu,)*. (82) 
Ce No 
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For :, Eq. (82) gives 


tn) =—| (u2—m*) 
oe es 73 I 


( Tat T; SN ¢ ) 
na ————— a Be ) ; (83 
2 (Nant [t.] 


A similar expression is valid for the P(7) curve. The 
first term of the right-hand side of Eq. (83) shows that 
the additional error caused by the statistical fluctuation 
of the number of chance coincidences during the meas- 
urement of the individual points, is proportional to 
N./(Ni)m. The second term depends on the time [f, ] 
spent in the determination of V,. It is interesting to 
note that the second term can be suppressed by taking 
the measured interval 7,,—7, symmetrically around 
1. In this case even a statistically poor determination 
of \, is sufficient, and one can write 


Mo py? ce WN, 
Puen “(1+ mel ), 
H 3 (Nn 


where x is defined in Eq. (46). 

Since (Ni)u~4$Nmax=43Cr/r’ and r/r’=1/V3 for 
T= To, and x=3, one can estimate that, for V./C=1%, 
the variance of 4; increases by ~5% or the standard 
error by ~2.5%. 

If only chance coincidences originating from source 
events are present, then V./C can be calculated and 
one obtains 





(84) 


N./C=v:2r, (85) 


which can be used as an estimate when designing 
experiments, 


(2) C is measured.—Here n, is calculated as follows: 


(1/C¢]) (14+2.)—N-' 
n,= - (86) 
(1/Lt]) (C+2.'+N.")—N, 
where 91,’ is the number of chance coincidences appear- 
ing in the circuit with the resolving time 7,, within the 
time [/], and N.’+N,.””"=MN, is the number of chance 
coincidences appearing with @ in the other circuit (re- 
solving time r2). 

The corresponding chance coincidence counting rates 
are measured at 7= during the respective times of 
observation [/,’] and [f,]. The 2.’ counts appear in 
both circuits and V,'/N.=171/r2. A simple calculation 
o(s,)=———_——_++-- 


gives 
imc fel w+ -7) 


Ti 1 1 
+ne(1— Met )}. (87) 
C1) Cte} 


n,(1—n,) Net 
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Comparing Eq. (87) with Eq. (81) rewritten in the 


form: 
vnd=o(~ :)-* cnc +a (= -7). — 


one can see that for all practical cases where V,<C and 
[t. }~(t,'] the variance shown in Eq. (87) is less than 
that given by Eq. (88). 


VII. APPENDIX A 


To illustrate the application of Eqs. (1) and (4) to 
more complicated cases, we will now treat the case of 
parent-daughter-granddaughter decay and will then 
make the obvious generalization to larger radioactive 
families. 

Let us denote the mean life of the daughter by 6; and 

that of the granddaughter by 62. Without loss in 
generality, we can restrict the problem to the case in 
which only the radiation of the parent and grand- 
daughter decays can excite the detectors. 
{., The w(¢) function for the time interval between the 
parent and granddaughter decays will be the super- 
position of the two exponential decay functions with the 
respective mean lives 6;, and 6;. The w(t) function and 
hence its moments will be symmetric in @,, and @.. The 
moments, u,, will be given by 


M1 =6,+6.=S), 

pe= 2[0,°+6,0.+-0," ]= 20 S°—S2], 

3= 60:2 +6;°0.+-0,02+02" ]= OLS? — 

a= 24[ 01+. +0,°02+ 0:02" +02" | 
= 24(Si'—3SS1+S?], 


25,82], (Al) 


etc. ; 


where S,;=6,+62, S2=6,0. are the elementary sym- 
metric functions of the 6’s. Now, for an asymmetric 
experiment, the first moment of w(/) will yield S,, the 
second moment and the known value of 5S; will yield 
S», and 6, and 6, will be the roots of the second-degree 
equation : 


PF —S0+S,=0. (A2) 


The generalization to the analysis of an asymmetric 
experiment performed on a family of N members is 
straightforward. We denote the NV elementary sym- 
metric functions of the @’s by Siw (k=1---N). Since 
u,(w) is a symmetric function of the nth degree in the 
6’s, u, can always be expressed as a function of the Siw 
such that 


(A3) 


where , does not contain any Siw for k>n. Thus the 
first NV moments of w utilized in ascending order will 
yield the Siw’s by simple substitution, since the right 
hand side of Eqs. (A3) will be a triangular array in the 
Sin’s. By a well-known theorem of algebra, 6,, 42, 


a (w) =, (Siw, *- 


San), 





HENRI, 


1208 BAY, 


+++, Oy will be the roots of the Nth-degree equation 


> (—1)*S,n6*—*=0, 


komt) 


(A4) 


The w(t) function obtained in a symmetric experi- 
ment differs in that all the odd moments are zero. The 
even moments, however, will be the same as those 
obtained in an asymmetric experiment. Thus, for the 
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parent-daughter-granddaughter case, S; and S; can be 
determined by inserting u2 and yu, in Eqs. (A1). While 
the previous triangular array is no longer available, 
Eq. (A2) is still valid and yields ,, and 62. 

For the case of a symmetric experiment performed 
on a family of N members, we use the first NV even 
moments pie, 4, -**, Haw from which we determine S;y, 
k=1, ---, N. Then Eq. (A4) can be solved for 61, 6s, 
+++, Oy as before. 
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Methods 


that such 


of applying supplen 


seen a proce 


entary linear conditions to quantized linear systems are reviewed; it is 
» is self-consistent for Fermi-Dirac systems in general, and for Einstein-Bose 


systems possessing positive definite constants of the motion. Possible modifications are discussed for those 
cases in which the operator conditions to be added appear intrinsically inconsistent with the commutation 
relations. Alterations of the commutation relations which maintain the invariance properties of the system 


are found to be generally inapplicable. Increasing th 
jective, but at the expense of reducing drastically the 
of a restricted set of field variables is explored. It is 


e¢ number of side conditions achieves the desired ob- 
class of constants of motion. Finally the introduction 
shown that the new variables, in terms of which all 


pertinent field quantities may be expressed, permit a consistent formulation to be realized. the case of a 
I ] ) ; 


massless spin s boson field is treated in this manner. 


INTRODUCTION 


is often necessary to augment the equations of 
10tion of a physical system by relations of a more 


I" 
nr 
peripheral nature. The effect, and frequently the 
intent, is to reduce some symmetry of the problem and 


so negate the attendant decoupling of properties which 
appear correlated in nature, such as internal and ex- 
ternal angular momentum for the vector meson without 
Lorentz condition. Whereas in the classical situation 
the additional equations may simply be tacked on as 
dynamical conditions, this option is not available, in 
an operator sense, when the original system is pre- 
sented tegether with appropriate commutation rela- 
tions; instead one may judiciously modify the com- 
mutation relations, construct a new Lagrangian which 
implies all relations, or perhaps use more specialized 
methods' in the case linear However, 
perverse situations arise in which none of these ap- 
proaches can be reconciled with the maintaining of 
important invariance properties and the associated 
constants of the motion; the usual cure is to apply the 
truculent side condition only to the quantum states of 
the system. Another possible approach, with admittedly 
limited applicability, is to formulate the theory in 
terms of variables of presumably more direct physical 
significance, such as field strengths in electromagnetic 


of systems. 


1 J. K. Percus, Phys. Rev. 97, 1406 (1955). 


theory, and thereby, in some mysterious way, banish 
the associated difficulties. We shall examine, in detail, 
considerations leading to the latter method, applying 
it to linear systems, in which its inherent imperfections 
are well camouflaged. 

A quantization formalism for linear systems pre- 
viously employed by the writer will be of considerable 
aid. Briefly, the recipe runs as follows. A real linear 
system is determined by 


¥. Mw. (x)=0, (1) 


or My=0, where M=(M,,) is a real matric differential 
operator and x refers to the full set of space-time coor- 
dinates. Then if the basic commutator (or anticom- 
mutator) Wa(x)-Wa(x’)=Walx a(x’) +JYe(x’ W(x), with 
J = +1, is a c-number, the full set of pertinent commu- 
tation relations may be written succinctly as 


T (wy) -Fy= Fo; (2) 
here w is any c-number solution of Mw=0, F is any 
linear operator, T(w,y) is bilinear in w and y and coor- 
dinate independent. Further, if U, real, is an invariant 
transformation in the sense that M(Uy)=0, whenever 
My=0, and if U satisfies T(w,Uy)+T(Uwy) =0 as well, 


2]. K. Percus, Phys. Rev. 96, 1147 (1954). 
?J. K. Percus, Columbia University dissertation, 1954 (un- 
published). 











then 
Qu= }ihT (Uy) (3) 


may be taken as the constant of motion corresponding 
to U. The commutation and transformation properties 
of Gy are precisely as expected. 


APPLICATION OF AUXILIARY CONDITIONS 


Before proceeding to auxiliary condition of the more 
troublesome variety, let us review the situation in which 
only a simple modification of the commutation rela- 
tions is required. Since an added condition 


Sy=0 (4) 


serves to reduce the space of solutions of (1), we may 
assume that S is an invariant linear operator or a set 
thereof. First, we had better see what the commutation 
relations were originally. For this purpose, it is helpful 
to introduce a coordinate-independent basis {FW} for 
quantities of the form Fy, where F is a linear operator 
and y satisfies (1); thus “any” Fy can be expressed 
uniquely as 


(FW).= Doe fas(x)F of, (5) 


>. denoting both summation and integration, as 
required. Utilizing the F.y, the bilinear expression 
T (wy) may be written explicitly as 


Twy)=d Fawtask wp; (6) 


if the commutation relations are specified, as they may 
be, by the set 


Fa: Fx - Fas, (7) 


§.g a pure number, then it is readily shown that (2) 
reduces to the matrix equation 


Fae (8) 
and this is our desired relation. We note parenthetically 
that 


rl'=Jr (9) 


follows directly from (7) and (8), A™ denoting the 


transpose of the matrix A, while 


(r*) as - Ira (10) 


follows from (7) and (8) by applying the Hermitian 
adjoint. 

Let us now insert the supplementary condition (4); 
then the F.y are no longer independent, and the con- 
sequent linear relations existing between them show 
at once that the set of commutation relations (7) is no 
longer applicable. There is of course no unique pre- 
scription for the modification of (7), but a number of 
eminently reasonable ones turn out to be equivalent. 
Thus, if we assume merely that the expressions for the 
constants of motion in terms of ¥ are unchanged, the 
maintenance of their properties requires that the 
expression for T(w,y) be unchanged as well, and the 
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modified commutation relations become completely 
determined. Suppose then that under condition (4), we 
obtain the reduced basis {Gf} for the quantities of the 
form Fy; in particular, then, one can write 


Fab= Ls VasGwh (11) 


for some “rectangular” matrix [’. Note that on the 
other hand, using only the fact that (1) still holds, we 
have as well 


Goh = Lis Qapk wh, (12) 
from which it follows that Q?=1. Since 
Toh) =D Pawtayl W=L Gl asta l wow 
=) GeA(lTF-T) wow, 
the new commutation relations become simply 
Ga -Gw= (CFT), (13) 


provided that the inverse matrix exists. There remains 
only the task of rewriting (13) in the form 


F.W-F a= Fae’, 


appropriate to our original basis, but a glance at (11) 
assures us that we need only choose 


§’=f(r7s-T)-T*, 


(14) 


(15) 


which is our basic result. 

Equation (15) is a rather poor one, computationwise, 
so that equivalent formulations may be more useful. 
We observe, for the sake of completeness, a simple and 
powerful restatement of (15) which was obtained in 
reference 1. First, since an invariant transformation U, 
with respect to the system (1), permutes the set of Fy, 
we may represent LU’ by a matrix of constant elements 
U as defined by 


FUV=E UasF oh. (16) 


Then if p, an invariant operator, projects the solutions 
of My=0 onto those of My=Sy=0 in the sense that 
if {y} is the complete set of solutions of My=0, then 
{ed} is the complete set of solutions of the supple- 
mented relations, and if furthermore p satisfies 


T (wiph) = T (pw) 


(this determines p uniquely), we have simply, in matrix 
form, 


F' = pF. (17) 


The existence of a p satisfying the above conditions and 
of an inverse for '75~'T’ are thus equivalent concepts. 

It is natural to inquire whether there are conditions 
which ensure that the process leading to (15) [or, 
equivalently, to (17) ] can be carried out; one such 
condition possessing the advantages of generality and 
of dealing with quantities of direct physical import is 
readily obtained. For the purposes of this derivation, 
the bases {F.~}, {Ga} and so the transformation I, 
are chosen as real. We first observe, from (9), that 
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(expr(1—J)/4]r is a pure real matrix. Suppose then 
that there exists a real transformation 7 which is 
invariant both with respect to the system (1) and to 
(1) augmented by (4), and for which [expr(1—J)/4]rT 
is positive definite. Since T is invariant with respect to 
both systems, we can write not only F,7¥=> TasF wh, 
but also G,.7~=>. T.s'Gw@; thus > (17) «Ga =F TY 
= 3s T al p,G4, or 

r7’=7T. (18) 
But [expr(1—J)/4]rT being positive definite implies 
that [expr(1—J)/4 ]'7r7T is likewise positive definite, 
and this, according to (18), may be written as 


Lexpr(1—J)/4 7717", 


which is then certainly invertible; thus (f77T)~' 


7’(C'771'T’)— exists, as desired. Summing up: 


If for some real 7, invariant for both My=0 
and for Mp=Sy=0, expr(1—J)/4 rT is posi- 
tive definite, then commutation relations for 
My = Sy=0 exist and are determined by (15) 


or (17 (19) 


Statement (19) is subject to immediate physical in- 
terpretation. First consider Einstein-Bose (E.B.) sta- 
tistics (J 1); then coupling (9) with the fact that rT 
is to be a symmetric matrix, we find that T(#,7y) 
+7(Twy) vanishes, as required for (3). Further, the 
positive definiteness of the matrix ir7 implies that of 
the quadratic form‘ Qr in (3). We conclude that, in brief : 


For E.B. statistics, the condition in (19) may 
be replaced by the positive definiteness of any 


quadratic constant of the motion. (20) 


For example, an E.B. system in which all energy quanta 
are positive may be supplemented with impunity. 

On the other hand, for Fermi-Dirac (F.D.) statistics, 
if we assume as is customary that the scalar product 
associated with the Hermitian conjugate is positive 
definite, then the matrix 5, and so r itself, will be 
positive definite. Hence (19), is automatically satisfied 
by T=1: 


For F.D. statistics and positive-definite scalar 


product, the condition (19) is always satisfied. (21) 
In our analysis of the inapplicability or supplementary 
conditions, we might thus restrict ourselves to E.B. 


systems. 


METHOD OF MODIFIED COMMUTATIONS 
RELATIONS 


We shall now turn to those cases in which, despite 
the confidence engendered by (19) and (20), the 


‘The criterion of positive definiteness of Qr holds the same 
implication for ¢ or g-number ¢ 
From FF a+FeF A =F_3, we have for numerical xq, 
> Fasxexs™ 2(2 F.vxa)*. which, for a real basis {F.¥)}, must 
exceed zero 
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system (including commutation relations) being con- 
sidered refuses to countenance the direct application 
[as in (15) or (17) ] of the desired auxiliary relations. 
Three remedial tactics, in order of increasing effective- 
ness, will be set forth. 

As the first approach, we may note that since it is 
apparently the form of the original commutation rela- 
tions which produces the difficulties in appending the 
subsidiary conditions, the possibility of a slight but 
appropriate modification of the commutation relations 
at once suggests itself. To this end, we first introduce 
the r-adjoint U* of an invariant transformation U, 
defined by 


T(w,U)=T(Uwy), or (22) 


Ut=r"Ur, 


and possessing the usual properties of an adjoint. Now 
two sets of commutation relations for My=0 differ 
only in the associated expressions for T(w,y) or equiva- 
lently in the invertible matrices 7. It is then clear that 
any modified commutation relations may be determined 
from 

(23) 


7 =P, 


T'(wy)=T(w,Py), or 


for some invertible invariant P which is restricted 
solely by (9) applied to both 7 and 7’, or using (22), by 


P=P*, (24) 


The arbitrariness inherent in (24) cannot however be 
maintained against desired invariance of the commuta- 
tion relations under a set of physically significant infini- 
tesimal transformations. In fact, applying such an 
infinitesimal U to (7), we have F,Uy-Fwt+FaW 
-F,Uy=0, or U'S+5U=0, from which 
(25) 
is the required condition for invariance under U ; this 
is observed to coincide, as expected, with the require- 


ment that U generate a constant of the motion, as in 
(3). Now the interrelation between r and 1’ adjoints, 


obtained directly from (22) and (23), is that 
U"=P“U'P; (26) 
coupling U"'=—U=U" through (26), we find that 


both sets of commutation relations can be invariant 
under U only if 


UP=PU (27) 


is satisfied (on the space of solutions of My=0). 

The requirement that P commute with all trans- 
formations under which the quantum relations are to 
be invariant is of course a rather severe onc, illustrating 
incidentally the high degree of uniqueness of the com- 
mutation relations when invariance considerations are 
taken into account. If, for example, the complete 
problem is to remain invariant under the inhomogeneous 
Lorentz group connected to the identity, and if (? is 
a constant on solution then the coordinate 
dependence of P can be generally through sgn(d/ dt) 


space, 
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alone, and this operator has the drastic effect of changing 
signs of energy quanta. In brief, we conclude that a 
modification of T(w,W) is most often inapplicable per se 
and so can certainly not be used as a stratagem in 
exorcising difficulties associated with supplementary 
conditions.® 


METHOD OF ADDED SUPPLEMENTARY 
CONDITIONS 


The matrix ['77P of (13) and (15) may be written in 
a more instructive form by a suitable transformation of 
basis. Again defining the {Gf} as spanning the set of 
Fy when both My=0 and Sy=0, we may clearly choose 
the corresponding basis {F.~} (when My=0 alone) to 
consist of the {Ga}, augmented by a set {H,~}, where 
H,w=0 when My=Sy=0. In this event, we may form 
the partitioned matrix 


rl 7 
hn ae 
7 poe 
where superscript 1 refers to the {Gg}, 2 to the 
{Hy}; it then follows that 


CTT =r", 


(28) 


(29) 


In other words, '77I' is some principal minor of r, and 
its invertibility is of course not implied by that of r. 
There arises, however, the possibility of extending this 
liability to an asset, for a further supplementary condi- 
tion may then select a nonsingular minor of r". 

To implement this approach, let us suppose that the 
basis {Ga~} has been chosen such that it may be sub- 
divided into sets {Ky} and {Lf} in terms of which r! 


achieves the form 
(; 4 
0 of’ 


7 nonsingular; the first rows and columns refer to the 
{Ky} and the second to the {Lf}. Since 7, and so r"! 
may be chosen as a numerical multiple of a real sym- 
metric or skew matrix, this procedure can be carried 
out, but not in a unique manner. It is now apparent 
that if we introduce the additional set of restrictions 


La=0, (31) 


then the {K,y} alone will form a complete basis for the 


Fy and 


(30) 


Tw) =>. Kywtaa Ky (32) 


will be represented by the nonsingular #; the recipes 
of (15) and (17) thus become applicable. 

To obtain the L,y, it is not necessary to retrace the 
steps just described; in fact we need only remark that 





* Even assuming the existence of an extensive class of P satis- 
fying (27), our position vis-d-vis criterion (19) is not thereby 
improved: if a multiple of r’'U were positive definite, then so 
would have been r(PU) in the unmodified formulation. 
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the Ly which are to be equated to zero all satisfy 
T(w,Ly)=0, (33) 


whenever w and y are solutions of both My=0 and 
Sw= 0. Since the set of additional relations can generally 
be reduced to a single supplementary condition, it 
suffices to obtain one L satisfying (33). There are a 
large number of L’s available, essentially equivalent to 
the choices of basis {Ggp} ; however, in each case, one 
must ascertain that L “‘catches”’ all of the null operators 
corresponding to the basis which is intrinsically used. 
This is most easily done by requiring that any LZ chosen 
have the same rank (when the term may be reasonably 
defined) as that L of highest rank possible (with greatest 
number of independent conditions on solution space). 
The lack of uniqueness of Z implies an inherent lack of 
symmetry which indeed makes itself painfully felt in 
that the set of physical invariant transformations often 
is greatly reduced by application of Ly=0.’ 

As an example, we may consider the electromagnetic 
field, given by 


(#/dx,0x*)A,=0, (34) 


with supplementary (0/dx,)A,=0. Let us first apply 
the method of (31); it is easily shown that for standard 
commutation relations for the vector meson with nor- 
malized mass x=mc/h, we have on any space of fixed 
wave number &, ry, «6,4. Thus applying the Lorentz 
condition Ao=>. (ki ko) A ty 


Tivlicac (Reb ie—Rkiky). (35) 


Now letting «+0, so that ko-—>+ |&!, the null space of 
the resulting matrix ky’5;~—k ky consists of multiples 
of the vector (k:,k2,ks); the corresponding additional 
supplementary condition is then 


> kA y=0, 
or equivalently 0A o/dt=0. 

More generally, we employ (33); again limiting our- 
selves to vectors of fixed wave number, 
T(B,LA) — B&LijA s— Bo*LojA5 

“+ BAL woA ee Bo* LooA 0 
with dummy 3-indices i and j [B(k)=B(—k)]. 
Thus setting Ao= (k; ‘Ro) Aj, Bo= (ki/ko)B,, (37) is 
identically zero when 

Lij- (ky ko) Lost (Ry ko) Leo (h ky ke?) Loo= 0. 
Solving (38) for L,;, the relation LA =0 then becomes 


(LoiA i+LooA Oy (k \ ko) LoiA es (Lio, ‘kok dA i 


(36) 


(37) 


(38) 


+ (ky ko) (Loo kok A it+LwA S 2° )=0, 
which is equivalent to the pair 
kiA i—koAo=0, LoiA iT LooA o= 0; (39) 





7 An invariant U will remain invariant on adjunction of Ly=0 
if, matrically, LU= KL for some K. 
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the maximum rank of L is clearly two, and so any L 
will do,® except those cases (rank 1) in which Loo= Lo; 

0. However, this is no better than the more special] 
case Ay=0, for it does not retain the Lorentz trans- 
formations as invariant, and so is not of greater physical 
interest 


REDUCTION OF FIELD VARIABLES 


The method (31) of compelling the {Ky} of the 
discussion following (30) to constitute a complete basis 
for the Fy, with My=Sy=0, has been seen to present 
difficulties in principle. However, another possibility 
quickly arises: Could y itself no longer be an appro- 





priate field variable after the adjunction of the supple 
relation Sy=0? If, for example, the new 
variable is chosen to be Ay for some (invariant) linear 
operator A, it is conceivable that the Lw of (31) are 
not members of the set of FAy, so that the problem of 
care must be 


mentary 


the Ly becomes ephemeral Of course, 
taken lest the operator A, palpably singular, be so 
singular that various quantities of importance cannot 
be expressed in terms of Ay 

We may readily formalize the preceding comments. 


in the basis of the {K,~)} and {Lay}, we 


need only define 


Operating 


(40) 


A is represented by 


1 () 
\ ), $1) 
0 


precisely the projection onto the space of {K iW) This 


Kw=Kywy, La=0, (42 
whence the {Ky} alone form a basis for the Fy. Then’ 
retaining the initial expression for T(w,y) so that the 
various constants of motion are unchanged in form, we 


observe that 


T(op)=>> KywtwKiv=> Kiet Kid; 


invertible (and again 
commutation re- 


T (aw iS 


Imique set of 


thus the matrix of 
p=J7 


lations 


yielding a 


rhis approach is most easily effected if we note that 
our taken 
operations upon which generate precisely the set of Fy, 
seen, are none other than the 


¥ KuitiKi4, 


new field quantities may be as any set, 


and these, as we have 
set of Ay. But then, 


it follows that 


from T(wy 


The {Ky} are the space generated by T(w,y 


as w varies over all numerical solutions of 


Mw=Sw=0, (43) 


* Different L yield Lorentz-equivalent conditions 
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which is the desired criterion. The uniqueness made 
evident by (43) portends the absence of invariance dif- 
ficulties which reduced the previous two methods to 
impotence. More explicitly, we wish to ascertain that, 
corresponding to each invariant transformation U on 
the y for which My= Sy=0, there exists a U’, invariant 
on the related set of ¥, such that U and U’ have the 
same effect upon the system: Uy-—>U'f as y—y, or 


AUy=U'Ay; (44) 


in such a case, constants of the motion will be main- 
tained, as will invariance of the commutation relations. 
To verify (44), we recall, according to (22) and (25), 
that the invariant transformations of consequence 
when My=0 are determined by rt +U71=0; applying 
Sy=0 as well, under which U is assumed to remain 
invariant, we may examine this condition in the basis 


of {Ki}, {La}. Then if 


employing (30), that 7U"+(U")'7 


we find at once, 
immediate consequence being that 


0. U®=0, an 
AU=AUA. Thus, 


U'=AU, or U’ 


examination of U’ in the light of the {K,W)}{Ly} 
0 is again satisfied. 


in (44) we may choose either of 


(45) 


basis assures us that 7U/’+(U"')'r 
We conclude that the process (43) does not destroy 
invariance properties of the system. 

As an application of (43), consider the spin s Boson 
field® in which the mass «0: 


(A Adx®d Ox, — x?) [/ By (x)=. 


(46) 


U is an sth-rank tensor, and supplementary conditions 
are: 


U7» symmetric, 0/dx*U%7**=0, (47) 
and 


U 0). 


In this case, the matrix conditions of symmetry and 
vanishing trace do not contribute to inconsistency of 
the commutation relations, and so we shall concentrate 
upon the effect of the Lorentz condition. Again dropping 
dependence upon wave number &, it is readily found 
that, for (46), 


T(V,U) — Vagy...°UM (48 
since V is restricted by Vo, (Rki/ ko) V say..., V 004... 
=( kk; (ko)* |Vj;4..., and so forth, (48) becomes 
V oj. *( Ut — (R/U. 
+ pipi/ (ppm! sas letra (49 
which is generated by the quantities 
[ba'— (ki k°)b_° If b3?— (hi kbs 8 (50) 


*M. Fierz, Helv. Phys. Acta 12, 3 (1939). 
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If the Lorentz condition, and ultimately the sym- 
metry and trace conditions, are taken into account, 
there are a large number of sets of variables which will 
generate the same space, but most obvious and super- 
ficially the simplest is the set 


Sith = (i)* (RG a'— Ra") (RSs? — R45 g°) - - - U7 (51) 
which, since the Lorentz transformations are still 
invariant, may be extended at once to 
fa'p’y ” i ee . (1)*(ke ‘ba® —k5,* ) 

K (RO 5 PF — BGP’) > - - UF (52) 
We observe in passing that symmetry of U*7--: now 


yields symmetry among primed indices or among 
doubly primed indices of f, and antisymmetry between 
them; since k*k,=0 and k*U,87'**=0, the trace condi- 
tion may be extended to any pair of indices; finally, 
again using k*k,=0, the Lorentz condition holds for 
any index. It must of course be possible to express 
7(V,U) in terms of f and g [where g is derived from V 
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from V by the scheme of (52) ]; the identity 


) Tg 
x fer 


which is readily demonstrated, shows how this may be 
done. 

All quadratic constants of motion, as well as the 
pertinent commutators, are now expressible in terms of 
the {Kw}; further, according to (41), K,(1—-A)Hy=0 
for all invariant H. Thus, we may say that the general 
case under consideration is characterized by its in- 
variance under the extended gauge transformations 


y > ¥+(1—A) AY, (54) 


whose correlation with zero mass is quite clear. A 
similar procedure has recently been delineated for 
appiication to nonlinear fields,"® but the computational 
simplicity of the above approach is of course not 
generally attainable in such cases. 


ZaSy:+-a’f’y'+--" (R)baadaa’ ae 


a’B’y’-+*(k) = 2°(Ro)**V apy...° US (53) 


” P. G. Bergmann and I. Goldberg, Phys. Rev. 98, 531 (1955) 
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Irradiation of Graphite at Liquid Helium 
Temperatures 
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N a recent paper,’ a model for the damage produced 

in graphite by particle bombardment was presented. 
This was based to a considerable extent on information 
obtained from neutron and proton irradiations at nomi- 
nal liquid nitrogen temperatures; it was further postu- 
lated that the damage retained at this temperature 
represents essentially all the damage formed. This postu- 
late implies that none of 
are altered, below liquid nitrogen temperatures and that 
irradiation at liquid nitrogen temperature does not affect 


the damage centers already formed 


the damage centers move, or 


lo verify this as- 


irradiate at still lower 
temperatures and the present note describes 


sumption, it is necessary to 
recent 
bombardments of graphite (type AWG) at liquid helium 
1.25-Mev el integrated 


temperatures with lectrons at 
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Fic. 1. Pulse annealing of two graphite samples irradiated at 


liquid helium temperature with 1.25-Mev electrons. Resistivity 
measured at 4°K 
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ANNEALING TEMPERATURE (°k) 
Fic. 2. Comparison of pulse annealing behavior with that ob 


served in previous proton and neutron irradiations of graphite at 
the temperatures indicated. Apo refers to the value at 78°K. 


fluxes of about 20 and 40 microampere-hours. Following 
irradiation, the specimen was given one-minute anneal- 
ing pulses at successively higher temperatures to room 
temperature and resistivity measurements made at 4°K 
following each annealing pulse. Two samples were 
irradiated, one showing a change of 7% in resistivity, 
the second a change of 4°. During the first run (7% 
change), the sample temperature was not observed 
during irradiation. There was some concern about 
possible specimen heating, so the second sample was 
irradiated with a reduced beam current and the tem- 
perature continuously monitored during irradiation; 
for the most part the temperature remained very close 
to 4°K, occasionally reaching a maximum of about 
10°K. Because of the similarity of the two annealing 
runs, it is deduced that the sample temperature also re- 
mained low during the first run. 

The two annealing curves are shown in Fig. 1. As can 
be seen, there is practically no effect below about 80°K. 
A small amount of annealing may take place, but is too 
small to warrant discussion, especially when compared 
to the striking behavior at higher temperatures. Note 
the abruptness of the annealing between 80°K and 
110°K. The actual temperatures during the nominal 
“liquid nitrogen” irradiations were in the range of 
103°K (cyclotron) to 125°K (Brookhaven Reactor), 
which are high enough that most of the annealing in the 
region 80°K-110°K must have taken place during ir- 
radiation. Figure 2 compares our results with those ob- 
tained previously by Deegan? following irradiation with 
protons and neutrons. The neutron irradiation corre- 
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sponds approximately to 3X 10'* fast neutrons per cm’, 
while one microampere-hour is 2.3X10"* protons (8 
Mev) per cm’. The smaller peaks of the latter data are 
presumably due in part to the annealing at the higher 
irradiation temperatures, although there is also some de- 
pendence of the annealing behavior on the total ex- 
posure. On the basis of this comparison, it may be 
concluded that, although the assumption of reference 1 
(that all the damage is retained at the nominal liquid 
nitrogen exposures) is not literally justified, probably no 
new type of damage center is introduced by the lower 
temperature irradiation. In other words, the previous 
annealing experiments revealed some of the behavior 
that we have reported, but not all of it. From the stand- 
point of radiation damage studies, it is of interest to 
note that, if the specimen temperature is carefully held 
below 80°K, a liquid nitrogen temperature irradiation is 
sufficient to inhibit all thermal annealing of the damage 
centers. 

At the present time, we do not wish to discuss the 
annealing mechanism in the 80-110°K region except to 
point out that presumably it is due either to a release of 
trapped electrons or a decomposition of interstitial 
clusters, both of which will increase the resistivity in 
graphite. 

We wish to express our appreciation to T. G. Berlin- 
court for much invaluable discussion and assistance. In 
addition we wish to acknowledge discussions with D. B. 
Bowen and the help of H. Kenworthy and L. Bienvenue 
in performing the irradiations. 

'G. R. Hennig and J. E. Hove, “Interpretation of Radiation 
Damage in Graphite,”’ presented at the International Conference 
on the Peaceful Uses of Atomic Energy in Geneva on August 15, 
1955 (unpublished 

?G. E. Deegan 
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HE interesting phenomenon of superconductivity 

discovered by Onnes' in 1911 is still incompletely 
understood. London? has emphasized that somehow the 
superconducting electrons must fall into a quantum 
state of long-range order, a “macroscopic quantum 
state.’ The discovery of the isotopic effect? and the 
theories of Fréhlich* and Bardeen® have linked super- 
conductivity to the zero-point vibrational energies of 
the atoms and have thus indicated a possible mechanism 
for a superconducting quantum state. The postulate of a 
superconducting quantum state implies an energy gap 
of the order of kT. between the superconducting and the 
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normal state. The substances for which supercon- 
ductivity occurs in the easily workable temperature 
range of 2° to 5°K might, therefore, have a quantum gap 
corresponding to absorption frequencies of the order of 
40 to 100 kMc/sec. Previous superconductivity meas- 
urements® of Sn up to frequencies of 36 kMc/sec failed 
to reveal an energy gap, although measurements’ in the 
infrared region indicate that Sn is not superconducting 
at optical frequencies. The development® at Duke Uni- 
versity of refined millimeter wave techniques for the 1- 
to 5-mm region has made possible investigations in the 


Fic. 1. Cathode-ray display of a resonance curve of a tinplated 
cylindrical cavity operating in TE; mode at 4-mm wavelength 
and at 2.6°K; (a) with magnetic field applied to prevent super- 
conductivity, (b) without magnetic field 


frequency range where the supposed energy gap might 
be measured for several substances including Sn, Al, and 
Cd. We have consequently undertaken a study of these 
metals. The rather suggestive preliminary results ob- 
tained for Sn will be briefly described here 

For Sn, k7./h=77 kMe Measurements have 
been made at wavelengths of 2, 2.5, 3, and 4 mm (77 
kMc/sec to 150 kMc/sec). Superconductivity, but with 
some residual resistance, has been observed at all these 
frequencies for temperatures well below 7... See, for ex- 
ample, Fig. 1. However, at temperatures not far below 


sec. 
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Temperature variation of resistance of tin for dc and for 


wavelengths 2, 2.5, 


Fic. 2 
the millimeter wave frequencies as indicated 
3, and 4mm 


T. where there is already complete de superconduc- 
tivity, no evidence for superconductivity was found at 
any of these frequencies. The onset of superconductivity 
was found to depend on the frequency in a manner 
indicated by Figs. 2 and 3. The higher the frequency, 
the lower the temperature (below 7.) required to start 
the decrease in resistance. 

The results indicate that the effective energy gap 
between the superconducting and normal states in 
creases as temperature is decreased below the critical 
temperature 7'.. As the gap becomes wider (temperature 
lower), higher and higher frequencies are required to 
prevent the onset of superconductivity. The energy gap 
seems, therefore, not to be defined except at a fixed 
temperature or at temperatures well below 7.. From 
our data, Fig. 3, we obtain a value of 77 kMc/sec or 3.9 
mm for the maximum gap at the temperature, 3.72°K 
at which de superconductivity becomes complete In- 
terestingly, this value is exactly kT./h. We have not 
yet measured at frequencies high enough to ascertain 


~~ 
a ~*~ 
: ™ 
= ys “ 
: 
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r 
360 
*atovut™ Mc /SE 
Fic. 3. Plot showing how the temperature for the onset of 


superconductivity depends on frequency of the conducted 


wave 
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the maximum gap when 7<T7,. However, our results 
indicate at very low temperatures the effective gap is 
appreciably greater than it is at 3.72°K. At tempera- 
tures only 0.1°K below 3.72°K it is already greater by 
a factor of 2. The projection of our data indicates it is 
an order of magnitude greater at T=0. 

The measurements of Figs. 2 and 3 were made simply 
by observation of the change in resistance of an H,-band 
wave guide. The same wave guide and hence the same 
superconducting surface was employed for all four fre- 
quencies. Measurements at 3 and 4 mm were also made 
with a resonant cavity operating in the TE»,:y mode. 
From the measured value of the unloaded Q of the 
cavity the absolute (but not highly accurate) value of 
the surface resistance, R, could be calculated in both the 
normal and superconducting state. The value of Ry 
measured with the cavity was used to calculate R/Ry 
from the wave-guide measurements. For 2.0 and 2.5 mm, 
extrapolated values of Ry were used. A comparison of 
the value of R/ Ry in Fig. 2 with the values obtained at 
longer wavelengths’ suggests that R may not become 
zero at absolute zero for these frequencies. However, 
this isa highly tentative conclusion. Additional measure- 
ments are being made to make more certain the absolute 
values of R. 

We wish to thank Dr. M. J. Buckingham and 
Professor L. W. Nordheim for helpful discussions of this 
work. 
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Cyclotron Absorption in Bismuth* 


R. N. Dextert anp Benyamin Lax 


Lincoln Laboratory, Massachusetts Institute of Technology, 
Lexington, Massachusetts 
Received October 3, 1955 

ICROWAVE experiments similar to those of 

cyclotron resonance in semiconductors' have been 
performed on bismuth single crystals at 23 000 Mc/sec 
and temperatures down to 1.3°K. The measurements 
were made in a microwave cavity operating in a TE; 
mode with a linear polarized rf field at 45° to the plane 
of rotation of the de magnetic field. The sample was 
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Fic. 1. Absorption in bismuth as a function of magnetic field. 
The curves at 77°K and 300°K were normalized so that the 
maximum absorption at 11 000 oersteds was scaled equal to that 
at 4.2°K. The AVSWR from 0 to 11 000 gauss was 0.83 and 0.12 
for 77°K and 300°K, respectively 


mounted with Wood’s metal at one end of the cavity 
with an exposed surface of approximately 6 mm in 
diameter. The cleaved surface of the crystal was metal- 
lurgically polished and etched through several cycles 
and finally polished. 

Absorption traces as a function of magnetic field up 
to 11 000 oersteds were obtained at various tempera- 
tures as shown in Fig. 1. At low magnetic fields the 
curves showed sharper curvature and increased absorp- 
tion, due to decreased lattice scattering, as the tempera- 
ture was reduced. In this sample,’ further increase in 
absorption and curvature was produced at 1.3°K. Al- 
though it appears’ that wr>1 at 4°K, the absorption is 
nonresonant. Resonance in metals at microwave fre- 
quencies is obscured because of high carrier concen- 
tration.‘ 

Detailed analysis of the real part of the Poynting 
vector at a metallic interface with a transverse magnetic 
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field shows that for a single isotropic carrier the absorp- 


tion curve has an inflection point at 


w,.=wt+K/r, 


(1) 


where w.= eH /m'*c is the cyclotron frequency; w, the rf 
frequency ; r, the collision time; and K, a constant of the 
order of unity. Thus, for high wr, w.~w. Similar analysis 
for a single isotropic carrier with H parallel to the metal 
interface gives no magnetoabsorption for energy inde- 
pendent r. For two or more carriers there is magneto- 
conductivity and an inflection point. The theory sug- 
gests the possibility of measuring effective masses and 
examining band structure of metals and semimetals by 
looking at dP/dH, the derivative of the absorption with 
respect to magnetic field. 

Figure 2(a) shows an experimental trace of dP/dH for 
very pure bismuth® with the magnetic field perpen- 
dicular to the sample surface and parallel to the trigonal 
axis. The derivative curves were obtained by superposing 
a small magnetic field modulation at 34 cps on the 
applied dc field. Phase detection of the reflected signal 
yielded the traces shown. The magnified trace of 
Fig. 2(b), at low magnetic fields shows one peak at ~150 
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Fic. 3. Derivative of absorption versus magnetic field. H in the 
trigonal plane and parallel to surface of metal 


oersteds and another at ~480 oersteds. If we interpret 
these in accordance with Eq. (1), we obtain effective 
masses of 0.018 mo and 0.058 mo, where my is the free 
electron mass. Figure 3 shows a second trace with the 
magnetic field in the plane of the sample with peaks at 
about 100 oersteds, 250 oersteds, and 450 oersteds, 
corresponding to effective masses 0.012 mo, 0.03 mo, and 
0.055 mo. Similar traces were obtained at intermediate 
angles between H and the surface of the sample. Peaks 
of varying intensities appeared at m*=~0.02 mo, 0.03 mo, 
and 0.06 my with some anisotropy. 

From the peak at about 450 oersteds, Fig. 2(b), a 
crude estimate of r is made by assuming that AH ~ 150 
oersteds. From AH /H=2/wr, we estimate wr~6. This 
yields a value of r~410~" sec, which is in reasonable 
agreement with Chambers and Pippard.’ 

This preliminary experiment has demonstrated the 
possibilities of the inflection point method for measuring 
effective masses of carriers in metals by microwaves. No 
convenient scheme for studying orientation effects was 
possible with the existing setup. A modification of the 
cavity and a refinement of the experiment will be made 
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for investigating possible anisotropy in oriented crystals. 
The preliminary data agree in order of magnitude with 
the results deduced by Jones® and Blackman’ from the 
magnetic susceptibility experiments. However, their 
ellipsoidal models do not appear to explain our data. 
The interpretation of our results for multiple carriers is 
quite involved, particularly for the magnetic field 
parallel to the metal surface.* The simplest situation 
occurs for transverse H and circular polarization,’ which 
would also permit the distinction between holes and 
electrons. More complicated cases involving ellipsoidal 
models are being analyzed. The theory which excludes 
the phenomenon of anomalous skin effect will have to be 
further refined. 

We would like to thank Dr. H. J. Zeiger and Mrs. 
Laura M. Roth for many helpful suggestions and dis- 
cussions and Mr. W. M. Walsh, Jr. for assisting with 
some of the experiments. 

* The research reported in th ment was supported jointly 
by the Army, the Navy, and the Air Force, under contract with the 
Massachusetts Institute of Technology 
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E have observed cyclotron resonance at 4°K and 

at 24.000 and 48 000 Mc/sec in four alloys pre- 
pared by the RCA Laboratories: in atomic percent, 0.4 
and 0.75 Ge in Si; 0.8 and 5.4 Si in Ge. The experimental 
technique generally has been described earlier,’ but the 
6-mm apparatus is new and utilizes a transmission 
cavity; the power is produced as the second harmonic 


from a germanium crystal point-contact rectifier, with a 
K-band klystron as primary source. The striking feature 
of the results is that it is possible to resolve cyclotron 
lines with as much as 5% Si in Ge, whereas 10-%% of 
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trivalent or pentavalent substitutional impurities makes 
resolution difficult. The resolution we have obtained is 
not really good enough in conjunction with the present 
uncertainties in crystal orientation to encourage the 
examination of the differences in mass parameters be- 
tween the alloys and the pure crystals. 

Results for 0.8% Si in Ge are shown in Fig. 1. The 
calculated curves are drawn for (111) spheroidal electron 
energy surfaces with m,;=(1.59+0.05)m, m,= (0.086 
+0.002)m, as compared with m,=1.58m, m,=0.082m 
for pure Ge. The alloy electron relaxation times are 2 to 
4X10-" sec. The energy surfaces for the holes are two 
fluted spheres: the curves are drawn for A=—11.8 
+0.1, |B)! =74+0.1, and |C| =10.5+0.4, all in units 
of h®?/2m; the constants for pure germanium!’ are 
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Fic. 1, Variation of effective masses for electrons and holes in the 
Ge-rich alloy 0.8% Si in Ge with the angle that the magnetic field 
makes with a [001] crystal direction; frequency 48 000 Mc/sec. 
The solid line represents the best fit to the experimental points 
with the parameters m,==0.086m, m;=1.59m for electron constant- 
energy surfaces which are (111) spheroids and the fluted energy 
surface parameters A = —11.8, |B|=7.4, and C!| =10.5, all in 
units of A*/2m. 


A=—13.0, |B| =8.9, and |C| =10.3. For 5.4% Si in 
Ge, only the electron resonances were resolved, with 
m= (1.5+0.1)m, m&(0.1040.01)m, and r=1K10-" 
sec. 

The Si-rich alloys showed only electron resonances: a 
large nonresonant background absorption suggests that 
for the holes wr1. For 0.75% Ge in Si, we found 
m —(1.10+0.1)m ; m(0.20+0.01)m; r~1K10-" sec. 
The constants for pure Si are: m,;=0.97m; m,=0.19m. 
For 0.4% Ge in Si: m&(0.8340.2)m; m(0.18 
+0.02)m; r~1X10-" sec; this alloy was measured only 
at 24 000 Mc/ sec; all the results on the other alloys refer 
to 48 000 Mc/sec. 

There are theoretical reasons for believing that the 
mass parameters should not vary rapidly with compo- 
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Fic. 2. Schematic diagrams of the energy band contours in 
perfect Ge and Si crystals along [111] and [100] axes in the 
reduced zone as suggested by Herman.* The removal of the 
degeneracy by spin-orbit interaction is not shown 


sition. If the conduction band minima are a A; state in 
Si and an L, state in Ge, as suggested by Herman,’ then 
perturbation theory about the minimum gives 


h? (ke ket+k? 
E= ( +— ), (1) 
2 \m, my 
where for the A,, k=&(100), minimum: 
m 2 (W 100" | Pz) V100') : 
=1+— >’ (2) 
my m tema Eo- E, 
m : ' 4 2 > (WV s00" Py V s00') 2 (3) 
mM m lms Eo— E, 
For the Z;, k= (x/a)(111), minimum: 
m 2 (Wirr’| Pat Py t pe! Vin) |? 
=1+ :% (4) 
mi 3m b=La’ Eo— E, 
m 2 | (Wins® pstwpytw*p, Wins’) . 
=14+— > , (5) 
mM: 3m i=Ls’ Eo—E; 
where «= 1. 


Herman’s’ explanation (Fig. 2) of the optical gap 
change observed by Johnson and Christian’ does not 
show a A; level in Si or an L,’ level in Ge sufficiently 
close to the conduction band minimum to have a pro- 
found effect on m;. The data for holes on the Ge-rich 
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side indicate that the levels at k=0 are separating in an 
orderly fashion. 

There was some suggestion in the results at 24 000 
Mc/sec that alloy scattering processes may tend to mix 
the different ellipsoids together, producing less ani- 
sotropy in the observed electron mass parameter. Such 
an effect, if it exists, would be most effective under 
conditions of low resolution (wr = 1). Our present prac- 
tice for crystal orientation involves certain resonance 
degeneracy checks in sifu, and such a procedure does not 
work effectively when the resolution is poor. 

We are indebted to Mr. Robert Behringer for assist- 
ance with the measurements and to Dr. F. Herman and 
Professor C. Kittel for discussion of the results. 

* The work at Berkeley was assisted by the Office of Naval 
Research and the U. S. Signal Corps. 

' Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 


? F. Herman, Phys. Rev. 95, 847 (1954). 
+ E. R. Johnson and S. M. Christian, Phys. Rev. 95, 660 (1954) 





Rapid Passage Effects in Electron Spin 
Resonance 


A. M. Portis 
Sarah Mellon Scaife Radiation Laboratory and Physics Department, 
University of Pittsburgh, Pittsburgh, Pennsylvania 
(Received September 26, 1955) 


ELAXATION effects which have been observed in 
electron spin resonance from F centers in alkali 
halides' and from donor states in silicon? are interpreted 
here in terms of the rapid passage theory of Bloch,’ The 
distinguishing feature of the two cases in which these 
effects have been observed is that the line broadening is 
of the inhomogeneous type,‘ arising from hyperfine 
interaction. 
In Fig. 1 we show the dispersion signal obtained at 
room temperature from a sample,of Lif irradiated with 
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Fic. 1. Dispersion signal in LiF as a function of magnetic field for 
several values of @, the phase angle between modulation field and 
reference signal. 





LETTERS TO 











)-keyv x-ravs for a period of 18 hours 


obtained by superimposing a smal! modulation field at a 


frequency of 280 cps on the static magnetic field and 
then detec ting the component of the real part ol the rf 
varies at this 


evident 


sceptibility which frequency. Two 


from an examination of 


the modul: 


agst 


ation field by nearly 


: 
more ciosely 


). The 


resonance 


the Lil 
+ 1 


irve than it de 


line st ape ol 


resembles an absorption « ves the deriva- 


tive of a dispersion curve 


On the other hand, the copper sulfate signal appears 


The difference between the primary 


ivgests 


two samples sugg 


or these if 


the reason [{o € ditt in 
' , 


well 
establishes 


dipolar broadening narrowed 


CuSO,-5H,0O is magneti 


by exchange. The source of the line broadening in / 


centers is a hyperfine interaction.* As has been sug 


gested,‘ it is appropriate to view the resonance from F 


centers as a series of resonances with a distribution 


given by the distribution in local hyperfine 


copper sulfate, resonance absorption must asso 
system as a whole. Assum 


as described one 


ciated with the electron spin 
' 


ing that the line 


may ask whether, wi 


structure in LiF is 


th an amplitude of magnetic field 


modulation comparable to the ine width. slow 


over-all | 


passage conditions can obtain 


Because of the large and almost continuous distribu 
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to assume that 7.= 7°), as long as 7, is not excessive. At 


low temperatures, where 7, may be of the order of 


seconds, the situation is expected to be more compli 
cated. Under saturation conditions the time of passage 


is of the order of H,/w.f7,, where 2H, is the peak 
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transverse rf field and w,, and H,, are the modulation 
frequency and field respectively. The recordings shown 
in Fig. 1 were taken with a time of passage of the order 
of 10-* second. From saturation measurements we 
know that 7, is longer than 10~* seeond. Then, an 
individual resonance is traversed in less than one-tenth 
of a spin-lattice time. Bloch shows that under rapid 
passage the sense of the dispersion line reverses with the 
direction of travel and the intensity of the line is pro- 
portional to the value of S, associated with the line. The 
observed phase shift of 90° and a line shape which 
reflects the field distribution may be inferred 
directly from Bloch’s results. 

We have developed an expression for the deviation 
from the slow-passage rf susceptibility expressed as a 
power series in «=w,»/1,,7)/H;. We obtain for the 
component of the real part of the rf susceptibility 
petiodic at the frequency of the modulation field: 


0 {2 = 
} 
27Xw f 
Owo |r #5 


_ harx we COS, A(w,wo) sin(wl—¢,)+O0(e), 


local 


’) , “8 
WALW ,wo)dw 


7 H,,, cos| Wel) 


(1) 
where 4(w,wo) is the normalized distribution in local mag- 
netic fields centered about the applied field, Ho=wo/y, 
and ¢,;=tan'(w,,7;). The first term on the right is 
simply the derivative of the dispersion envelope as- 
sociated the field The first-order 
correction introduces the field distribution itself, shifted 
in phase by nearly 90 

In order to obtain an experimental check of Eq. (1) 
we have re-examined the electron resonance from F 
centers in KCl. Figure 2 shows the peculiar saturation 
has already been 


with distribution. 


behavior of the absorption which 
discussed.* From the data obtained we have determined 
that 7; 


=5X10~* sec at room temperature. Then e=0.4 


6--6s° @*—50° 











Fic. 3. Dispersion signal in KCl as a function of magnetic field 


for several values of @, the phase angle between modulation field 
and reference signal. The low field signal is copper sulfate 
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and at the line center, taking a shape of the form 


\ ~ 2 \4 Se 
h(wwo) = (T2*/x) expl — 72**(w—wo)?/r J, 


we have 
x’ (w) = 4 (0.62) x07 2* (YH mT2*) COS(Wmé) 
+hyawT2*e sin(wal)+O(e). (2) 

The lag angle, ¢=tan~'(0.81/yH,,.7:*)~45° for AH 
=1/yT;*=19 oersteds. In Fig. 3 we show the set of 
dispersion curves for KC]. The phase shift as determined 
from these curves is consistent with the above estimate. 
This confirms that rapid passage conditions are re- 
sponsible for the observed effects. 

It is a pleasure to thank Dr. F. Keffer for his interest 
in this work and Mr. D. Shaltiel for assisting with the 
preliminary measurements. 


* This research was supported by the United States Air Force 
through the Office of Scientific Research of the Air Research and 
Development Command 

1 A preliminary account of the experimental work was given by 
A. M. Portis and D. Shaltiel, Phys. Rev. 98, 264(A) (1955) 

2A. F. Kip (private communication). 

*F. Bloch, Phys. Rev. 70, 460 (1946). 

4A. M. Portis, Phys. Rev. 91, 1071 (1953 

5 Fletcher, Yager, Pearson, and Merritt, Phys 
(1954 

* Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 
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N every physical system at finite temperature the 
momenta of distant particles are uncorrelated—that 
is, there exists a that 
particles which are farther apart than A have rapidly 
A is very large in a 
lattice of particles; for nearly freely moving particles A 


is usually of the order of several mean free paths against 


“correlation length’? A such 


dec reasing momentum correlation.’ 


collisions, althougli there are exceptional systems in 


onger. No matter what the size of 
its very existence has important 


which it can be muc! 


' : . 
the correlation length, 


effects on the behavior of a system in temperature equi- 
librium when this system is rotated uniformly, or when 
it is put into a magnetic field. 


It has been shown? that London’s equation,’ 
(1) 


is incompatible with the existence of a finite correlation 
length; i.e., (1) implies an infinite correlation length 
(more precisely a correlation length proportional to the 
This is illustrated by the fact that 
the only model known to obey Eq. (1), the ideal Bose- 


size of the container 
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Einstein gas of charged particles below its condensation 
point,‘ does indeed have an infinite correlation length: 
the momenta of bosons occupying the ground state are 
correlated over the whole volume of the container. 

It is therefore necessary to modify the London equa- 
tion so as to be consistent with a finite correlation length 
A. This can be done by rewriting (1) in terms of the 
magnetization vector M rather than the supercurrent 
density vector j,. The two vectors are related through 

j.=c curlM, (2) 
so that Eq. (1) becomes 
—\c* curl curiM=B. (3) 


We now expand in an orthonormal set of vector 
eigenfunctions u,(r) defined by 


curl curlug= Uy, (4a) 


u, is normal to the surface of the superconductor, (4b) 


fase 1, 


where the last integral extends over the volume of the 
superconductor. These functions form a complete set. 
We write 


M(r 


and 


(4c) 


> Ma,(r), Br)=>d, Ba, (r) (5) 


bec omes 


M, 


Equation (3 


~ (Ac*g?) "Bg. (6) 


In this form the equation can be modified. We introduce 
a “kernel” K(q) which is a (so far unknown) continuous 
function of g, and write 


M ,= — (Ac?) 'K (q) Bg. (7) 
The values of g which appear in (7) are the discrete 
eigenvalues of Eq. (4) for the particular shape and 
volume of the superconductor under study. The con- 
struction of Eq. (7) in terms of the eigenfunctions (4) 
ensures automatically that the supercurrent is parallel 
to the superconductor at its surface, provided only that 
K (q) decreases sufficiently rapidly for large q. 

It can be shown that, in terms of the kernel K(q), the 
existence of a finite correlation length implies that the 
quantity gK (qg) must not become infinite as g approaches 
0. Thus the London equation (6) gives an infinite corre- 
lation length. An additional clue to the form of K(q) can 
be derived from the observed agreement between the 
London equation and the Meissner-Ochsenfeld effect. 
This indicates that K(g) must behave like g™* in the 
relevant region of g, i.e., for g~d~', where d= c(d/ 41)! is 
the London penetration depth. A simple kernel which 
satisfies both requirements is 

K(q)=1/[¢(q+u)], (8) 


where yu is an inverse length, such that w~' is comparable 
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to the correlation length A. In order that (8) be con- 
sistent with (1) in the region g~d™", the correlation 
length A must be much larger than the penetration 
depth d. 

It is well known that London’s second equation, 


dj,/dt=E, (9 


cannot be derived from (1) in general. However, a 
partial derivation can be made as follows: We assume 
that all relaxation times are smal] compared to the time 
intervals of interest, so that we are allowed to differ- 
entiate the equilibrium equation (1) with respect to 
time. We then use Maxwell’s equations to get the curl 
of (9 is automati- 


11 
tall 


The divergence of both sides of (9 
y zero. The terms omitted in this quasi-derivation 


ao +0 


MEAN FREE 


are precisely the ones responsible for supercurrent 
charge transport (constant vector fields in a simply con- 
streamline tlow 


nected region  helds ina multiply con 


nected superconductor). However, the method outlined 


here is presumably sufficient for the discussion of phe- 
nomena in which there is no actual charge transport 
Straightforward application of this method to our modi- 
fied equations (7) and (8) is therefore sufficient to dis 
cuss microwave measurements on superconductors. 
Equations (7) and (8) yield a static field penetration 
different from (1), but the penetration depth measured 
with small spheres in colloidal suspension remains equa 
to d=c(\/4r)!. 
there are The inductive skin 
depth determined from the inductive part of the surface 
impedance of superconductors is no longer equal to the 


statically measured penetration depth. The 


At microwave frequencies, however, 


significant differences 


ratio be 
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tween the inductive skin depth dy and the static 
penetration depth d can be used to determine the 
quantity uw in Eq. (8), i.e., to estimate the size of the 
correlation length A. 

This provides a natural explanation for an effect 
found experimentally by Pippard.* Pippard observed a 
strong dependence of the measured penetration depth 
on the mean free path of the electrons in the metal in 
its normal state. The measurements of Pippard are 
compared with our theory in Fig. 1. Curve A is the best 
fit and corresponds to a static penetration depth d=5.9 
X10-* cm, and w&=0.291 (i.e., a correlation length 
Ay slightly more than 3 times the mean free path &). 
Not only is the ratio of correlation length to mean free 
path very reasonable, but the extrapolated static pene- 
tration depth d agrees quite well with Pippard’s micro- 
wave value d=5.3X 10~* cm in very pure tin (for which 
A is very large, and hence d.=d). It is difficult to 
determine whether the difference between these two 
values of d is significant, since the experiments are sub- 
ject to considerable uncertainty. However, in curve B 
we show the best fit assuming d=5.3X10~-* cm; the 
corresponding value of the product wé=0.493, i.e., the 
correlation length A is equal to twice the mean free 
path &. 

In view of the fact that the experimental measure- 
ments are subject to unknown errors, and that our 
theoretical kernel (8) is merely one possibility out of 
many others, this agreement between theory and experi- 
ment is entirely satisfactory. 

It should be mentioned that the modified kernel (8) is 
basically different from the one proposed by Pippard 
himself in order to account for his measurements. Our 
modification cuts down the contributions from the Jong- 
wavelength parts (q"'>>A) of the magnetic field; 
Pippard’s® equation (7) gives a smearing over small re- 
gions of space, i.e., a cutoff for the short-wavelength 
parts of the field. Pippard’s equation, therefore, al- 
though in agreement with his experiments, contradicts 
the existence of a finite correlation length just as much 
as London’s equation (1). 

Similarly, Bardeen’s* equation is inconsistent with a 
finite correlation length and can therefore not be ac- 


cepted. Bardeen obtains his equation by assuming a 


finite energy gap between the lowest state of the electron 
gas and all excited states. Such an energy gap cannot 
occur in a system of finite correlation length. 

We would like to thank Dr. S. T. Butler for valuable 


discussions. 


* Also supported by the Nuclear Research Foundation within 
the University of Sydney 
The concept of a correlation length was introduced in con 
nection with work on the statistical mechanics of rotating systems 
Blatt, Butler, and Schafroth, Phys. Rev. 100, 481 (1955 
*M. R. Schafroth, Phys. Rev. 100, 502 (1955 
* F. London, Superfluids (John Wiley and Sons, Inc., New York, 
1950), Vol. 1 
*M. R. Schafroth, Phys. Rev. 96, 1149 (1954) ; 100, 463 (1955) 
* A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953) 
* J. Bardeen, Phys. Rev. 97, 1724 (1955 
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Magnetic Second-Order Transitions 
K. J. Taver* anp R. J. WEtss 

Ordnance Materials Research Office, Watertown Arsenal, 

W atertown, Massachusetts 

Received October 4, 1955) 


E have recently examined the thermodynamic 
functions of pure iron with the purpose of ex- 
tending the functions to the calculation of the phase 
diagrams of iron rich alloys.! In this study we have ex- 
amined the specific heat curves of a number of ferromag- 
nets and antiferromagnets to establish correlations be- 
tween the magnetic enthalpy and magnetic entropy, as 
well as relationships between the critical temperature 
and magnetic moments. The purpose of this note is to 
point out several interesting correlations observed. 
Our general method consisted of fitting the (previ 
ously published) measured specific heat, at temperatures 
sufficiently removed from the Curie or Néel tempera- 
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heat versus temperature for 3 representative 
The calculated curves using Debye tempera- 
} 


luded 


Fic. 1. Specific 
antiferromagnets 
tures given in Table I are inc 


ture, by Debye functions corrected to C, for lattice 
(and electronic terms when applicable). 
Figure 1 shows several representative curves. The differ- 
ence between measured and constructed specific heats 
were then integrated for magnetic enthalpy and mag- 
netic entropy. Table I summarizes the pertinent data.?* 

The sixth column of Table I shows that the magnetic 
enthalpy is given by the average thermal energy at the 


expansion 
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TABLE I. Magnetic enthalpy and entropy for various substances 
shown in relation to the Cure or Néel temperature. The Debye 
temperatures are those used to determine the lattice contribution 
to the specific treat. 


Hong Sm 
Te (°K) enthalpy entropy 


Curie cal cal H S mag 
or Néel ( ) ( " ) 
temp mole mole deg/ RT. Rin(2s+1) 


Sub Debye 
stance e(°K 


aFe* 1043 1925 2.18 0.926 0.943 


MnF;' 3.37 1.07 0.946 


MnO,° 2.00 1.06 0.942 


NiF;* 0.922 1.03 


VCly* 2.10 0.937 0.960 


V.0;! 0.953 


1.04 


CryO;* 1.04 


! See reference 7 
* See reference 8 


4 See reference 5 
* See reference 6 


critical temperature and that this is essentially the 
energy required to uncouple the magnetic moments. 
The seventh column shows that the magnetic entropy 
is given by the statistical expression R In(2s+1), where 
2s is the number of unpaired electrons recently indicated 
TasLe Il 


entropy tabulated for 
cubic substances.* 


Ratio of total magnetic enthalpy to magnetic 
face-centered cubic and body-centered 


bic substances ntered cubic substances 


875 
910 
882 
900 


1400 30% Fe 
1410 50 
1420 70 
1380 100 
1330 

FeCo 85 970 
NiCu 1270 

FeAl 70 970 
NiCr 1400 

FeMn & 895 
NiMo 1300 " 
av 9054-20 
NiSi 1240 


NiZa 1460 


NiW 1426 


CoMo 1320 


CoCr 1350 


av 1300450 


data taken from R. Bozorth, Ferromagnctism (D. Van Nostrand 


New York, 1951 


* All 
Company, Inc 
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in the case of NiF, by Catalano and Stout.‘ In the case 
of aFe the moment is the measured value, i.e., 2.2 Bohr 
magnetons, while the moment of the transition elements 
in their compounds is taken as follows in (for example 

MnF». Manganese has seven electrons outside the argon 
two are associated with the two fluorines 
leaving five electrons. These, by Hund’s rule, are of like 
2s equal to 5 Bohr 


core of whi h 


spin and result in a moment, i.e 


magnetons. The statistical entropy is then R In6, equa! 
to 3.56 entropy units 

Another interesting correlation is between Curie tem- 
perature and magnetic moment for face-centered cubic 
and body-centered cubic metals illustrated in Table IT, 
and expressed as the ratio between total ent alpy, a 
R in 2s T 1 
are in proportion 


1360, 905 


and total entropy 


ince the ratios to the number of 


nearest neighbors 12/8, the proportionality 


expressed for both body-centered and face- 
2s+1)=113Z where Z is the 
Although the data 


antiferromagnetic lat 


attices as 7 } 


ot 


lor 


nearest nei 


Se-T ices 
CLOS€- pa 


, 
nodincation of this 


lormula appears * general « > lor fransiiton 


metals 
113'Z,-—Z 


‘ 


he number of nearest neighbors 


where Z, 
with spin id spin down 


* Chemistry Department, Boston Massa 
chusetts 
K. J 

77. § 
1951 
+1. W. Stout 

1942 
‘K. K. Kelley 

1943 
* EF. Catalano and J. Chem. Pt 
*C. H. Shumate, m. Chem. Soc. 69, 220 
'C. T. Ar 58, 564 
*C. T. Andersor n hem. Soc. 59, 488 


Ta lef ar 
Darker 


ys. 23 

1947 
1936 
1937 
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Thermodynamics of Irreversible Processes 
and the Overhauser Nuclear 
Polarization Effect 


\. Barxer*® anv A. Mencuert 


W' have treated the Overhauser nuclear polariza 
tion effect' from the point of view of the thermo- 


and the 


dynamics of irreversible processes Onsager 


relations. For this purpose it is convenient to think of 
. the 


the relaxation electrons as chemical 


reactions and consider that the totality 


processes o! 

y of spins, elec- 
tronic and nuclear, constitutes a system containing the 
four components tq, %n—1, and ¢,;, where m,, denotes a 


nucleus with component m of the spin angular mo- 


THE EDITOR 

mentum J in the direction of the external magnetic field 
Ho, and e,, refers to electrons whose spin components are 
parallel (+) or antiparallel (—) to Ho. The population 
of each of these components is denoted by Mn, Man, 
and N,;, respectively. 

We may now say that there are two independent 
“chemical” reactions, one in which the electron spin 
relaxes accompanied by a nuclear spin flip and the other 
in which the electron spin relaxes without an ac- 
companying nuclear spin flip. It is assumed that the 
nuclear relaxation may take place (1) accompanied by 
an electron spin flip in the opposite sense, (2) accom- 
panied by an electron spin flip in the same sense, or 
(3) without an accompanying electron spin flip, and 
that the total number ef electrons equals the total 
number of nuclei. 

The two processes may be represented by the follow- 
ing reaction equations: 


(f° 
(B) 


where f"’, f®, and f, the sum of which is unity, denote 
respectively the fraction of nuclei relaxing by each of the 
f‘®) is the fraction 
of electrons relaxing without an accompanying nuclear 


three processes described above, and 


spin flip 

We adopt the point of view of De Groot? and use, 
with minor modifications, his terminology and notation. 
The internal entropy production per unit time resulting 


from the action of the “chemical” processes is 


(1) 


where 7 is the temperature of the surroundings (i.e., the 
lattice), uz is the chemical potential of the kth com- 
ponent, and V;= Ny, Ve=Mmn1, V3=N 3, Va=M on. In 
into the form of a sum of products of 
and “fluxes,” the following definitions are 
convenient. 


order to cast (1 
“forces” 


(i) The affinity for the jth reaction is 


where the »,; are the stoichiometric coefficients. 


ii) The “forces” are 


X ;=A,/T 


(iii) The reaction rates or “fluxes” are 


Equation (1) may now be written in the desired form 
o=); XJ; 
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We now make the usual assumption that a linear 
relationship holds between the “forces”? and the 
“fluxes”: 

Ja=LaasXatLapX wp, 
J a= Lp 4 XY or Ler X pz. 


(2) 


According to the general theory, the Onsager relations 
hold with the above definitions of forces and fluxes. It is, 
however, an interesting and important fact that the 
Onsager relations are automatically satisfied in a trivial 
way by the condition of the independence of the two 
reactions, which requires that L4z=Le4=0. 

We may apply the above considerations to the situa- 
tion in which the spins are subject to a static magnetic 
field and in addition to a time-varying magnetic field of 
constant amplitude which resonates the electron spin 
system and forces it out of its thermal equilibrium 
distribution. The chemical potential of the component 
e,; no longer equals that of the component e_, as is the 
case for thermal! equilibrium. The difference between the 
chemical potentials is maintained by the time varying 
field, the effect of which may be represented by a fixed 


“for, Tha 


Ysz=Ap 


‘1 °  agy 
chemical 


T= f{® ve p_4)/T. 


rhe properties of the stationary state resulting from the 
time-varying magnetic field may be found by calculating 
the minimum entropy production subject to the con 
straints imposed on the system which here take the form 
Y,=constant. The required condition 3¢/A8X,4=0 is 
satisfied if J4=L44X4=0o0r A4=0. Using (1 
obtain the equation of reaction equilibrium correspond- 
ing to reaction (A 


, we then 


\Mym M4 


his equation forms the principal pillar supporting the 


thermodynamic and statistical arguments leading re- 


spectively to Eq. (1) of our previous communication® 
and to an analogous expression for the case of Fermi- 
Dirac 


arguments and of the discussion presented above will be 


stalistics. 


The details of the justification of these 
, 
j 


given in an article to be submitted to this Journal. 

It should be emphasized that the above results apply 
both to Boltzmann and to Fermi-Dirac statistics for the 
electrons and that the only restriction is imposed by the 
assumption of the validity of the linear relations (3). 
The condition is that the chemical affinities A ; be small 
compared to k7. For the most stringent case of complete 
saturation of the electron spin system, the results are the 
same for both statistics and lead to the requirement that 


7{/(B 


el HRT. (3) 


} 4) 


To the extent that this is fulfilled, the results of the 
theory of the thermodynamics of irreversible processes 
are valid, and in particular the principle of minimum 
entropy production applies.‘ Since {‘”) decreases sharply 
with decreasing temperature because of the inverse de- 
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pendence of the corresponding relaxation time upon 
temperature,’ it may be expected that the condition (3) 
will be fulfilled over essentially the entire range of field 
and temperature at which the related measurements 
may be performed. 

We wish to express our appreciation to Professor W. 
Pauli and Professor G. Busch for comments and en- 
couragement, and to A. Thellung and C. Enz for helpful 
discussions. 

“PRP Louis University, St. Louis, Missouri 
Institute for International 


resent address: St 

t Fellow in Switzerland of the 
Education 

1 Albert W. Overhauser, Phys. Rev. 92, 411 (1953). 

?S. R. De Groot, Thermodynamics of Irreversible 
(Interscience Publishers, Inc., New York, 1952). 

*W. A. Barker and A. Mencher, Phys. Rev. 98, 1868 (1955). 

*The Overhauser effect for nonmetals has recently been dis 
cussed from the point of view of the principle of minimum entropy 
production by Martin Klein [ Phys. Rev. 98, 1736 (1955) ] who finds 
two restricting conditions rather than one. Although both condi 
tions are necessary from a formal point of view, from a physical 
point of view satisfaction of the second condition 2!|u,|1#«<kT 
insures satisfaction of the first condition Ny N_, as well, since the 
effect of saturation is always to reduce population differences in the 
electron spin system. More important is the presence of the factor 
/‘®) in our expression (3) which reduces considerably the severity 
of the restriction imposed by Klein’s second condition 

* Albert W. Overhauser, Phys. Rev. 89, 689 (1953); R. J 

liott, Phys. Rev. 96, 266 (1954); Y. Yafet (private communi- 
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Interpretation of the Stored Energy of Ir- 
radiated Graphite in Terms of Elastic 
Energy Associated with Microscopic 
Strains* 


ALrrep | HARRISON 

Battelle 

August 15, 1955; revised manuscript received 
September 14, 1955 


AusTIN AND RALpu J 
VUemorial Institute, Columbus, Ohio 


Received 


T has been known from the earliest work with 
I graphite-moderated nuclear reactors that fast neu- 
trons produce rather drastic disarrangements in the 
graphite crystal lattice.’ There is a marked change in the 
init cell dimensions, an expansion taking place in the 
direction of the c axis, while a contraction takes place in 
the direction of the a axis. The fractional change in a is 
about eight times smaller than the fractional change in 
c. That other distortions take place was also indicated 
by the fact that the x-ray diffraction lines were con- 
siderably broadened 

In the course of an extensive study at Battelle of 
irradiation effects in graphite, an attempt was made to 
get a clearer picture of the exact nature of these dis- 
tortions in irradiated graphite by using the Fourier 
analysis technique® to analyze in detail the shape of the 
(110) x-ray diffraction lines. Most of the attention was 
given to the nature of the distortions parallel to the 
graphite layer planes. Warren and Chipman’ have used 
these x-ray techniques to study the distortions in the 
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Tasie I. Mean square strain and stored energy of irradiated and 
annealed graphite.* 


Sample A Sample B 
Mean square Strain Mean square Strain 
Annealing strain energy strain energy 
em perature 0" ag cal/cm* ?) yg cal/cmgy 
Room temperature 0.00026 40 0.00070 107 
200°C 0.000077 12 0.00015 23 
400°C 0.000068 =10.5 0.00010 15 
500° 0.000054 8.2 0.000094 14 
oon" 0.000033 5 0.000076 11.5 
1000" 0.000013 2 0.000055 &4 


roximately 2 X10 me 
as Sample A. Th 







Ai i 30-60" 
atur alue of for 
ynclit nealing at 2500°C 
y i 2A. 1 slues of a6 for Dar 
4560 A and 2.4408 A, respectively, after irradiati 


direction parallel to the c axis. The present authors have 
profited a great deal by the close contact with their 
work that has been made possible through the U. S. 
Atomic Energy Commission. 

One of the results obtained in the present study was 
the determination with higher precision than heretofore 
of the amount of contraction of the a9 dimension and its 
behavior on annealing. It is hoped to publish elsewhere a 
more detailed account of these and other results of these 
experime! ts 

It is the purpose of the present letter to point out that 
the observed intralayer distortions have more the charac- 
ter of strains as opposed to crystal breakup, at least for 
secause only the 


line could be studied in the present work,‘ the 


the range of exposures reported on 
110 
separation of particle size effect and strain cannot be 
made with complete certainty. The shape of the experi- 
mentally determined curve of the Fourier coefficients of 
line shape versus order of the coefficient appears however 
to be inconsistent with the hypothesis that a major 
portion ol the line broadening can be accounted for by 
crystal breakup. On the basis of any particle size 
distribution that would be at all consistent with the 
observed data and that would account for an appreci- 
able part of the line broadening, there would be a large 
number of particles of small size, less than about 20 A; 
on the other hand, a significant fraction of the graphite 
would be associated with crystallites having dimensions 
more than 100 A, yet both the large and the small 
crystallites would be characterized by the same amount 
of contraction in their average a) dimension. This seems 
unreasonable from a physical point of view 
By neglecting particle size broadening, the observed 
line shapes can be used to compute the mean and the 
root-mean-square distance between the atoms as a 
function of their distance apart. The deviations from the 
undistorted positions represent strains which are pre- 
sumably associated in part with the interstitials and 
vacancies present in irradiated graphite. On the as- 
sumption that the distortions could be represented by a 
strain given as a continuous function of distance within 
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the crystal—which assumption is not quite correct in 
the present instance where the apparent strain varies 
quite appreciably within a distance of only a few atom 
spacings—one can obtain an average value for the 
square of this strain. Using this value of the mean square 
strain together with an estimate’ of the elastic modulus 
governing displacements of atoms parallel to the graph- 
ite layer planes, one can obtain aa approximation to the 
elastic stored energy associated with the observed 
distortion. 

Table I lists values of the mean square strain and 
computed stored energy for graphites with two different 
periods of irradiation and subjected to different an- 
nealing treatments. The irradiations were carried out at 
Hanford* in a test facility having a nominal temperature 
of 30-60°C. The value of the co unit-cell dimension after 
irradiation as well as approximate mvt units are listed as 
a measure of the amount of irradiation. The annealing 
treatments were carried out by quickly heating the 
specimens to the temperatures indicated, without over- 
shoot, and maintaining temperature for one hour before 
cooling to room temperature. 

The most significant feature of the data given in 
Table I appears to be the relatively large proportion of 
stored energy which is released at the 200-degree 
annealing temperature. Although the values of the 
stored energy tabulated are based entirely on calculation 
from the x-ray diffraction patterns, they do agree quite 
well in order of magnitude with experimental measure- 
ments of stored energy release.’ 

Because of the nature of the estimates entering into 
this calculation of stored energy, this agreement cannot 
be regarded as conclusive. Nevertheless, the present 
data do seem to establish that the elastic energy as- 
sociated with observed intralayer strains in irradiated 
graphite can very possibly account for a significant 
portion of the observed stored energy released upon 
annealing below 400°C. 

* Work performed under contract with the U. S. Atomic Energy 
Commission. 

' See historical review given by F. Seitz, Phys. Today 5 (6), 6 
(1952). Also see papers presented by G. R. Hennig and J. E. Hove, 
by W. K. Woods, and by G. H. Kinchin at the 1955 International 
Conference on Peaceful Uses of Atomic Energy summarizing re 
cent United States and British work, respectively, on irradiation 
effects in graphite (unpublished) 

*B. E. Warren and B. L. Averbach, J. Appl 

1950 

*B. E. Warren and D. R. Chipman (unpublished 

‘A highly oriented specimen of artificial graphite has been 
irradiated at several exposures and line shapes recorded but not 
yet analyzed, with fairly good resolution o 210) (100) (200 
lines as well as the (O0/) lines 

* The value of the elastic modulus parallel to the layer planes 
which was used was estimated from data given by D. R. Riley, 
Proc. Phys. Soc. (London) 57, 486 (1945) together with the as- 
sumption of Cauchy’s rule. The value used was 0.64 10" dynes 
cm?*, This is in satisfactory agreement with the value estimated by 
K. Komatsu and T. Nagamiya, J. Phys. Soc. Japan 6, 428 (1951), 
who use 0.853 10" dynes/cm*. No correction was attempted for 
the effect of irradiation on modulus 

* The irradiated specimens were kindly furnished us by Hanford 

* See for example the papers of Hennig and Hove, and Kinchin 
referred to in reference 1. 
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Possibility of a Zener Effect 


Grecory H. WANNIER* 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received September 12, 1955) 


HE motion of an electron in a crystal under the 
action of a static uniform field is a problem which 
has been treated since the early days of quantum me- 
chanics. New insight into it can be gained, however, if 
account is taken of the fact that the field modifies the 
band structure. An elegant procedure consists in con- 
structing an auxiliary equation from the Schrédinger 
equation of the problem; this equation is obtained by 
replacing x by x+i0/dk in the (scalar or vector) 
potential defining the field. This auxiliary equation is 
periodic and has Bloch-type solutions },(x;k) with 
stationary energies W,(k). It is then found that if the 
state of a particle was at one time describable by a single 
function },(x,k) this property is preserved in time, the 
complete solution being 


eA i eA 
V, (x,t; k) b,x k+ ) exp - for(i Ja] 
he h he 


In interpreting this formula, the antisymmetric gauge 
must be taken for the magnetic case and the time gauge 
for the electric case. (This is a different one from the one 
used in defining the 0’s.) 

Little has been done up to this time in interpreting the 
result for the magnetic case. In the electric case, the 
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result means that interband transitions have disap- 
peared and that the entire change of the wave function 
in time is summed up by the linear increase of k with ¢. 
This implies that whenever bands are separated by 
energy gaps transitions across them are rigorously ex- 
cluded by a selection rule; this situation presumably 
prevails for the usual field strengths. For those situa- 
tions, therefore, the result of Zener' is wrong and no 
tunneling through the forbidden band is possible. It is 
possible to show, however, that for very high fields the 
band gaps all have disappeared; the above equation 
must then be read to imply a smooth acceleration from 
band to band, as for a free particle. Thus the Zener 
effect is to be replaced by a picture whereby no current 
whatever takes place up to a threshold field, whereupon 
conduction becomes metallic. As a restriction to this, it 
should be added that processes of the Zener type are 
still possible in crystals whose periodicity has been 
disturbed, for instance by lattice defects or the inhomo- 
geneity of the field itself. The process is then of a higher 
order, however, with a probability which is decreased 
correspondingly. 

In conclusion we want to add that we have not yet 
succeeded in constructing an example which demon- 
strates explicitly that the electric field closes the bands 
as it becomes large. This particular feature is therefore 
inferred from the other pieces of information. 

I want to thank Dr. C. Herring for calling my atten- 
tion to the qualitative change taking place at high fields. 

* Now at the University of Geneva, Geneva, Switzerland. 

'C. Zener, Proc. Roy. Soc. (London) A145, 523 (1934) 
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ABSTRACTS OF PAPERS PRESENTED AT THE EIGHTH ANNUAL GASEOUS ELECTRONICS CONFERENCE 
HELD AT SCHENECTADY, NEW YorK, OCTOBER 20-22, 1955* 


A. Breakdown 


Al. First and Second Townsend Coefficients in Hydrogen 
and Nitrogen.* D. J. DeBrretro anv L. H. Fisner, New York 
University.lonization currents were measured in uniform 
fields in hydrogen and nitrogen at pressures from 100 to 400 
and 300 mm Hg, respectively. Log i vs 6 curves yielded ac- 





* Note-—The usual preamble to these abstracts will be 
published in the Bulletin early in 1956. Abstracts of meetings 
in 1956 and subsequent years will not be published in The 
Physical Review. 








curate values of a/p in the low E/p region reproducible to 
2%. Current-voltage measurements taken in the same gas 
samples to within 0.05% of the sparking potential check the 
consistency of the a/p measurements and provided numerous 
evaluations of y. The values of 7 are about 10~* in both gases 
(nickel cathode) and are independent of E/p in the range 
covered. The values of y are reproducible to within 20% and 
are not affected by breakdown or by large changes in initial 
current. At all pressures studied, self-sustained currents of the 
order of 10~' amp were obtained in both gases and in nitrogen 








Dur R the ft o tratusees 
vervoltage, AV, and the atta ent 
breakdow the rrent ' é eX 
time constant. @. For sufficient . il! 
observed to be stant i te ve 
on the basis of tra tt es, Ext 





AMERI(¢ 


4 mode g i 
a/p obtained are in excellent agr 
those f Dutt 1 Llewe | . 
The é rements both st r the Tow 
’ ga y 
for breake A t withir experimental error 
. . Office of ® Rew 
t Liewe ‘ oe 


A213 


AN 


A2. Semiempirical Calculation of the Townsend a. 
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witl P scharge leads to a theoretic expression for @6AV. 
wever I stable iré ass ed t De st t fusion to the 
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t nL/p he breakdow delays of a plar e parallel 
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values of OAV derived from these data are excellent quant 
tative agreement with the theor 
‘ 4. V. Phe r P.M r, } ie 89, 120 53 
ETER W. Rogowski, Z. Physik 115, 257 (1940 


aa A6. High-Frequency Gas Discharge Breakdown in Neon- 
wet —_ Mixtures. H. J. Oskam, Philips Research Lal — 
“yy Eindhoven- Netherlands (presented by W E enbaas Brea 
down electric helds in a wave guide at 9500 Mc/sec are pre- 
t etal j re xtures at various pressures. The 
nie purit ! t of the ga tures were checked i: 
nol two wa I trast with measurements of Penning, who 
. : f if ! larges t I i the / rsus p curves 
~— the hf discharg 1. This can be 
ent explain H liftere the energ t | ip process 
= the d 1} harge. | ting the 1of E ersus p 
; ( ve y t the arg ent t A € 1 smooth ¢ rve 
S . W im t 5.10 t t with measure 
ent MacD 1 [PI Re 98, 1070 (1955)] carried 
out at 2800 Mc/se The behav the ve is due toa 
lepende eo the arg entrat the number of 
ter c ‘ i metastable ne vith argon and the 
f it energ ‘ elect excitat : s with argor 
K ] y break \ eld t Ke [ ft g st the argon 
( t t hows that { gher pre res the argon cor 
t t g tne ¢ eak eld decreases The 
ri the ve giv yt epe if e ¢ be explained 
‘ yt ‘ é tf metastable neor 
A66 Ww th ify t i t 
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The phemomenon may be satisfactorily described in terms of 
relaxation oscillations having a fluctuating time interval 
between pulses. In this respect it is similar to that reported 
by Skolnik and Puckett. However in the present case, opera- 
tion is at a much lower average current, well below that of the 
steady glow discharge. In a typical case a planar gap 0.003 in. 
in length was used between brass electrodes 0.187 in. in diam- 
eter. The current was limited by a 66-megohm resistance and 
the stray capacitance shunting the gap was 11 micromicro- 
farads. Under these conditions the current was 2 to 4 micro- 
amperes. The sparking potential was found to be about 700 
volts and the extinction potential about 460 volts. Oscillo- 
scopic observation readily shows that fluctuation of the ex- 
tinction potential account for much of the variation in the 
interval between pulses. Fluctuation of the sparking potential 
is considerably less. Factors influencing the phenomenon will 


be dis ussed 


1M. I. Skolnik and H. R. Puckett, Jr., J. Appl. Phys. 26, 74 (1955S) 


A9. Negative-Ion Formation in Iodine by Electron Capture. 


R. E. Fox, Westinghouse Research Laboratories.—The tech- 


SOCIETY 1229 


niques for obtaining monoenergetic electrons' have been 
applied to the study of negative ions in iodine vapor. 
Preliminary studies indicate that the maximum cross section 
for the dissociative attachment process 1,+e—-I~+1+K.E. 
than 0.1 ev. This 
work by Buchdah? who 


found a sharp decrease at lower energies from a maximum cross 


electron energy of less 


with 


occurs at an 
is in disagreement earlier 
section occurring at about 0.4 ev. However, these results agree 
with those of Biondi* who found a large cross section for 
electron attachment at thermal energies (0.04 ev) in the after- 
glow of a microwave discharge. The energy scale for the elec- 
trons in the present work was calibrated by observing the 
appearance potential for SF,~.* The results were complicated 
by the formation of HI in the apparatus which also yields a 


+H+K.E 


This and other experimental difficulties associated with the 


negative ion by the dissociative process HI+e—l 


study of halogen molecules will be discussed briefly 


Fox, Hickam, Kjeldaas, and Grove, Phys. Rev. 84, 859 (1951) 
'R 


Buchdahl, J. Chem. Phys. 9, 146 (1941 
337 


B. Elastic Collisions and Mobility 


Bl. Low-Energy Scattering of Electrons by Atoms.* |] 
HamMeR, H. MaALamup, AND B. Beperson, New York Univer- 
sity.—An atomic beam method for obtaining hitherto un- 


low-energy electron scattering has been 





available data on 
devised. Specifically this method allows the determination 


of the total electron scattering cross section for atoms normally 


bound in a molecule. Two rectangular beams are made to 


cross at right angles. One of these beams consists of electrons 


and the other consists of the atoms or molecules whose 


scattering cross section is being investigated. The electron 
beam is produced by an electrostatically focused gun and the 
atomic beam by a slit in a quartz tube containing the gas 
under investigation. An electrodeless discharge in the tube 
produces a beam of high atomic content which reaches the 
scattering region after suitable collimation. The atomic beam 


is mechanically modulated at 24 cps and the scattered electrons 
measured by a 
Data obtained 


are collected by a Faraday chamber and 
phase-sensitive narrow band-width amplifier 
using an H? beam are in good agreement with the results of 


the Ramsauer method and can be used as a calibration to 


cross sections. Preliminary 


vield absol ite value *s {or the 
measurements on atomic hydrogen will be discussed 
* Work supported in part by the Office of Naval Research and the 


Research Corporatior 


B2. Drift Velocity of Electrons in Helium and Hydrogen at 
Low Fields. J. L. Pack \. V. Puevps, Westinghouse 
Research Laboratories Measurements of drift 
electrons in helium and hydrogen have been made at 300°K 
for E/p between 0.001 and 0.2. Data obtained with a tube 
of the Nielson' type using modern pulse techniques will be 


AND 
velocity of 


presented. Good agreement is obtained with previous data of 
Hornbeck? and Nielson’ in helium at an E/p of 0.1 and above 
\ comparison is made between the experimental drift velocity 
in helium and the theory of Margenau‘ using a constant 
collision probability obtained from microwave experiments of 


*M. A. Biondi, Phys. Rev ‘ 4 1953) 
*W. M. Hickam and R. E. Fox, Phys. Rev. 98, §57(A) (1955) 
Gould and Brown.' Good agreement is obtained with previous 


data of Bradbury and Nielson at an E/p of 0.03 and above in 


hydrogen 


N. E. Bradbury and R. A, Nielson, Phys. Rev. 49, 388 (1936) 
J. A. Hornbeck, Phys. Rev. 83, 374 (1951). 
*R. A. Nielson, Phys. Rev. 50, 950 (1936 
‘H. Margenau, Phys. Rev. 69, 508 (1946 

L. Gould and 8. C. Brown, Phys. Rev, 95, 897 (1954 


B3. Microwave Studies of Slow Electron Collision Processes 
in Helium Plasmas.* |. M. Anperson anv L. GoLpsTeEtn, 
Unwersity of Illinois.—The method of interaction of micro 
waves in plasmas, previously described,’ has been applied to 
the determination of the momentum transfer collision cross 
sections of helium atoms, qm, and positive ions, gq, with free 
electrons. A controlled variation of the mean energy of the 
electrons permitted the determination of the variation of qm 
with electron energy from 4/100 to 4/10 ev. For these experi- 
ments guided microwaves in the X-band (~9000 Mc/s) have 
been propagated in plasmas with electron densities of the 
order of 10" elec./cc. Under these conditions appropriate 
“effective” 
100 ev 


The mean fraction of excess 


charge interactions have been considered. The 
cross section of the helium atoms for electrons of 4 
was found to be 6.6 10™'* cm? 
energy loss factor of the electrons upon collision, G, was found 
to be ~2.710"', the expected 2m/M value. In 
thermal plasma at 300°K, gq; was found ~2 10™" cm? for 


electron densities ~10" elec. /c« 


the iso 


* Work supported by The Air Force Cambridge Research Center 
Goldstein, Anderson, and Clark, Phys. Rev. 90, 151 (1953). 


B4. Collision Cross Section of Nitrogen Molecules with 
Slow Electrons.* J. Go-psrein anv J. M. Anperson, Electrical 
Engineering Research Laboratory, University of Illinois.—The 
method of interaction of microwaves in plasmas has been 
applied to the determination of momentum transfer collision 
cross section, gm, of nitrogen molecules with free electrons 
The mean energy of the electrons was varied from 4/100 to 
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was found ~] xe 


46/100 ev 


decreased to 


At 4/100 ev 
~8 «10 


10-** cm? and 


qu 


*cm’ a 


t 0.5 ev. The mean fractiona 
excess energy loss of the electrons, 
to ~410~* at 4/100 ev 
The mean fractional energy 
to G by 


G, was found to ext 
and to fall to 10 


f the 


rapoiate 
~ 2» ‘at 0.5 ev 


1088 « siow electror 4 related 


where «, and « are 
electrons respectively 
8 in agreemer 
Steir 
theory to « ompare 
ige Kesear 
1671 (195 

BS. Deviations from Blanc’s Law of Ionic Mobilities: Ne* 
in Neon-Helium Mixtures. MAnrrer IONDI AND LORNI 
M. CHantin, Westinghouse Research La ito Accord 
to BI : a 


mw rex pro rat 


ire Varies 


B6. Mobility of Positive Ions in Gas Mixtures. | 


7 ‘ torts ¢ } 
Westinehouse BR urch r ris It } 
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assumed that the mobility of positive ions in a mixture of two 
gases, A and B, obeys Bianc’s law, 

1 fa 

Bh MA 
where f4 is the fractional concentration of gas A. In the 
present work, the validity of this relationship has been 
investigated by the use of a variational treatment of Boltz- 
mann’s transport equation. The result may be expressed in 
the standard form' p= y,/(1—e), where yw, the first-order 
Chapman-Enskog mobility formula, obeys Blanc’s law, and 
€9 is a positive quantity. It is found that d?y,¢9/df*>0, from 
which it follows that ¢9 does not exceed the larger of the two 
extremes, wi€oa OF wiéos. This condition generally suffices to 
limit deviations from Blanc’s law to a few percent. 


Cf. Massey and Burhop, Electronic and lonic Impact Phenomena, Eqs 
, (8), and (9), p. 367 


B7. Temperature Dependence of Ionic Mobilities: Ne* 
and Ne,* in Neon. Lorne M. CHANIN AND MANFRED A, 
31ONDI, Westinghouse Research Laboratoriés.—Measurements 
ave been made of the mobilities of Ne* and Ne.* ions moving 
at 300°K, 195°K, and 77°K. The mobility tube! 
permits measurements at sufficiently low values of E/p so 
that the ions are very nearly in thermal equilibrium with the 

Ihe results for Ne* are compared with theoretical 
ilations based on Holstein’s theory? in the following table: 


} 


in neon gas 


300 77 
4.0 


4.1 


195° 
4.3 
4.7 


T(°K 
pe (exptl : 
theoret 


5.3 
uo 6.0 
n the case of He* in heli 


values, 


im’ the experimental values lie 

the difference being greatest 
The experimental values for Ne:* in 
, and 77°K are 6.5, 7.3, and 6.8 cm?/volt sec, 


low the theoretical 


it low temperat 


nat 300°, 195 


respec tively 


ires. 


1€0 


M.A 


Biondi 
Holstei 
L. M. ¢ 


rs. Rev 
1952 


li, Phys. Re 


94, 910 (1954 


99, 1658(A) (1955). 


C. Excitation and Afterglow 


soned Resonance Radiation in Neon. 


i , 
how i ear ijl ra H 


Cl. Lifetime of Impri 
PHELI Wests 


compared 
measure 
pts 

naturai iiiet 


A. \ 
*T.H 
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*t, 


ry. 99, 16S7(A 
Ke 2. 1212 (1947 
wik 18, 705 (1945 
Rev. 47, 295 
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83, 1159 
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Ann 


Shortiey 
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Radiation Temperature of a Plasma. Francis BitTer,* 

AND JOHN F. Wayouts, Sylvania Electric Products 
We have found the concept of a ‘‘radiation temperature” 
pful in computing certain limits for the resonance radiation 
“mitted Il 


aiiy 
is the 


C2. 
as 


urs 
td 


from an electric excited vapor. This is defined 
temperature at which the ratio of concentrations of 
atoms in the excited and ground states would be in equilibrium. 
Chis radiatior will have its maximum value 
at the center of a lamp and decrease toward the surface. It will 
than the temperature. If the 
radiation temperature were uniform, the spectral intensity 
radiated near the center of the resonance line would be that 

a blackbody at that temperature. The line width radiated 
by a lamp would be determined by the condition that quanta 
having frequencies at the edges of the line can escape from the 
center of the lamp without being absorbed. If the radiation 
te ature is not uniform, the spectral intensity at any 


temperature 


necessarily be less 


electron 


iper 
ular length will be determined by erage 
cular waveiength will be Getermine yy some average 
of the optical temperature of the atoms radiating that wave- 
length out of the lamp without absorption 


* This work was done at the Sylvania Electrix 


Salem, Massachusetts 


Products Inc. plant in 
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C3. UV Continuum of the Xe HG’ Molecule. Cart Kenry, 
General Electric Company, Nela Park.—In a study of the 
excitation of metal vapors by active nitrogen as obtained in a 
high pressure of rare gas,' the case of Hg has proved of interest 
in several respects. A 3-sec afterglow of a 1- to 10-ma diffuse 
discharge in a mixture of 100 mm Xe, 0.3 mm N; and Hg 
at R.T. reveals besides Hg lines an intense continuum from 
~2537 to beyond 3000 A with a broad maximum at ~2700 A. 
The same continuum occurs in the discharge itself, and in 
fluorescence under excitation by 2537. The intensity but not 
the breadth of the continuum increases with Xe pressure. 
A somewhat similar continuum? extending from ~2537 to 
beyond 2700 A was found with Kr as the main gas, and a still 
narrower one? in the case of A. Continua and bands associated 
with 2537 of Hg, emitted by Van der Waals molecules in the 
rare gases, chiefly other than Xe, were studied by Oldenberg? 
and others.* The continuum here found in Xe is unique in its 
large extent and intensity and in having a maximum ~200A 
removed from 2537. Broad red continua frequently present in 
these experiments are in some cases due to rare gas molecules, 
but in some cases are unexplained. The discharges studied are 
unusual in that the voltage is strongly lowered by the addition 
of N; toa Hg rare gas mixture. In the case of 23 cm of Xe with 
Hg at 3°C, 0.3 mm N, lowered the voltage from 1400 to 400. 
rhe result can be explained in terms of a high concentration 
of the N; metastables' a’ and w. 

C. Kenty, Phys. Rev. 98, 563 (1955 

20, Oldenberg, Z. Physik 55, 1 (1929). 


*See W. Finkelnburg Continuerlich Spekiren 
Berlin, 1938), p. 214. 


Verlag Julius Springer, 


C4. Light Absorption and Photoionization in NO and N,O. 
W. C. WALKER AND G. L. Wetss_er, University of Southern 
California.—Total absorption cross sections, photoionization 
efficiencies and cross sections of NO and N;O have been 
measured in the wavelength region between the ionization 
onset and 680A using techniques previously described.' In 
NO the ionization onset was found at 1347+5 A or 9.20+0.03 
ev in agreement with other work.*? The cross sections found 
were independent of pressure. However, because of their 
rapid variation with wavelength due to the presence of 
diffuse bands, it was not possible to establish with any degree 
of certainty the contour of the NO ionization continuum, 
In NO the ionization onset was measured at 69545A or 
12.8340.07 ev, in agreement with electron impact results* and 
Duncan's Rydberg series value.‘ The cross sections showed 
some pressure dependence indicative of resonance bands 
which were sharp in comparison to the width of the radiation 
band passed by the exit slit. In spite of this difficulty it was 
still possible to assign a tentative contour to the N,O ionization 
continuum. Preliminary results on the identification of 
photoionization products will be discussed. 

1 Wainfan, Walker, and Weissler, Phys. Rev. 99, 542 (1955). 

2K. Watanabe, J. Chem. Phys. 22, 1564 (1954); H. D. Hagstrum, Revs. 
Modern Phys. 23, 185 (1951). 

(1930). 


+H. D. Smyth and E. C. G. Stueckelberg, Phys. Rev. 36, 478 
+A. B. F. Duncan, J. Chem. Phys. 4, 638 (1936). 


CS. Theory of Ionization Probability Near Threshold.* 


SypNEyY GELTMAN, Applied Physics Laboratory, The Johns 
Hopkins University.—The behavior of the cross section for 
ionization by electron impact is investigated in the vicinity 
of threshold by means of the quantum theory for inelastic 
scattering. A Coulomb-modified form of the Born approxi- 
mation is used to calculate the S-wave ionization cross sections 
for H*, He*, and He**. The electron-nuclear interaction is 
included in the unperturbed Hamiltonian for the problem 
while the interaction between the incident and ejected 
electrons is considered as the perturbation. It can be shown 
that the limiting law for the ionization of a hydrogen atom 
by electron impact has a linear dependence on the excess 
incident energy. The absolute cross sections evaluated are in 
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good agreement with experiment. Generalization of the 
threshold law for multiple (-fold) ionization is found to yield 
the forms E,," for ionization by electron impact and E,,"" 
for photoionization. 


* This work was supported by the Bureau of Ordnance, Department of 
the Navy, under NOrd 7386, 


C6. Formation of Metastable Ar*, Kr*, and Xe* by 
Electron Impact. Homer D. Hacsrrum, Bell Telephone 
Laboratories, Inc.—Metastably excited, singly charged ions 
of argon, krypton, and xenon formed by single electron impact 
have been detected by their greater ability, with respect to 
unexcited ions, to eject electrons from an atomically clean 
metal surface. The yield (y,) of electrons ejected per ion by 
all singly charged ions has been measured as a function of 
electron energy. y; is found to be constant only up to electron 
energies near 32.2, 28.9, and 24.0 ev for Ar, Kr, and Xe, 
respectively, above which energies ions in the lowest lying 
metastable levels (4D;,.) can be formed. At greater energies 
the increase in y; above that for unexcited ions gives directly 
the form of the cross section for formation of the excited ions 
To determine the absolute magnitude of the cross section one 
must estimate y; for the excited ions. Assuming this to be 
equal to that measured for doubly charged ions (an upper 
bound), one calculates a lower bound of about 0.02 for the 
ratio of the cross sections for the formation of metastable 
ions and unexcited ions at the second ionization energy 


C8. Transient Behavior Following Breakdown and its 
Relation to Afterglow Processes.” Donatp E. Kerr AND 
Evprep F. Tusss, The Johns Hopkins University.—F ollowing 
application of a pulse of microwave power to form a helium 
discharge in a resonant cavity, there is a period of about one 
millisecond which is characterized by a transient behavior of 
both emitted light and rf properties, particularly transmitted 
power. In general atomic radiation first rises sharply, then 
undergoes quasi-oscillatory behavior in approaching a 
stationary value. During the pulse, molecular radiation is 
generally weak but rises many-fold at the end of the pulse 
Detailed measurements of certain transitions show atomic 
light falling abruptly in the afterglow; but molecular light 
rises sharply then falls more slowly. The radiation is usually 
characterized by more than one time constant, the larger one 
being markedly dependent upon pulse length and pressure 
The abrupt rise of molecular radiation at the end of the 
breakdown pulse is strongly dependent upon pulse length 
Consequently the relative predominance of molecular or 
atomic radiation can be controlled by pulse length. This fact 
casts doubt on interpretations of afterglow mechanisms 
which depend upon predominance of either type of spectrum 
Other rare gases are under study. 


* This work was supported by the Office of Scientific Research, U. 8. 
Air Force. 


C9. Low-Pressure Afterglow Studies in Nitrogen. A. C 
Farre AND GeorGce W. Grirrinc, Air Force Cambridge 
Research Center.—Quantitative laboratory studies have been 
conducted on the me following a pulsed microwave’ 
discharge in Ny+He, Nz+ Ne, and N,+-A at partial pressures 
of nitrogen below 20 microns Hg. These measurements extend 
the work previously reported for partial pressures of nitrogen 
in the range of 20 microns to 3 mm Hg.** A discussion of the 
loss mechanism at early times in the afterglow is presented 

'M. A. Biondi and S. C. Brown, Phys. Rev. 76, 1697 (1949) 

2 Faire, Fundingsland, and Aden, Gaseous Electronics Conference Paper 
October, 1953, Washington, D. C. 


' Faire, Fundingsland, and Aden, Conference on Electron Physics, June, 
1954, University of Birmingham, Birmingham, England. 


C10. Scattering of Low-Energy H~ Ions in Helium.* T. L. 
BatLey anp E, E. Muscuritz, University of Florida.— 
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the method of Simons and 
b 


aaa 
ins in nelum 


Measurements have been made by 
co-workers' on the scattering of H 
incident ion energies of 4 ev to 300 ev. Both elastic and total 


gas at 


inelastic cross sections have been determined as functions of 
ion energy. The results are similar to those for the scattering 


of H™ ions in H;.%* From the elastic cross-section data below 


! | } } 


about 50 ev, a potential law is calculated which is charac 


teristic of an ion-induced dipole interaction. From 100 ev to 
increases slightly 


300 ev the apparent elastic cross sectio 
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with ion energy; this increase is attributed to the electronic 
excitation of He atoms by the incident H™ ions. The inelastic 
cross section for the electron detachment process H~+He 
=H +He+e~ is nearly constant from 300 ev to about 200 ev. 
Below 20 ev the detachment cross section drops sharply but 
seems to persist to incident ion energies as low as 2 ev. 

* Supported by the Office of Naval Research 

Simons Muschlitz, and Unger, J]. Chem. Phys. 11, 307 (1943). 


2 E. E. Muschlitz, Phys. Rev. 95,635 (A) (1954). 
* Muschlitz, Bailey, and Simons (to be published) 


D. Arcs 


Invited Paper 


. Past and Present Ideas about Cold Arcs. A. von ENGEL, Oxford University. 


(GERMER AND S. Boyur 


Short 


D3. Short Arcs. L. H 
Telephone la 


ot two types 


hor ator Ine emission arcs are 


| predominantl, 
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melting points 
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bombardment 
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electron 


the anode b 


f the arc is supplied from the cathode by 


metal 


b held emission cCurre 


ts flowing through them. These are 


appropriate! anode ari ind “‘cathode arcs An 


anode arc erodes ; n the anode, and leaves a roughened 


area on the cathode cathode arc leaves on the cathode a 


dispersed array whict e largely ilong scratches; often 
there is no mark on the an These arcs differ in arc voltage, 


soth types have 


" " 
r clean palladium all 


higher for cathode are other ways 


been observed fo arcs 
cathode ari but at 300 anc 
fres - at 


material 


' 
are lower voitages 


more lower 
uctivated by urbonaceous 
cathode arcs occur at all potent ils. In anode arcs metal 
measured by radioactive 
“le to cathode. Cathode 


cathode to anode only, and less 


is transferred 1 both directions, as 


tracers, with net transfer from an 


arcs from metal 


per ul Oo r ‘nergy than ts tra ferred in an 


D4. Some Properties of Arc Cathode Spots in Magnetic 
Fields. Dino Zet,* Ropert Sr. Joun,t ano J. G. Winans 
University of W msin he velocity of the cathode spot 
a transverse magnet field has been 


spot i groove above the j 


ol a mercury are 
measured with the arc inction 
nercury. The approximate 
11 000 to 15 000 o« 
pl ace un r th conditions. However the 
the art spot is at the 


line between the metal cathode and 
doubling 
not take 


of velocit eld bout rsteds 


does 
velocit 
mercury -el r ’ ) nex f the ar 
Hg wu lines 

of the Hg t limes like 
the yunct 


showed some 


enhanced at the arc spot There was no broace 


that observed when the arc spot 


1 betwee mer 


* Now at State Teacher nnesota 


+ Now at The University wer rman. Oklahor 


ma 
1 Robert St. John an Winans, Pt Rev. 98, 1664 (1955 


D6. Glow-to-Arc Transitions in the Column of the High- 
Pressure Glow in Hydrogen. W. A. Gameiine,* Uni 
of Liverpool.—By relatively cool 
hydrogen it is possible to 


in the column of 


ersity 
copper or tungsten 
transition 
a high pressure (1 atmos 


using 
electrodes obtain a 
from glow to ar 
dix harge while the cathode region 
Experiment shows that the column transition is governed by 


s remain in the glow state 
thermal considerations, in accordance with the predictions of 
King! and others. Excitation temperature and other measure 
ments indicate that in the glow column, as at low pressure, 


the electron temperature is very high and the gas temperature 
low. With increasing current the electron temperature falls 
ind the gas temperature rises until the transition to an arc 
rhe current density is now higher, and the 
voltage gradient lower than in the glow column but the 
electron temperature is still appreciably higher than that of 
the gas, and the measured ion density does not agree with that 
calculated using the Saha equation. As the current or the 
pressure increases the gas and electron temperature difference 


1 
column occurs 


falls and the measured ion density approaches more closely 
that given by the Saha equation 


Department of Electri 
Vancouver, British Col 


bi 
ire 174, 1008 (1954 


Engineering, University of 
} 


D7. On Pronounced Deviations from the Maxwellian 
Velocity Distribution of the Electrons in Hollow Hot Cathode 
Diodes* with Ne Filling. Gustav Mepicus, Wright-Patterson 
Air Force Base.—At pressures of the order of 1 mm Hg and 
diode currents between about 10 to 20 ma the velocity 
distribution of the electrons in the vicinity of the cathode, 
derived from automatically plotted probe curves! by the 
Druyvesteyn method,? has a pronounced minimum (#0) 
which clearly separates a fast group from a slow group of 
electrons. The fast group has a sharp onset between 16 and 17 
volts and rises steeply to a maximum nearby. The onset of 
this group probably is determined by the metastable level of 
Ne at 16.7 ev; the electrons from a hot cathode have to be 
accelerated by a “cathode fall” of this magnitude to provide 
a high enough density of the metastables for cumulative 
ionization. The potential of the plasma near the opening of 
the hollow cathode measured by the same probe curves checks 
satisfactorily with this cathode fall. The slow group of electrons 
formed by the secondaries in itself is Maxwellian, corre- 
sponding to a temperature of about 3000°K. The numbers in 
the two groups have the same order of magnitude. With 
increasing current the distribution function becomes smoothed 
out more and more and approaches a Maxwellian to some 
degree 
1953 


Phys. 23, 1035 
1930 


* G. Medicus, J. Appl. Phys. 24, 233 
1G. Wehner and G. Medicus, J. Appl 
2M. J. Druyvesteyn, Z. Physik 64, 781 


1952 


D8. Influence of Electron Emission on the Cathode 
Processes of the Arc. G. Ecxer,* University of Bonn.—The 
contraction theory of the arc discharge in the regions in front 
of the electrodes is distinguished from other theories'~* 
chiefly by its program. Instead of attempting to justify a 
preconceived doubtful model, the problem is attacked in as 





AMERICAN 


complete generality as possible, employing the conservation 
laws and the basic laws of electrodynamics and thermo- 
dynamics. The predictions achieved are in adequate agreement 
with experimental knowledge and, moreover, the theory 
accounts for the attraction phenomenon, the origin of the 
charge carriers, the distinction between cathode and anode 
regions, and finally the two cathode types observed by 
Seeliger and his co-workers. A recent extension of this theory 
to include electron emission has been based largely upon an 
improved formulation of the energy balance between gas and 
cathode. The stabilization diagram for normal arc currents is 
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only slightly affected by the inclusion of electron emission. 
However, at large currents the extended theory predicts an 
extra uncontracted stabilization point, which explains in 
detail our prior observation of an are existing without a 
cathode spot. 

* Now at the University of Oklahoma, Norman, Oklahoma 

G. Ecker, Z. Physik 132, 248 (1952) 

*G. Ecker, Z. Physik 135, 105 (1953). 

*G. Ecker, Z. Physik 136, 1 (1953) 

*G. Ecker, Z. Physik 136, 556 (1954) 


*G. Ecker, Z. Physik 142, 444 (1955) 
*G. Ecker, Ber. Arbeitstagung Gasentladungsphysik, Halle, 148 (1953) 


E. Magnetic Field Effects and Miscellaneous 


El. Isotopic Separation by Magneto-Ionic Expansion. 
JoserH SLEPIAN, Westinghouse Research Laboratories.—A 
metallic gas, at a high temperature, 100 000°C or higher, 
and therefore ionized, is sent down a tube of increasing cross 
It is prevented 
from precipitating on the side walls by a combination of a 
strong enough magnetic field set parallel to the walls and 
perpendicular to the discharge of gas, and an electric potential 


section, and precipitates on insulated slats 


between the side walls, drawing current from the one wall to 
the other wall. It is prevented from precipitating on the 
insulated end walls by the large separation of these walls 
from the point of inlet of the ionized gas.' The potential for 
uranium, for example, may be a few hundred volts, the 
magnetic field about 6000 gauss, the tube length a foot or 
two, the tube egress section some 20 square feet. The current 
to the side walls, if the magnetic field and electric potential 
are high enough, is negligibly small. All the precipitation is 
among the insulated slats. The isotopes become separated 
there, the deposit on the insulated slat adjacent to the negative 
side wall being richer in the ligher isotope, and the deposit on 
the insulated slat adjacent to the positive side wall being 
richer in the heavier isotope. The enrichment is proportional 
approximately to the square of the distance between the two 
walls at the insulated slat rhis 
separator will offer isotopes of metals more cheaply than any 


side egress end isotope 


other device known to me 


Proc. Natl. Acad. & J 1955 


E2. Ion Diffusion in a Uniform Magnetic Field.* K. S. W. 
CHAMPION AND A. B. DE Saint Maurice, Tufts Unwersity 
\ new method has been used to 


measure ion diffusion coeffi- 


( 
magnetic field. A high-power pulse 
quartz tube 


The TMoie 


is mode 


cients in the presence ol a 


discharge was produced in a small diameter 


inserted into a long cylindrical microwave cavity 
mode was used to produce the discharge and the TE 
utilized to measure the electron density the afterglow. A 
specially designed coil was 
field. Considerable care was taken with the vacuum technique 
to insure the purity ol the hydroget gas used ir 


obtained for the 


ised to produce a uniform magnetic 


the measure- 


ments. The values ion diffusion coefficient 


nt with classical theory 
On the other 


when B/p was small were in 


agreem¢ 
for diffusion in the presence of a magnetic field 


hand, values measured when B/p was large were consistent 


with the theory of Simo It seems probable that there is a 
with 


diffusion conditions, with large 


steady transition from ordinary ambipolar conditions, 


small B p, to Simon's free ior 
B/p. The transition may also be a function of p or, at least, of 
the ratio of mean free path to the tube dimensions. 


t ics Research Directorate 





work was sponsored by the Geophys 
Air Cambridge Research Center, Air Research and Development 
Command 
A. Simon, Phys. Rev. 98, 317 (1955 


E3. Resonant Power Transfer within a Plasma in a Magnetic 
Field.* J. E. Drummonp anp L. Witcox, Sylvania Electric 
Products, Inc.—This paper presents the results of a study of 


conditions under which power can be transferred to or from a 
small oscillating electric field within the body of a plasma in a 
magnetic field. By Lagrange’s method of characteristics, the 
linearized Boltzmann equation is solved under the assumption 
that the collision rate between electrons and neutral gas 
molecules is much less than the cyclotron frequency. From 
this and Maxwell's equations, a conductivity tensor, o(w), is 
derived and a set of resonant frequencies is found for which 
the power transfer E,,-¢(w)-E, can become large. When the 
kinetic energy density of the electrons is much less than the 
energy density of the 
frequencies for power transfer reduce to integral multiples of 


static magnetic feld, the resonant 
the electron cyclotron frequency. Thus, additional physical 
the electro- 
magnetic propagation at these frequencies obtained by E. P. 
plasmas with relatively large kinetic energy 
densities, the electromagnetic vector potential, which was 
dropped by Gross, becomes important and significant devia- 
tions from the cyclotron multiples are predicted for the first 
\ practical upper limit is found to the 
spectrum of resonant frequencies for which significant energy 


insight is provided concerning the “gaps"’ in 


Gross For 


several resonances 


transier occurs 


is work DA-% 
039-sc-31435 


was performed under Signal Corps Contract No 


E4. Cyclotron Resonance of Electrons in Gaseous Discharge 
Plasmas.* M. GILpEN AND L. Go Lpsrein, University of 
Illinois.—Resonance phenomena in gyromagnetic 
discharge plasmas can be particularly useful for investigating 


gaseous 
certain fundamental processes in plasmas. A study was made 
of such phenomena at microwave frequencies (10 000 Me) in 
noble gases at pressures of the order of 10 mm Hg and plasma 
electron densities of the order of 10" e/cc. The gases were 
contained in a discharge tube which passed through a section 
of wave guide located in a periodically varying magnetic field 
rhe results indicated that the principal resonance was the 
The widths of these 
resonances gave values for the probabilities of collision for 


cyclotron resonance of free electrons 


electrons with molecules at room temperature (300°K) which 


are in agreement with other published determinations. These 


values were also found to be consistent with the experi 


mentally determined increases in the electron collision 


frequency resulting from the enhanced heating of the electron 





gas during resonance. Also found, were additional “resonance 
like"’ effects at the higher electron densities which may be 
iated with the 


' 
plasmas 


asso intrinsic behavior of 


gyromagnetic 


* Work sponsored by the Air Force Cambridge Research Center 


ES. High-Intensity Ion Sources. C. B. Mitts. Curtiss- 
Wright Research Division.—High-intensity ion sources consist 
of the source plasma, acceleration region, and ion beam 
Processes in the plasma of high-production ion sources are 
discussed and a particular ion source developed with the use 
of these processes is described. The processes are described 








1234 


by dc probe measurement in and ion currents from a plasma 
with 10" jons/cc and a temperature of 40 ev. Results of 
pressure and electric gradient analyses, using the formula of 
Chapman and Cowling, 

1 *) r 

p Os/ 1 +w%x”” 


m ( E, 
@=i{ e 
m 


with argon gas give a diffusion velocity in the plasma (near 
the meniscus) of 6100 cm/sec. The experimental value from 
current measurement, J = nea, was 5900 cm/sec. Other points 
of interest are that the acceleration due to the electric gradient 
was } of that due to the pressure gradient ; and that transverse 
diffusion, )=wra, is the major component of ion and electron 
velocity across the magnetic field 


E6. Statistical Mechanics of Cathode Sputtering. Don E. 
HARRISON, JR., University of Louisville.—Iin an earlier paper, 
the author has discussed a theory of cathode sputtering.' 
The equal mass restriction, made in this earlier work, has 
now been removed. The results appear as a convergent series 
the logarithmi In most 
lhe final expression 


of exponential functions of energy 


cases the first term dominates completely 
for the sputtering ratio depends upon four parameters, only 
two of which are even approximately experimentally known, 
but the theoretical curves are extremely sensitive to the choice 
and the required values are consistent with 
Agreement with 
although much 
of the fitting is to curves formed from three or four experi- 


ol parameters, 
know of 
Keywell's experimental data? is satisfactory, 


what we the physical system 


mental points. The present theory is not completely satis- 
ratio, but 


behavior of 


the cause of 
the 
of the theory to cover these Cases 1s possible, but 


small 
breakdown is apparent from the 


factory for systems of mass 


curves 
Extension 


hardly warranted at this time 


Dd Harrison, Jr., Phys. Rev. 93, 652(A) (1954 


Rev. 87, 160 (1952): Phys. Rev. 97, 1611 (1955) 
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E7. Minimum Quenching Times of Low Voltage, Non- 
Self-Quenching Geiger Counters. Rocer D. Erickson 
Honeywell Research Center.—The general problem of quenching 
is examined to determine some factors contributing to the 
minimum quenching time, 7,, of non-self-quenching Geiger 
counters. Experimental data were obtained using Geiger 
tubes filled with neon-argon mixtures. The data showed that 
Tm is proportional to the gas pressure from 3 mm Hg to 125 
mm Hg; it also indicated that 7,, was independent of the gas 
mixtures tested (neon with 0.05% to 1.00% argon). No 
dependence of 7, on the quenching voltage was observed. 7, 
was found to be inversely proportional to the absolute tempera- 
ture with a constant gas density. The plateau lengths were 
determined by r., when a given quenching circuit was used. 
The experimental evidence indicates that secondary electrons 
produced by the diffusion of metastable atoms to the cathode 
are responsible for the relatively long minimum quenching 
times observed (0.01 to 0.30 sec). 


E8. Electrical Characteristics of Low-Pressure Spark 
Discharges.* R. J. Ler, Melpar, Inc., anv R. G. Fow er, 
Unwersity of Oklahoma.—Precise investigations have been 
made of the current and voltage characteristics of spark 
discharges in helium, neon, argon, and xenon at pressures 
ranging from 1 mm Hg to 100 mm Hg. The derived quantities 
power and resistance have been calculated, and an analysis 
has been made of the resistance curves so obtained. It is found 
that initially the resistance is governed by the need to develop 
an ion concentration sufficient to carry the current, but that 
after this is accomplished, the resistance varies inversely as 
the current until the discharge has waned to a point that 
recombination exceeds ion production. The course of the 
resistance curve is wholly interpretable in terms of funda- 
mental gas constants. 


* Work sponsored by the Office of Naval Research 


F. Positive Columns and Plasmas 


Fi. Inclusion of Coulomb Interactions in the Boltzmann 
Equation.* H. Dreicert ann W. P. Atuis, MIT.—The 
Fokker-Planck method has been used to extend the Boltzmann 

n the 
ionized gas. The time rate of change of the 
due to these 
expressed as the divergence of a flow vector in velocity space, 


and (1) the flow resulting from the 


transport equatio to include random Coulomb inter- 


actions i! in 


parti le distribution function interactions is 
consists of two parts 
average retarding force, and (2) a diffusion-like flow in velocity 
space resulting from the fluctuations in the interaction force 
An expansion of the distribution function in spherical har- 
monics is used to derive the equation satisfied by the spherical 
part of the electron distribution function, and a criterion is 
derived for the degree of ionization at which Coulomb inter- 
ms and ex- 
the 


it the average electron 


actions first exceed the effects of inelastic collisix 


ternal electric fields. Above this degree of ionization 
distribution 
energy and the rate of ionization are not altered appreciably 
values at low electror It is shown that 
ionized gas can be accelerated 


field their 
velocities are larger than a critical barrier velocity 


becomes Maxwellian, I 


from their density 


charged particles ina 


indefinitely by an external electric provided 


* This work has been supported in part by the Signal Corps, Air Material 
Command, and the Office of Naval Research 

t Now at the University of California Loe Alamos Scientifi 
Les Alamos, New Mexico 


Laboratory 


F2. Production and Loss of Excited Atoms in the Helium 
Positive Column. L.S. Frost anp A. V. PHELPs, Westinghouse 
Research Laboratories —Measurements of the important 
parameters of a helium positive column reported previously! 
have been refined and extended over wider ranges of electron 
density and pressure. Electron density is measured by micro- 
wave techniques; the density of singlet and triplet meta- 
stable atoms and of atoms in the resonance state are measured 
by means of optical absoption; the axial electric field and 
the average electron energy are measured with fine wire 
probes. A power balance is presented, comparing the total 
input power per electron to the sum of power losses as- 
sociated with diffusing ions, electrons and metastables, with 
resonance radiation and with elastic recoil. Agreement is 
obtained within limits defined by experimental accuracy 
and uncertainties in necessary coefficients. The data at low 
electron densities indicate somewhat smaller deviations 
from ambipolar diffusion than predicted by the transition 
diffusion theory of Allis and Rose.*? A comparison is made 
between the combined rate of excitation and ionization given 
by the theory of Reder and Brown,’ and the sum of loss rates 
calculated from our measurements. Again, reasonable agree- 
ment is obtained. 

L. S. Frost and A. V. Phelps, Phys. Rev. 98, 559 (1955). 


*W. P. Allis and D. J. Rose, Phys. Rev. 93, 84 (1954). 
*F. H. Reder and S. C. Brown, Phys. Rev. 95, 885 (1954). 
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F3. Failure of Schottky Theory for the Positive Column of 
0,¢t D. S. Burcn, G. H. Dunn, R. GeBaLie, anp V. M. 
MapseEN, University of Washington.—Measurements of the 
potential gradient in the uniform positive column of the O, 
glow discharge have been made using cold probes. The results 
are in agreement with those of Guntherschulze' and in the 
range 0.2<pR<2.4 mm cm lie between 23 and 15 volts/cm 
mm. The Schottky theory for the uniform positive column 
has been extended to include electronegative gases. This ex- 
tension predicts a lower limit to E/p corresponding to a value 
for which the attachment coefficient and the ionization coeffi- 
cient are equal. In oxygen, equality occurs for E/p=35,* con- 
siderably higher than the above measured values. Oscillo- 
graphic studies of the current and light emission show rapid 
time variation,’ implying that the column does not have the 
uniformity on which the theory is based. N, has been subjected 
to the same observations. Measured fields in this gas do agree 
with predictions of Schottky theory. No current and light 
variation is found in N; in the range of current and pR for 
which the theory is valid. 

+t This work has been supported in part by the U. S. Office of Ordnance 
Research. 

' A. Guntherschulze, Z. Physik 42, 763 (1927). 

1M. A. Harrison and R. Geballe, Phys. Rev. 91, 1 (1953). 

+ E.g., T. Donahue and G. H. Dieke, Phys. Rev. 81, 248 (1951); A. B 


Stewart, J. Opt. Soc. Am. 45, 651 (1955); N. L. Oleson, Phys. Rev. 98, 559 
(1955). 


F4. Oscillating Glow Discharge Plasma.* A. B. STEWART 
anD G. E. Owen, Antioch College.-—The plasma potential, 
electron temperature, and electron concentration have been 
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measured as functions of both time and position in the posi- 
tive column of an argon glow discharge with moving striations. 
Plane circular tungsten probes 0.5 mm in diameter that could 
be saturated in the electron collecting region were used. The 
variations of potential, electron temperature, and charge 
obtained demonstrate that the moving striations in the glow 
discharge are closely related in their electrical properties to 
the striations in the argon are studied by Pupp.' In the glow 
discharge however, in addition to the positive striations, 
there are weak light flashes that travel with speeds greater 
than 10° m/sec. The plasma potential is observed to drop 
about 10 volts within } of a period after the flash. Although 
space charge concentrations with maxima approximately 5 
times the average concentration in the plasma accompany the 
positive striations, no increase in concentration was observed 
at the time of the light flash. The reliability of the probe 
measurements and the bearing of the results on theories of the 
moving striations will be discussed. 


* Supported by the National Science Foundation. 
'W. Pupp, Z. Physik 36, 61 (1935) 


F7. Derivation from Boltzmann’s Equation of the Similarity 
Laws for Ionized Gases. T. E. VANZANDT, Sandia Corporation. 
~The similarity laws for ionized gases are derived by re- 
quiring that the Boltzmann equations for the normalized 
particle distribution functions of two similar discharges be the 
same. The results are, in addition to the usual similarity laws, 
that the product of the magnetic field strength times the 
characteristic length be the same for both discharges. 
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Errata Pertaining to Abstracts C6, I5, Q3, V12, V13, and Y6 


C6, by J. Joseph. In line 19, instead of “4ar¢@ In(2y)[In(27) 
+1)/y,”" read “+ard In(2y)[In(2y)+1]/y.” 


IS, by V. E. Pilcher, J. A. Harvey, and K. K. Seth. The 
daggered reference should read: ‘Research Collaborator, on 
leave from Radiation Laboratory, University of Pittsburgh. 


Q3, by W. A. Wallenmeyer. In line 12, instead of “*41:12:7,” 
read “41:12:57.” 


V12, by I. C. Gupta, W. Y. Chang, and A. Snyder. In line 7, 
instead of ‘66 events," read ‘64 events."’ In lines 16 to 17, 
instead of “31 events have been classified as ® particles, 30 
as A® particles,” read “32 have been classified as # par- 
ticles, 27 as A° particles.” 


* The usual preamble to these abstracts will be published in 
the Bulletin early in 1956. Abstracts of meetings in 1956 and 
subsequent years will not be published in The Physical Review 


V13, by A. Snyder, W. Y. Chang, and I. C. Gupta. In 
line 4, instead of “31 @ particles,” read “32 @ particles”; 
instead of “30 A® particles,"’ read “27 A® particles.”’ In lines 


18 to 20, instead of “for the 31 @ particles... to be 
+0.3 . 
(1.83 ie a x10-" sec, and for the 30 A® particles 

(3  +0.70 0-1? sec.” “ ee 32 icl 
47 9 49) * 10° sec,” read “for the 32 @ particles... 
+0.3 , 
to be (1.4_ 9 5)X10-" sec, and for the 27 A® particles, 
FS rey 
0.6) xX 10-"* sec 


On page 1268 “(R. H. Crane presiding)"’ should read 


“(H. R. Crane presiding).”’ 


Y6, by E. D. Courant, R. R. Kassner, E. C. Raka, Lloyd 
Smith, and J. Spiro. In line 17 instead of 2»,+»," read 


"Oe T 2vy 
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Radioactive Nuclei 


Al. Decay of Ca® (8.4-min).* Davip W. Martin, S. 
BrapLey Burson, anp James M. Cork, Argonne National 
Laboratory.—The beta and gamma radiations of radioactive 
Ca® have been studied with the Argonne 256-channel coin- 
cidence scintillation spectrometer. Sources were prepared by 
irradiation in the Argonne reactor (CP 5) of samples enriched 
to about 12% in Ca. Gamma rays of 3.244-0.05 and 4.304 
0.05 Mev were observed to decay with the 8.4+0.1-minute 
period in the Nal (T1) pulse-height distribution, in which a 
well collimated geometry was used. The 4.30-Mev gamma 
ray has an intensity of about 5% that of the 3.24-Mev transi- 
Calibration was based on the 4.45-Mev gamma ray of 
in a shielded Po-Be source.' 
of 1.93+0.10 Mev is 
3.24-Mev gamma ray 
from a coincidence absorption curve. A softer beta ray in the 
neighborhood of 1 Mev is in coincidence with the 4.30-Mev 
gamma ray. The indicated decay energy of 5.1+0.2 Mev is 
consistent with the beta decay systematics of this region of 
the nuclide chart.? 


tion 
C" excited by an (a,n) reaction 
\ beta ray with an end-point energy 
found to be in coincidence with the 


oa I S. Ator Energy Commission 


* Work performed under auspi t 
t 1955 


J. Breen and M. R. Hertz, Phys. Rev. 98, $99 
*K. Way and M. Wood, Phys. Rev. 94, 119 (1954 


A2. Scandium-50. H. MorinaGa anv E. BLeucer, Purdue 
In order to look for Sc® which can be produced 
by an (n,p) reaction on Ti®, TiO. were 
with Be-d The 
gamma-ray spectrum showed a line at 1.56 Mev which decayed 
with a half-life of 
energy of about 3.5 Mev and the same half-life were detected. 


Uniwerstty 
titanium metal and 
from the cyclotron. 


bombarded neutrons 


1.5 min. Also, beta rays with a maximum 
The intensities of the beta and gamma rays are about the same. 
No other radiations with a half-life between several seconds 
and several days were found, except for those from known 
isotopes expected to be produced by neutron bombardment 
of the samples used. This 1.5-min activity is thus assigned to 
Sc® since no possible impurities can produce such an activity 
and because the energy of the gamma ray coincides well with 
the energy of the first excited state of Ti®. Since no other 
gamma ray of 1.5-min half-life was found, the decay must 
proceed to the 2* first excited state (log ft =5) indicating that 
the spin of Sc® is most likely to be 2*. This would be an 
example of the violation of Nordheim’s rule. 


A3. Radiations from Mo".* Norwoop Gove, Frep A 
Suita, AND KR. A. Becker, University ef Illinois A detailed 
study has been made of the disintegration scheme of Mo” 
(produced by a gamma-n reaction with the 22-Mev betatron) 
during the past year. Gamma-radiation energies were mea- 
sured at 1540420, 1210430, and 658243 kev, all of which 
are associated with the 65.5-second activity. Three positron 
groups were found to be involved in the above activity and a 
single group was found to be associated with the 15.5-min 
decay positrons, and 
the first two gamma rays listed in the foregoing. The third 
gamma ray is not involved in coincidences. A tentative decay 
scheme will be discussed. 


Coincidences were detected between 


* This work was supported by the joint program of the Office of Naval 


Research and the U.S. Atomic Energy Commussion 


A4. Disintegration of Te!*. WiLLiam E. GRAVES AND ALLAN 
C. G. Mrrcue.t, Indiana University.*—The disintegration of 
Te™ has been investigated with the help of a magnetic lens 
spectrometer, permanent field spectrometer with photographic 
recording, and scintillation counters. The half-lives of the 
isomeric states in the parent were tound to be 41 days and 
74 minutes, respectively. The 74 minute state decays to I'™ 
with the emission of beta-ray groups whose end-point energies 
and relative abundances are 1.453 Mev (71%), 0.989 Mev 
(15%), 0.69 Mev (4%), and 0.29 Mev (10%). Gamma rays 
of 0.027, 0.212, 0.475, 0.725, and 1.12 Mev were found. The 
41 day state decays, for the most part, to the 74 minute state 
of Te™ with the emission of a highly internally converted 
gamma ray of energy 106.3+0.1 kev for which the K/L ratio 
is unity. A beta-ray transition, of low intensity, from the 41 
day state of Te™ to the ground state of the product is postu- 
lated. Gamma-gamma and beta-gamma coincidence experi- 
ments using scintillation spectrometers served to indicate the 
probable level shceme of I”. A discussion of the disintegration 
scheme will be given suggesting probable spins and parities 
of the levels. 


* Supported by the joint program of the Office of Naval Research and 
the U. S. Atomic Energy Commission. 


AS. Decay of 72 Second and 49 Day In''*.* Lee Gropzins 
aND Henry Morz, Brookhaven National Laboratory.—Scintil- 
lation counter coincidence experiments were performed on 
the 72 sec activity produced by p,n and d,2n cyciotron bom- 
bardments of enriched Cd" and the 49 day In™ produced by 
neutron capture of enriched In". By comparing the K x-ray, 
722 coincidences per x-ray for 72 sec and 49 day In", the 
ground state K branch to the 1278 state in Cd"™* was found 
to be < 0.2% confirming the assignment of 4+.' Using 49 
day In™ the previously reported 1300-556 coincidences? were 
not confirmed, the upper limit being 0.1% of the 722-556 
coincidences. The gamma ray of ~1300 kev was found to be 
in coincidence with a 700 kev beta spectrum with a branching 
ratio of 0.09%. The log ft value of 5.73 is consistent with a 2+ 
assignment for the 1300 kev level in Sn", in agreement with 
the systematics of even-even nuclei. A 3.5% ner was 
found from the 72 sec In™, presumably to the ground*state 
of Cd™, 


* Work performed under contract with the U. S. Atomic Energy 


Commission. 
!N. Brazos and R. Steffen, Phys. Rev. 99, 1645(A) (1955). 
2 Johns, McMullen, Donnelly, and Nable, Can. J. Phys. 31, 225 (1953) 


A6. Decay of Cs'*.* R. B. Durrrecp,t M. E. Bunker, 
J. P. Mize, ano J. W. Starner, Los Alamos Scientific Labora- 
tory.—The decay of the fission product Cs* (32.0 min) has 
been studied with beta- and gamma-scintillation spectrome- 
ters and a 141-gauss, 180° permanent magnet spectrograph. 
As observed previously,' there is no detectable ground-state 
beta transition. Twelve gamma rays were found with en- 
ergies of 0.1389, 0.1931, 0.2289, 0.4106, 0.4626, 0.5495, 0.87, 
1.010, 1.426, 2.21, 2.63, and 3.34 Mev. The intensities of the 
gamma rays relative to the total number of disintegrations 
were found to be 2, 1, 2, 3, 26, 8, 4, 25, 73, 18, 9, and 0.5%, 
respectively. Internal conversion measurements indicate that 
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the multipolarity of the 0.1389-Mev transition is predom- 
inantly M1. On the basis of the above data and the results of 
a number of gamma-gamma and beta-gamma coincidence 
studies, a consistent decay scheme is proposed which involves 
levels in Ba™ at 1.426, 1.89, 2.21, 2.30, 2.44, 2.63, and 3.34 
Mev. The angular correlation of the 1.010 Mev—1.426 Mev 
cascade has been measured. The experimental results are in 
best agreement with a 0(Q)2(D)3 correlation. The spin and 
parity assignment for the ground state of Cs"* which is most 
consistent with the established features of the decay scheme 
is 3—. 


* Work performed under the auspices of the U. S. Atomic Energy 


Commission. 

+ Permanent address: Department of Physics, University of Illinois, 
Urbana, Illinois 

' Langer, Duffield, and Stanley, Phys. Rev. 89, 907 (1953). 


A7. Nuclear Levels in Tm'®, Lu’’s, and Lu'”’ as Derived 
from the Radioactive Isotopes of Yb. J. M. Cork, M. K. 
Brice, D. W. Martin, L. C. Scumip, anp R. G. HELMER, 
University of Michigan.—Using Yb of high purity (99.8%) 
irradiated in the maximum flux of the Argonne pile and 
studied by scintillation and magnetic photographic spectrom- 
eters, a re-evaluation of the energies of the radiations has 
been made. Several previously unreported gamma rays are 
found and nuclear level schemes for Tm'®, Lu'’§, and Lu’? 
proposed. Several of the levels appear to be rotational states 
in the unified nuclear model. Yb'® decays with a half-life of 
30.6 days by K capture, followed by eleven gamma rays in 
I'm'®. Rotational levels lie at 8.4, 118.3, and 139.1 kev. The 
gamma energies are 8.4, 20.6, 63.2, 93.6, 109.9, 118.3, 130.7, 
177.7, 198.6, 261.0, and 308.3 kev. Yb'"* decays with a half- 
life of 4.2 days by beta emission (474 kev max) followed by 
five gamma rays in Lu'’®. Rotational levels exist at 114.1 and 
251.9 kev. The gamma energies are 114.1, 137.8, 145.0, 282.9, 
and 397.0 kev. Yb'"" decays with a half-life of 1.88 hours by 
beta emission followed by gamma transitions in Lu'’’. In 
addition to any lower energy gamma rays, two high energy 
transitions are found at 1.080 and 1.228 Mev. The latter is 
a cross-over for the 1.080- and 0.148-Mev gammas which are 
in coincidence. The expected well-known daughter product 
Lu'"’, if present at all, is too weak to be observed by the 
magnetic spectrometers, which suggests some possible error 
in the assignment of masses in the stable isotopes. 


A8. Electron Capture Decay of Os'** and the Excited States 
of Re'**.* CHar_es H. Pruett AND ROGER G. WILKINSON, 
Indiana University.—The 95 day orbital electron capture 
decay of Os'** has been studied using magnetic beta-ray spec- 
trometers and scintillation spectrometer techniques. The 
measurements disclosed the presence of gamma rays at 72.5 
and 125 kev which have not been previously reported. With 
the information obtained from coincidence and intensity 
measurements it is possible to include these two gamma 
transitions in a decay scheme with the previously reported 
875, 647, 234, and 162 kev transitions. Use was made of 
internal conversion coefficients, K/L ratios, and lifetimes of 
transitions to determine the multipolarities of the gamma 
rays. These determinations permit assignment of spins and 
parities to the various excited levels of Re'*. Levels at 125, 
647, 809, and 875 kev are given the assignments of g7/2, 1/24, 
1/2+, and 3/2+, respectively. The 125 kev level is inter- 
preted as the first rotational level in Re'**. Arguments based 
on the relative intensities of capture to the excited levels and 
ground state of Re™* indicate an assignment of pi: to the 
ground state of Os'*. 


gram of the Office of Naval Research and the 


* Supported by joint ; 
ym mission 


U. S. Atomic Energy Cx 





A9. Energy Determination of Au'** Conversion Electrons.* 
D. R. Connors, W. C. Miter, anp B. WALDMAN, University 
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of Notre Dame.—The same 90° cylindrical electrostatic 
analyzer which was used to measure the photothresholds of 
Be and D! and the conversion lines of Cs"** has been used 
to measure the conversion lines of Au™. An absolute energy 
measurement, with an accuracy of 0.1%, can be made with 
this analyzer. A 1 mg/cm? layer of gold was evaporated onto 
a thin aluminum foil and was irradiated in the Argonne 
reactor. In the observed spectrum the K, Li, Lu, Lin, M, 
and N lines were resolved. The K line had an intensity of ten 
times the beta background. The transition energy is found to 
be 411.8+0.3 kev in excellent agreement with the value of 
Muller, Hoyt, Klein, and Dumond.* The L1:L1:Lun intensity 
ratios are found to be in good agreement with the theoretical 
values of Rose and Goertzel.* 

* Supported in part by the joint program of the U. S. Atomic Energy 
Commission and the Office of Naval Research. 

: ca Van Hoomissen, Miller, and Waldman, Phys. Rev. 95, 396 
5 herjee, Waldman, and Miller, Phys. Rev. 95, 404 (1954). 

* Miller, Hoyt, Klein, and Dumond, Phys. Rev. 88, 775 (1952). 


*‘K. Siegbahn, Beta and Gamma Ray Spectroscopy (Interscience 
Publishers, Inc., New York, 1955), p. 905. 


Al0. Directional and Polarization-Direction Correlations 
in Pb 208 y-y Cascades.* G. T. Woopt anp P. S. Jastram,} 
Washington University.—Direction-direction correlations and 
polarization-direction correlations have been measured for 
y-y cascades in Pb-208 following the decay of ThB. Together 
with previously measured internal conversion coefficients,'* 
the present results yield spin and parity assignments of 3-, 
5-, 4~, and 5~, respectively, to the 2.62, 3.20, 3.48, and 3.71 
Mev levels in Pb-208, and multipolarity character assign- 
ments of E3, E2, M1+E2 (6=-—0.20+0.05), and M1+E2 
(6 0.028+0.010), for the 2.62, 0.58, 0.51, and 0.86 Mev 
gamma rays, where 34 is the ratio of the reduced quadrupole 
to dipole nuclear matrix elements. Assignments are based on 
angular correlation measurements between the 2.62--0.58 Mev, 
0.58-0.51 Mev, and 2.62-0.86 Mev y-y cascades and on 
polarization distributions of the 2.62, 0.86, 0.51, and 0.51 + 
0.58 Mev gammas. With the exception of the mixing ratio 
for the 0.51 Mev gamma our results are in agreement with 
the decay scheme previously proposed.* 

* Supported in part by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission 

t University Fellow in Physics. 

t Now at Ohio State University. 

1D. G. E. Martin and H. O. W. Richardson, Proc. Roy. Soc 


A195, 287 (1948) 
? Elliott, Graham, Walker, and Wolfson, Phys. Rev. 93, 356 (1954). 


(London) 


All, Alpha Decay of Np**’. L. B. MaGnusson, D. W. 
EnceL_Kkemetr, M. S. Freepman, F. T. Porter, anp F. 
WAGNER, Jr., Argonne National Laboratory.—Nine alpha 
groups from the decay of Np™’ have been detected by ion 
pulse analysis': 4.872 Mev (3.1%), 4.816 (3.5), 4.787 (53), 
4.767 (29), 4.713 (1.7), 4.674 (3.3), 4.644 (6.0), 4.589 (0.5), 
4.52 (0.02). Alpha standards were Th™ (4.682 Mev) and 
Po™ (4.877 Mev). Using scintillation, proportional and 
magnetic spectrometers, we observed transitions (kev, 
photons /disintegration, e~):(20, 0, L?, M?) (29, 0.14, Lia, 
Ls, M), (56.8, 0, La, La, M), (86.9, 0.14, Lis, La, M, N), 
(145, 0.008, K, L), (175, 0.001, K), (200, 0.003, K, L); also 
the Pa x-rays at (13, 0.9), (16, 0.4) and (92, 0.05). Transition 
assignments were derived from a-¢~, a~y, and y-7 coincidences. 
The 4.872 alpha-particle emission leads to the Pa™ ground 
state. The 86 kev and most of the 30 kev transitions depopu- 
late the second excited state (3.710~* sec). A fraction 
(which is “prompt"’) of the 30 kev, the 145, and complex 
(unresolved) 200 kev radiation arise from levels above 160 
kev. This work was sponsored by the U. S. Atomic Energy 


Commission. 
1D. W. Engelkemeir and L. B. Magnusson, Rev. Sci. Instr. 26, 295 
(1955 


*D. W. Engelkemeir and L. B. Magnusson, Phys. Rev. 94, 1395 (1954), 
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Al2. Energy Levels of Pu™ Populated by the Beta Decay 
of Np**. J. M. Hottanper anp W. G. Situ, University of 
California, and J. W. Minericn. Notre Dame University.— 
The conversion-electron spectrum observed from the beta 
decay of 2.33-day Np™ to Pu™ has been studied with three 
180° permanent-magnet photographic spectrographs. The 
Np™ was prepared by irradiation of U™ in the Livermore 
reactor followed by chemical separation of the neptunium. 
The following transitions, with multipolarities where known, 
were observed 0.04464 (M1+£22), 0.04940 (M1+E2), 
0.05725 (£2), 0.0614 (£1), 0.06782 (£2), 0.09832, 0.1033, 
0.10610 (21), 0.1064, 0.1253, 0.1818, 0.2099 (M1), 0.2264, 
0.2264, 0.2284 (M1), 0.2546, 0.2731, 0.2777 (M1), 0.2856, 
0.3161, and 0.3345 Mev 


Thompson, and Perlman' has been found to describe some of 


Pp The energy-level scheme of Asaro, 
the features of the decay but the observation of certain transi 
levels. 


tions requires the postulation of additional energy 
level scheme based on transition energy sums and 
relative internal conversions will be presented. This work was 


S. Atomic Energy 


An energ 
performed under the auspices of the U 


Commissior 


Asaro, Thompson, and Perlman, Phys. Rev. 92, 694 (1953 


SESSIONS A AND B 


A1l3. Gamma-Ray Induced Isomers with Half-Lives be- 
tween 10-* and 10° Second.* Sran_ey H. VeEGors, Jr., 
AND Peter AxeL, University of Illinois.—A technique was 
developed for the detection of radioactivity between the 
x-ray yield pulses of the University of Illinois 22 Mev beta- 
tron, and was applied to the measurement of radioactivities 
in the half-life range between 10-* and 10~' second. The 
validity of this approach was investigated by observing the 
known isomeric transitions in this range of half-lives in 
Pb®**, Zn*", Ta'*™, and Y***. A search was undertaken to 
determine whether any undetected isomers exist in this range 
of half-lives. Twenty-two elements are investigated, and seven 
previously unreported activities were found. The elements, 
gamma-ray energies, and half-lives are as follows: As, 315 
kev, approximately 14 x 10~* sec; Mo, 98 kev, 16.5 X10~* sec; 
Pd, 160 and 300 kev, 33 X10~* sec; W, 370 kev, 16X10~* sec; 
Tl, 410 kev and 720 kev, 65 X10~* sec; Tl, 520 kev, 5.310~* 
sec; and Bi, 545 kev and 1.065 Mev, 2.7 X10-* sec. Negative 
results were obtained in a search for W'®™ and Na™* activities. 
The (y,) thresholds for the production of Pb™**, Pb”, 
Y*"", and the 16.5 X10~* sec. Mo activity is also measured. 


* This work was supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
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Apparatus and Techniques, I 


Bl. Angular Momentum and Energy of the Ions in the 
Magneto-lonic Isotope Separator. Joseru SLEPIAN, Westing- 
house Research Laboratories In the magneto-ionic expander 
isotope separator,' the net current taken by the collectors is 
zero, and that by the impressed voltage bearing side walls is 
negligibly small. Hence, the total moment of momentum of the 
ions received by each collector is zero, and the total kinetic 
energy of the ions and electrons is the same at the collectors as 
it was at the input end. The increase in length of the discharge 
as it terminates upon the collectors, and the reduction in the 
temperature of the ions there, are both responsible for the 
high enrichment observed there, the deposit upon the collector 
adjacent to the negative wall being enriched in the lighter 
ion, and that upon the collector adjacent to the positive wall 
being enriched in the heavier ion. The method will offer 
isotopes of the metals more cheaply than any other method 


known to me 


1 J. Slepian, Proc. Natl. Acad. Sci. 451-457 (July 15, 1955 

B2. Transmission Secondary Electron Multiplication, for 
High Resolution Counting and Imaging. E. J. STERNGLASs 
anp M. M. Wacuret, Westinghouse Research Laboratories 
Weak currents may be amplified with high space and time 
resolution using secondary electron multiplication through a 
series of plane-parallel insulating films, each covered with a 
thin layer of a heavy metal. The metallic layer serves to scat- 
ter the incident electrons so that they enter the insulator at 
large angles. The long secondary electron diffusion length in 
the insulator results in high yields and permits the use of 
relatively thick films, thereby keeping the number of fast 
transmitted electrons small. In order to allow reasonably low 
voltages between stages, the films must be very thin. The 
films used consist of a supporting film of SiO about 100 A 
thick, followed by ~20 A of Au and 400-600 A KCl. To 


obtain sufficient mechanical strength, they are carried by 
electro-formed screens of fine mesh and 50% open area. With 
this screen open area, a yield of 4 per stage was obtained at 
2 to 3 kev. Less than 10% of the emerging electrons exceeded 
an energy of 6 ev, indicating that the homogeneity is adequate 
for high image and time resolution. Time response tests were 
carried out using the technique developed by R. V. Smith. 
A seven stage device with a 502 coaxial output and 0.75 inch 
diam screens spaced 0.20 inch apart gave a transit time of 
3 10-* sec and a rise time of $1 10~* sec at 3 kv per stage. 


B3. New Method for Determining the Range of Low-Energy 
Electrons in Solids. J. E. Hotiipay anp E. J. STERNGLAss, 
Westinghouse Research Laboratories —The range of electrons 
at energies in the kilovolt region and below may be determined 
by measuring the number of backscattered electrons from 
composite layers as a function of the incident energy. This 
technique is especially useful at low energies, where the 
energy loss in supporting foils becomes appreciable. The 
material studied is deposited as a film on a thick base having 
greatly different backscattering properties. Using a mono- 
energetic electron. beam, the fraction » of backscattered 
electrons is determined with a plane-parallel collector system 
that rejects the secondaries of <50 ev. For low primary ener- 
gies, » is characteristic of the surface film. As the energy is 
increased, electrons penetrate to the base material. When the 
energy of the primaries is such that the range in the surface 
material is equal to twice its thickness, a marked change in 9 
occurs. Using a series of aluminum layers of different thick- 
nesses on a gold backing and observing the energy at which 9 
begins to change, it was possible to obtain a range-energy 
curve for aluminum between 2 and 17 kev. The results are in 
good agreement with Bethe’s theory of stoppping and the 
experimental results of Lane and Zaffarano who utilized the 








onset of penetration through layers carried by thin organic 
foils. 


B4. Bistable Solid State Opto-Electronic Devices. E. E. 
LoeBNER, Sylvania Electric Products, Inc.—The bistable 
operation of ac circuits containing optically coupled and 
impedance matched electroluminescent and photoconductive 
elements has been investigated as a function of amplitude and 
frequency of the applied voltage, circuit current, and bias 
illumination. It was found that a series circuit of an electro- 
luminescent and a photoconductive cell will stabilize either at 
a low-current and nonemitting or at a high-current and 
light-emitting operating condition within a range of voltages, 
whose mean magnitude and spread decreases with increasing 
illuminance bias. Selection of the desired operating mode can 
occur by means of electrical or optical or combined input 
signals. The time needed for switching into the other stable 
condition varies from few milliseconds to several seconds and 
depends not only on the operation and the time constants of 
the cells, as well on the strength and duration of the signal 
pulses, but also on the accompanying electro-photolumines- 
cent and infrared quenching effects. Several logic networks, 
capable of computer operations, were built using series and 
parallel arrangements of electroluminescent and photocon- 
ductive cells and selecting light channels between them. 


BS. Evapor-Ion Pump Behavior with Noble Gases. [Gor 
ALEXEFF AND EpWArpD C. PETERSON, University of Wisconsin.* 

-With the Evapor-ion pump, as previously described, rela- 
tively high pumping speeds for chemically active gases are 
easily attained. For inert gases which must be ionized and 
driven into the walls, high speeds have been difficult to reach. 
During the past year, various arrangements of electric and 
magnetic fields have been tried in attempts to improve 
ionization efficiency. The most effective arrangement pro- 
duced a pumping speed for argon of 250 liters/sec at 1 ampere 
of ionization current. A high transparency grid and an axial 
magnetic field were used. The Evapor-ion pump is an efficient 
leak detector because of the difference in pumping speeds for 
air and inert gases. Spraying a leak with helium, for example, 
causes a sudden marked pressure rise. 


* Work supported by the Wisconsin Alumni Research Foundation and 
the U. S. Atomic Energy Commission 


B6. Negative Hydrogen Ion Source. J. A. WeInMAN, J. R. 
CAMERON, AND R. G. HERB, University of Wisconsin.* 
Positive hydrogen ions from a magnetic ion source’ are 
accelerated to an energy of 20 kev. The ions then pass through 
a capillary tube into the center of which hydrogen is intro- 
duced.* The negative ions emerging from this tube are accel- 
erated by an additional 30 kv, while the emerging secondary 
electrons are electrostatically repelled. The negative ions are 
then focused by an electrostatic “‘saddle-field” lens,? and 
separated by a magnetic analyzer. Currents measured in a 
collector after passing through the magnetic analyzer can 
readily be maintained at 20 to 25 microamperes and the 
source has yielded a maximum of 30 microamperes of negative 
hydrogen ions. The beam at the collector cup is normally } to 
} inch in diameter. A pressure of 10-* to 10 mm Hg is 
maintained in the negative hydrogen ion source container by 
an Evapor-ion pump,‘ which gives pumping speeds of ap- 
proximately 7000 liters per second. 


* Work supported by the U. S. Atomic Energy Commission and the 
Wisconsin Alumni Research Foundation. 
! J. Kistemaker and H. L. Douwes Dekker, Physica X VI 3, 198 (1950 
2A. C. Whittier, Can. J. Phys. 32, 275 (1954). 
+O. Klemperer, Electron Optics (Cambridge University Press, Cambridge, 


New York, 1953), p. 64 
*R. H. Davis and A. S. Divatia, Rev. Sci. Instr. 25, 1193 (1954). 


B7. Energy Resolution Obtainable with a 2 Mev H,* Beam. 
D. F. Herrinc, R. A. Doucras, E. A. SILVERSTEIN, AND 


SESSION 
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REN Curpa, University of Wisconsin.*—The energy resolution 
obtainable with a diatomic hydrogen ion beam is appreciably 
inferior to that available with the atomic ion beam. The ion 
beams were provided by an electrostatic generator and de- 
fined in energy by a 90° cylindrical electrostatic analyzer. 
The resolution was investigated by observing the very 
narrow 0.993 Mev (p,y) resonance in Al’ first for 0.993-Mev 
protons and then for 1.986-Mev diatomic ions. The resolution 
for the atomic ions was measured to be 0.09%, while that of 
the diatomic beam was 0.25%. Preliminary calculations of 
the resolution for values for the internal energy of the H,* 
system less than the dissociation energy (2.65 ev) indicate 
that the bulk of the effect can be attributed to doppler 
broadening resulting from the internal motion in the H,* ion. 


* Work supported in part by the U. S. Atomic Energy Commission and 
the Wisconsin Alumni Research Foundation. 


B8. Investigation of Boron Trimethyl Counters. G. A. 
FerGcuson, C. W. Peters, ano F. E. Jastonskt, U, S. Naval 
Research Laboratory.—The use of boron trimethyl, B(CHs)s, 
as a counting gas has been reported.' The nonelectronegative 
character of its decomposition products is desirable for 
extended counter life. We have prepared B(CH,), according 
to a procedure similar to that described by Brown* using BF; 
generated from the nonenriched complex CaF ,-BF,. Impuri- 
ties were removed by a method suggested by Dr. M. Taylor 
of Howard University. A sample of the purified gas was 
analyzed by infrared spectroscopy and bands were found at 
locations indicated for boron trimethyl.’ A cylindrical brass- 
walled counter, ene inch in diameter and six inches in length, 
having a 4.5 mil tungsten anode was filled with purified, 
nonenriched boron trimethyl to pressures in the range 5-30 
cm Hg. The response of these proportional counters, in a 
flux of Po-Be neutrons moderated in paraffin, has been com- 
pared with the response of a similar filling of BF. Differential 
pulse-height spectra have been observed for the two fillings 
The resolution is roughly 30% for a 30-cm Hg pressure. 

'O, H. Hauser, Z. Naturforsch. 7a, 781 (1952) 


*H. C. Brown, J. Am. Chem. Soc, 67, 374 (1945). 
* J. Goubeau and H, Becher, Z. anorg. u. allgem. Chem. 268, i (1952) 


B9. Recoil-Coincidence Method for Producing Mono- 
energetic d-d Neutrons. W. FRANZEN,* L'niversity of Rochester, 
AND P. HuBER AND L. SCHELLENBERG, University of Basel.— 
A method has been developed for eliminating background 
neutrons from a d-d neutron source. For this purpose, neutrons 
emitted from a deuterium gas target are observed in coindi- 
dence with the He’ recoils also produced in the reaction. The 
gas volume is confined by means of a 0.5 mg/cm? Ni foil, and 
the recoil counter consists of a layer of ZnS crystals on the 
face of a photomultiplier mounted behind a system of aper- 
tures at 90+-3° to the direction of incidence of the deuterons. 
A cylinder of Scintillon plastic attached to a photomultiplier 
mounted on a movable frame is used as a neutron counter. 
The factors influencing the energy resolution of the system 
have been analyzed. For a gas pressure of 3.5 cm Hg, the 
geometry of the system is designed to achieve a neutron 
energy spread of less than 10 kev for a deuteron bombarding 
energy between 400 and 1000 kev. This device is now in use 
for the measurement of total neutron cross sections, and its 
operation will be described in detail. 


* On leave 1954-1955 at the University of Basel, Switzerland. 


B10. Characteristics of the New Argonne Fast Neutron 
Chopper.* L. M. Bo.tincer, R. E. Cork, anp J. M. LeBranc, 
Argonne National Laboratory.—A fast neutron chopper hav- 
ing unique features has been completed and is operating at 
reactor CP-5. It consists of a rotor of a new design spun about 
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a vertical axis at 15000 rpm by a direct coupled de motor. 
The rotor is a 10-inch diameter monel cylinder with a uranium 
core of 3 inch diameter. Two sets of 7 slits perpendicular to 
the axis of rotation intersect at 90° in the core. All slits are 
cigar-shaped, being 0.025 inch wide at both ends and 0.055 
inch in the middle. This shape 
which, for a given speed, are twice as narrow as those given 
by conventional fast chupper slit designs. At full speed the 
average burst width is 2 ysec, giving a resolution of about 
0.04 ywsec with a 60-meter flight path. The shape of the cut-off 
function may be varied over a wide range by adjustment of 


produces neutron bursts 


collimator positions. The large slit area of the present rotor 
is to give a high flux for partial cross section measurements. 
A second rotor under construction, giving narrower neutron 
bursts, is intended for transmission measurements. 


# the U.S. Atomic Ener 


ar to that of the Brookhaven chopper 


* Work done 
t The drive « 


he auspices 





Bil. Third-Order Aberration and Focusing with Sector- 
Shaped Magnetic Field.* D. F. Dempsey, W. C. Micier, 
anp B. WatpMan, University of Notre Dame.—Magneti 
focusing computations have been carried out which extend 
ilts of Herzog 


of Hintenberger*® for magnets whose edges are in 


the first-order res and the second-order results 


the sh ape ol 








straight lines or arcs of circles. The general formula obtained 
evaluates the transverse aberration of order a® which occurs 
at the focus of second-order i 

factor a which may be eq 

eters which result i hird-order foc 
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plotted as design curves which allow a choice of many third- 
order magnets. 


* Supported in part by the Office of Naval Research and the U. S. Atomic 
Energy Commission. 

‘RK. Herzog, Z. Physik 89, 447, 786 

*H. Hintenberger, Z. Naturforsch 
Rev. Sci. Instr. 20; 748 (1949). 


1934 


3a, 125, 669 (1948); 6a, 275 (1951 


B12. Attenuation of l-cm Microwaves by Abnormal dc 
Discharge in Helium.* Z. GELLER anv W. Low,t The Hebrew 
University.—The attenuation of 1 cm microwave was mea- 
sured as a function of the distance from the cathode of a cold 
cathode de discharge. Measurements were made for various 
pressures and current densities in the abnormal discharge 
region. The attenuation reaches a maximum before the 
beginning of the negative glow, falling off to small values in 
the positive column. Electron densities calculated from the 
attenuation data agree roughly with those found by other 
methods. Near the beginning of the negative glow negative 
attenuation or amplification was observed in a very narrow 
layer in about the same region where Merrill and Webb! 
have observed cscillations. The amplification increases with 
current density. The calculated density at this region cor- 
responds to that obtained if the plasma were to oscillate with 
the microwave frequency. A possible explanation is a coupling 
between the microwave field and the longitudinal plasma 








oscillations which makes the microwaves grow as they 
traverse the discharge tube. 
request e of authors 
St f Chicago 
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Theoretical Physics, I 


Ci. Self-Consistent Treatment of the Nuclear Independent 





article Model. G. E. Tauser* ann T. Y. Wu, National 
Research Councu \ general central nucleon-nucleon inter- 
ction V(\r,;—41,\) including all possible central interactions, 
such as Wiig eT, Barth tt, Maj na and Heinsenberg, has 
been chosen to satisfy the saturati requirements and to be 
‘ istent with some of the properties of the two-nucleon 


hut 





tains the strength J is an adjust ible param- 


vut ¢ 





Ni, 
eter. The wave function of the nucleus is an antisymmetric 


combination of products of the single-nucleon wave function 
the Ritz variational 
of the total binding energy 
to find the “central field”’ 


a nucleon in any shell, and to calculate its binding 


¥:. The ¢ and Vs are determined by 
principle and the empirical value 
of the nucleus. It is then possible 
Vir) for 
energy from the Hartree-Fock equations. Calculations have 
been carried out for the O"* nucleus. With the value of V> so 


obtained, the total binding enerzies of O"* and O"' and the 


binding energy of the “‘last’’ nucleon has been calculated 
The result that the last neutron in O outside the closed 
shells is weakly bound compared with the nucleons in the 


closed shells in O" is consistent with the usual basic ideas in 


the shell model 


* Present address; Department of Physics, Western Reserve University, 


Cleveland, Ohio 


S. Krssurncer,* Indiana 


nteraction in 


C2. L-S Interaction in Nuclei. | 
The spin-orbit 
two-body 






is derived 


Firstly, a 


niversity nuclei 


from the nucleon-nucleon interaction 


calculation is made using only the tensor interaction, which 
is known to be present in the nucleon-nucleon interaction. 
Using a nuclear surface which is currently accepted, this 
1} interaction which is not in disagreement 
t. Secondly, a more general approach is taken, 


cak ilation gives ar 


with experimen 


one which is more nearly in accord with the spirit of the 
“coherent’’ model of the nucleus'. In this case the general 
nonrelativistic nucleon-nucleon scattering operator is used, 
and from this it is shown that a splitting arises which is 


Phe mixed density function for 
the nucleus is evaluated as part of the calculation. 


consistent with observations 


* National Science Foundation Predoctor 
ym, and Mahr i, 
97, 1353 (1955 





95,217 (1954); K. A 


! Brueckner, Lev \ 
recent publications by 


Brueckner, Phys 
Brueckner ef al 





C3. Hole-Particle Relations and j-j Coupling. R. W. Kinc 
Purdue Unwersity.—Odd-odd and § decay matrix 
elements involving neutrons and protons in 1+ 4 orbits show 
marked departures from hole-particle equivalence in the j-j 
coupling scheme. The less abundant data on /—4 shells reveal 
no such marked departures for either odd-odd spins or 8 
decay transition probabilities. This behavior shows that the 
spin-orbit interaction does not lead to j-j coupling over the 
complete shell. It appears that 
igh to prevent j-j coupling are achieved when only a few 





spins 


mutual interactions large 





ene 
particles are present in a shell. As particles are added the 


mutual interactions become less specific, and the average 














tendency to j-j coupling re-emerges. A good approximation to 
j-j coupling is reached near the closure of an /+4 shell. The 
i—4 shells are forced to be j-j coupled by the exclusion 
principle. This point of view leads to a consideration of 8 
transition probabilities as a function of the percent of shell 
crossed with the satisfying result that the image transitions 
appear as limiting cases of a continuous trend. Implications 
for individual orbital forbiddenness in (d,p) reactions and 
8 decay are also apparent. 


C4. Proton-Proton Scattering at 1 Bev.* Wi_itam Rarita,f 
Case Institute of Technology.—By using the partial wave 
analysis reported at the last Washington meeting' and limit- 
ing the / value to 3 we obtain a good fit to the experimental 
elastic angular distribution of protons scattered by protons 
at 1 Bev. The elastic cross section ¢, can then be evaluated. 
o.=22.3 mb and the absorption cross section ¢,=25.7 mb. 
¢./¢.=1.15. By making the more restrictive assumption that 
the phase shifts 5; depend solely on / and not j we find that 
the 6; can be determined in terms of a single parameter. 
Usually three parameters would be needed to express the 
phase shifts. But the inequality relation between the forward 
angle scattering and the total cross section is best fitted at 
the minimum and thus gives two additional conditions. An 
unusual result is that for all values of the remaining parameter 
the absorption in the S state is less than that in the D state 
contrary to the expectation of the ray approximation of the 
optical model. On the other hand, the P and F state phase 
shifts behave well according to such a model and give a 
reasonable radius of interaction. 

* Supported by U. S. Atomic Energy Commission. 


3 On sabbatical leave from Brooklyn College. 
William Rarita, Phys. Rev. 99, 630(A) (1955) 


CS. Phase Shift Analysis of Nucleon-Nucleon Scattering 
at 150 Mev.* SHorokU OHNUMA AND Davip FELDMAN, Uni- 
versity of Rochester.—A phase shift analysis of the unpolarized 
n-p and p-p scattering as well as the polarized p-p scattering 
data at 150 Mev has been carried out on the assumption that 
nuclear forces are charge independent and that only states 
with total angular momentum J <2 contribute; *P:—*F: and 
3S, —*D, coupling have been neglected, however. The formulas 
used to estimate the Coulomb-nuclear interference in p-p 
scattering are essentially nonrelativistic (although they in- 
clude a kinematic correction so as to give agreement with the 
Moller formula at small angles). Those nuclear phase shifts 
which are common to the p-p and n-p systems are not identical 
to one another because of the Coulomb interaction; the 
differences between these two kinds of phase shifts have been 
estimated, assuming only a range for the nucleon-nucleon 
force, and have been found to be small. Polarized n-p scatter- 
ing cross sections have been calculated for the same energy 
using the sets of phase shifts thus obtained and they will be 
compared with the experimental data. The implications of 
the analysis for the nature of the nucleon-nucleon interaction 
will also be discussed. 


* This research was supported, in part, by the U. S. Atomic Energy 


Commission. 


C6. Multiple Photon Production from Electron Pair Anni- 
hilation. J. Josern, State University of Iowa.—Gupta! esti- 
mated the cross section for N-photon production, assuming 
that the principal contributions come from very soft photons 
(infrared divergence) and small scattering angles. Gupta 
justified these assumptions by an independent estimate of 
three-photon production. He regarded the latter as more 
reliable. Specializing his general result to N=3 one finds a 
discrepancy of a factor 4. We have estimated N-photon pro- 
duction assuming only the infrared limiting form,’ introducing 
this approximation at an earlier stage of the calculation. Our 
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results agree with Gupta's, giving owe:[2ar™ In(y/«) 
X In (27) }**/(N—2)! where ym is the electron energy in the 
laboratory system and em is the experimental energy resolu- 
tion. Moreover, we applied the substitution law to the double 
Compton’ process to obtain three-photon pair annihilation. 
This result agrees with the general formula, differing from 
Gupta’s value by a factor 4. We also estimated the next terms 
in the high-energy expansion for N=3: 4arg* In(2y)[In(2y) 
+1])/y. 

1S. N. Gupta, Phys. Rev. 98, 1502 (1955). 

? J. M. Jauch and F. Rohrlich, Helv. Phys, Acta 27, 613 (1954), 


*F, Mandl and T. H. R. Skyrme, Proc. Roy. Soc. (London) A215, 497 
(1952). 


C7. Contribution of the Electron to Pair Production in 
Atomic Hydrogen. F. Rouriicn anp J. Josern, State Uni- 
versity of Iowa.—The total cross section for pair production by 
y rays on a free electron in the high energy limit is (in units of 
ary?) ¢ = (28/9) In(2w/m)—106/9, which includes recoil and 
exchange effects. The constant term is the result of an exact 
integration of Votruba's' formulas, who estimated it to be 
— (102+4)/9. Extracting the electron recoil distribution from 
Votruba’s work permits one to correct the screening calcula- 
tions of Wheeler and Lamb.* They neglected the recoil energy 
and exchange and found for complete screening in atomic 
hydrogen econ =16.4 and oincon=19.8 for the coherent and 
incoherent total cross sections. We find that the recoil energy 
is indeed negligible, but that exchange modifies their results to 
ooh = — (28/9) In2a + (97410)/27=16.840.4 and § eincod 
= — (28/9) In2a+77/27 =16.1. Exchange gives a smaller 
electronic momentum transfer distribution and therefore 
decreases the incoherent cross section, but increases slightly 
the coherent cross section due to the (negative) interference 
term between nuclear and electronic momentum transfer. 


'V. Votruba, Bull. intern. acad. tech. Sci. 49, 19 (1948). 
1 J. A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 (1939). 


C8. High-Energy Photoneutron-Proton Pair Ejection from 
Nuclei.* ALLEN Opian,t BERNARD FELD, WILLIAM RANKIN, 
Peter Stein, ALBERT WATTENBERG, AND ROY WEINSTEIN, 
Massachusetts Institute of Technology.—The high-energy photo- 
production of neutron-proton pairs from nuclei has been 
compared to the photodisintegration of the deuteron for 260 
Mev photons. The differential cross sections for the production 
of these pairs from lithium and oxygen was compared with 
that for the photodisintegration of the free deuteron at proton 
angles of 35°, 60°, 90°, and 135° in the center of mass of the 
deuteron. The relative angular distribution from lithium and 
oxygen to deuterium was found to be flat within the experi- 
mental error. This indicates that if the mechanism for the 
photodisintegration of the real and quasi-deuterons is the 
same, then the relative angular momentum of a neutron and 
proton in a quasi-deuteron is the same as that in a free deuteron. 
The process shows a cross section dependence of @ guasi-deuteron 
=CNZe/A free deuteron where C is between 2.5 and 4 
indicating that the mechanisms for the two processes are the 
same. 

* Supported in part by the U. S. Atomic Energy Commission Office of 


Naval Research. 
t Now at the University of Iinois, Urbana, Iinois. 


C9. Electric-Monopole Transitions in Atomic Nuclei. E. L. 
Cuurcn* AnD J. Weneser,t Brookhaven National Labora- 
tory.[—Low-energy electric-monopole, or EO transitions, 
(AI =0, no), proceed solely by internal conversion, with zero 
units of angular momentum transferred to the ejected electron. 
Gamma-ray emission of this multipole order is strictly for- 
bidden, although EO pair production is possible for transition 
energies >2 mc*. It is pointed out that (1) the electric-mono- 
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pole mode of de-excitation is available between any two equal- C10. Strength Function of Nuclear Energy Levels. H. H. 
parity states of the same spin, zero or otherwise, (2) that in BarscHaLL anp S. E. Darpen, University of Wisconsin.*— 












































such cases, EO internal conversion may compete favorably with Measurements of the strength function (ratio of average 
the magnetic-dipole and electric-quadrupole reduced neutron width to level spacing) for levels in the com- 
radiative transitions in heavy nuclei, and (3) that monopole pound nucleus have been continued.’ Deviations from expo- 
matrix elements, (i|2r,*|f), may be particularly useful in the _nential attenuation of neutrons at average energies between 
study of nuclear structure. The relative and absolute conver- 60 and 225 kev were observed. For manganese, a large effect 
sion properties of electric-monopole transitions have been found at all energies provides evidence for the S-wave peak 
ilculated relativistically, ir ling the effects of the finite in the strength function predicted by the complex square well 
clear size and atomic screening. These results have been used model.? For selenium and niobium, the strength function 
to analyze the available experimental data on the 2*— computed assuming only S-wave interactions increases rapidly * . 
transitions in Pt™* and Hg™, and to determine upper limits with neutron energy suggesting appreciable interactions of , 
for the monopole matrix eiements. These limits appear appre P-wave neutrons. An analysis of the data taking into account 
ciably smaller than the values deduced for the well-know the effect of P-waves yields for selenium and niobium a P-wave 
monopole transitions of the 0*--0* type. The possible sig strength function in qualitative agreement with calculations ’ o 
fhicance of these results is considered with reference to current based on the complex square well theory which predicts a 
iclear model P-wave maximum at low neutrcn energies for these elements 
. eave m Frankford Arsenal. } . *W , t At ergy on and t 
;v k ” ed er the a ices of I g S I 
Cor * Feshbach, Porter, a Rev. 96, 448 (1954 
FRIDAY MORNING AT 10:00 
Kent 106 
G. E. PAKE presiding 
Magnetism; Magnetic Resonance 
D1. A Low Voltage Magnet and Regulated Power Supply.* transition temperature would b h that the ions are anti 
R. C. Mor C. H. BLakewoop,f a DD. C. Raves,  ferromagnetically a ged on eacl hree sublattices 
Lou , ’ \ ex g ed ( ol an R. ¢ K be t ed in American 
r use i bum issociat mowe will Miner . 
be dex m i he ignet pro a field of 15 gauss a, oy. &. ¢ vtaheaies 4 ’ ov, Wang 
KCTOSS a gat Linch ove i i 100 sq lhe power 
supply ts ; f delivering controlled currents up to 150 D3. New Magnetic Transition in Mn,ZnC. B. N. Brock- 
amperes at 20 volts to two serie mnected strip wound mag HOUSE, Chalk River Laboratory, anv H. P. Myers, University of 
et coils. The current control circuit « ts of a high gai British Columbia Alloys with the approximate compositon 
closed loop servo system using a self-bala g electronk Mn;ZnC are ferromagnetic but the saturation magnetization 
amplifier and a two stage single magnetic amplifier t eld the shows a maximum in the region of 230°K. X-ray studies have 
magnet coil current. The high internal ga f the tem and shown that below 231°K the normal cubic structure becomes 
the excellent tabilit f the s« | fhe tetragonal with a c/a ratio changing smoothly from 0.994 at 
| ts ex ent to +0.01% ! « 77°K to 1.000 at 231°K. Neutron diffraction studies have ‘ 
ting characteristics of the control circuit will be dise ed shown that a set of lines which can be indexed as 111, 311, and 
- ee Novel & + i 331 lines of a unit cell of double the normal size appear below 
ergy ( 231°K. These lines have an intensity which increases steadily 
fy Sam yar’ with decreasing t and are ascribed to magnetic ° 
scattering. Above 1¢ 100 line (normal cell) has an ‘ 
intensity which < I nted for by simple ferromagne- 
D2. Magnetic Properties of Murdochite, CusPbO,. PALMER tism of equivalent manganese atoms. Below 231°K the inten- 
L. Epwarps, Naval Ordnance Laboratory ramagnet sity of the 100 line is greater than can be accounted for on this 
susceptibility of Cu**, octahedrally surr led" by VU"; 48 basis. Above the normal Curie temperature (~400°K) the 
fo i the mineral murdochite.? was deter: ed from 77°K diffuse scattering suggests moments of about 1.5us per 
to 845°K. Above room temperature the Curie-Weiss law is sat- manganese atom, consistent with the saturation magnetiza- 
ished with @ 700° + 50°K. Below room temperature the re tion above 231°K. Mn,ZnC therefore appears to be a normal! 
ciprocal susceptibility curve be slig tow he tempe ferromagnetic material above 231°K. At this temperature a 
ature axis. From the linear port the rve the effective second-order transition occurs, involving a complex ordering of 
ag neti ment per ( was found to be 1.75+0.02ys the manganese ions. Possible magnetic structures will be dis 
which ve ear the value f ) lete orbital h cussed 
The large negative @ indicates that murdochite may be tifer 


romagnetic, although no transit temperature was observed D4. Magnetic Superexchange Interaction.* Davip A. Kortt- 
in the susceptibility curve. A molecular-field analysis showed witz, University of Pennsylvania \ straightforward formu- 


that the possible arrangements of the magnetic ions below a_ lation of the theory of superexchange for the standard tri- 
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atomic model has been carried out. Explicit determinantal 
wave functions are employed in a routine configuration inter- 
action calculation based on perturbation theory. Orthogonal 
atomic orbitals are assumed, but, following Slater, are consid- 
ered as disposable parameters. Our program is threefold in 
purpose: (1) to set up a formalism generalizable to “degenerate 
superexchange”’ and other indirect magnetic interactions; (2) 
to include within the analysis the hitherto negiected direct 
exchange interaction between the excited magnetic cation and 
the excited anion; (3) to obtain a formalism which permits us 
to test the sensitivity of results to the choice of perturbing 
excited states. It is found that inclusion of the direct exchange 
interaction referred to above does not essentially alter the 
previously given experssions' for superexchange coupling. The 
simple intuitive significance of this result will be discussed. 
The choice of excited states suitable for the perturbation cal- 
culation will also be discussed. 
* This work was supported by the Office of Naval Research. 


derson, Phys. R 79, 350 (1950 
1 Vieck, J. phys lium 12, 262 





1951). 


D5. Microwave Resonance Relations in Anisotropic Single 
Crystal Ferrites.* J. O. ArtmMan, Lincoln Laboratory.—The 
ferromagnetic resonance relations in magnetically anisotropic 
single crystal ferrites have been re-examined. The basic theory 
has been considered previously by Smit! and Zeiger.* General- 
ized nomograms are presented which relate the microwave 
resonance frequency to the magnetic field, anisotropy param- 
eter K/M, and magnetization M. These curves are derived for 
both negative and positive 
oriented so that both the and 
fields lie in a (110) crystal plane. Results are given for calcula- 


anisotropy spherical specimens 
static microwave magnetic 
tions made on the assumption that the specimen exists as a 
single magnetic domain. The nature of the gradual alignment 
of M to the static 
Simplified formulas are given for the “quasi-line up” region 
VW and H becomes small. The oc- 


magnetic field H is discussed in detail. 


in which the angle between 


currence of multiple domain structures below magnetic 


saturation is also considered. The domains are assumed to be 


lamellas of two varieties arranged alternately. Resonance 
relations are derived for both negative and positive anisotropy 
crystals when H is applied along a [110] direction. These 


results are compared with recent experiments 


* The research reported in x<ument was supported jointly by the 
Ar nd Air Force under contract with Massachusetts Institute 
H. G. Be Research Repts. 10, No. 2, 113-130 





April, 1955). 


?H. J. Zeiger, Lincoln Laboratory (private communication). 


D6. A Lagrangian Formulation of the Gyromagnetic Equa- 
tion of the Magnetization Field. T. L. Gripert, Armour 
Research Foundation of Illinois Institute of Technology.—The 
gyromagnetic equation, dM/dt=yM x, for the motion of 
the magnetization field, M(r), in a ferromagnetic material can 
be derived first 
Déring.' Here © is the ef 
magnetic field and contr 


and magnetoelastic effects. Using this variational principle, 


from a variational principle, as shown by 


tive internal field, including the 





yutions from exchange, anisotropy, 
the equations of motion « be recast into a Lagrangian form. 
This makes possible a consistent derivation of the equations 
of motion of the magnetization field and other fields to which 
it may be coupled (e.g., the displacement field of the lattice 
and the electromagnetic field). It also permits the introduction 
a consistent manner using the 
that 


of viscous damping effects in 


Rayleigh dissipation function. It is shown viscous 


damping of the magnetization field leads to an equation of 
motion which reduces to the Landau-Lifshitz equation only 
when the damping is small. It is also shown that this Lagran- 
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gian formalism permits the introduction of damping due to 
disaccommodation in a consistent and very general way. 


1W. Doring, Z. Naturforsch. 3a, 374 (1948). 


D7. Anisotropic Paramagnetic Absorption Spectrum of 
Manganous Ion in Cubic Zinc Sulfide. Lawrence M. Matar- 
RESE, United States Naval Research Laboratory, AND CHIHIRO 
Kikucat, University of Michigan.—We have investigated the 
paramagnetic absorption spectrum of manganous ion in a 
natural crystal of cubic zinc sulfide and have found the anisot- 
ropy to be unusually pronounced. The maximum width of a 
hfs group is 45 gauss with the densities of the components 
approximately in the ratio 8:5:9:5:8. This pattern of density 
distribution is to be expected when quartic terms in the 
crystalline electric field potential predominate. The spectra 
were obtained at fields in the vicinity of 8500 gauss and at a 
microwave frequency of approximately 24 000 me/sec. The 
angular dependence was investigated by varying the direction 
of the magnetic field in the (100), (110), and (111) planes of 
the crystal. Experimental results indicate that the symmetry 
of the crystalline electric field about the manganous ion is 
cubic. The cubic anisotropy constant, A, is —1.37, the sign 
being determined from the dependence of the hfs pattern upon 
the nuclear magnetic quantum number. The relationships 
among the anisotropy constant, the hfs coupling constant, and 
anion coordination will be discussed for several compounds. 


D8. The Doublet Structure in Paramagnetic Absorption 
Spectra of Mn** in Calcite.* Curmiro Kikucni, Engineering 
Research Institute-—Hurd, Sachs, and Hershberger! observed 
that some of the paramagnetic absorption lines of Mn** in 
calcite are split into doublets for certain orientations of the 
magnetic field with respect to the crystal trigonal axis. Ac- 
cording to their observations, the doublet separation is maxi- 
mum near 60° and vanishes at 0° and 90°. The present paper 
suggests that this doublet splitting is due to the nonequivalent 
trigonal fields at the two calcium sites occupied by Mn**. 
The present theory gives (1) P,(cos#@) for the angular de- 
pendence of the doublet splittings, (2) 23 gauss for the maxi- 
mum splitting, (3) the ratio 5:4 for the splittings of the strong 
to weak doublets, and (4) isotropic absorption spectrum when 
the magnetic field varies in the equatorial plane. These results 
are in good agreement with experiment. The possible occur- 
rence of the doublet splitting in other crystals will be discussed 


* This investigation was carried out under a contract with the Signal 
Corps. During the initial phases the author was associated with the Nu- 
cleomcs Divisior Naval Research Laboratory, Washington, D 

Hurd, Sachs, and Hershberger, Phys. Rev. 93, 373 (1954 


D9. Nuclear Magnetic Relaxation Times in Polyethylene.* 
I. J. Lowe, L. O. Bowen, ann R. E. Norperc, Washington 
University.— Direct measurements of 7; and T; for the proton 
magnetic resonance in polyethylene have been made from 
observations of Bloch decays and spin echoes produced by 
30 mc/sec radio-frequency power, Ob- 


microsecond pulses of 





is were made at temperatures between 240°K and 


servati 





392°K using the same commercial stock material as Wilson 
and Pake.' The results are in substantial agreement with the 
relaxation times postulated by Wilson and Pake and show 
the coexistence of several very distinct T;'s between 260°K 
and 295°K. The 7; values measured ranged from 4 microsec- 
onds near 240°K to 0.1 second in a molten sample at 392°K 
Over much of this temperature range T; was measured to be 
of the order of 6.1 second with T; becoming nearly equal to 
T, at 392°K. The short 7; component visible on the Bloch 
decays grows progressively weaker as the temperature is 
raised, becoming nearly undetectable by 340°K. Near 280°K 
there is a weak “slow-beat”’ structure on the Bloch decays 

* Supported by the Office of Naval Research and the U. 8. Air Force 
through the O.S.R. of the Air Force Research and Development Command 

'C. W. Wilson and G. E. Pake, J. Polymer Sci. 10, $03 (1953); ’ 
Wilson, thesis (unpublished) Washington University, 1952 
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General Nuclear Physics 


El. Elastic Scattering of Protons from Na*™’.* N. P. Bavu- 
MANN, F. W. Prosser, Jr., anD R. W. Krone, University of 
Kansas.—The elastic scattering of protons from Na®™ at an 
angle of 155° has been observed in the energy interval 780 kev 
to 1500 kev. Targets were made by evaporating metallic 
sodium onto thin organic backings inside the target chamber 
A zinc sulfide screen and photomultiplier tube were used for 
particle detection. For some of the stronger resonances 
unambiguous spin and parity assignments were made. These 
resonance assignments are: E, = 877 kev, 1+; E,=1022 kev, 
2—; E,~1176 kev, 1+; E,=1321 kev, 3+, and E,=1398 
kev, 3+. Two strong resonances at E,=1288 kev and E, 
=1460 kev, which decay strongly by ground-state alpha 
particles, could not be given assignments compatible with 
those required for the observed angular distribution of the 
alpha particles. Simultaneously with the elastic scattering, the 
excitation curve for emission of ground-state alpha particles 
was obtained, verifying the results of Stelson' above 1 Mev. 
In addition three which show no evidence of 
gamma decay, at proton energies of 797 kev, 815 kev, and 
922 kev were found which correspond to levels of Mg™ 
obtained by elastic scattering of alpha particles from neon.’ 


resonances 


in part by the Office of Naval Research and the National 
Science Foundation 


H. Stelson and W. M 


* Goldberg, Haeberli, Galonsky 


* Supported 


1954 
93, 799 


Preston, Phys. Rev. 96, 974 
and Douglas, Phys. Rev 


1954). 

E2. Polarization in P-a Elastic Scattering.* Mary JEAN 
Scortt anp Rar E. Sece.,t Brookhaven National Labora- 
The polarization of protons elastically scattered by 
measuring the left-right 


lory 
alpha particles was observed by 
asymmetry obtained by doubly scattering protons in helium. 
Protons at 3.0 Mev entered a helium filled double scattering 
chamber through a thin nickel window. Protons whose first 
scattering was at 90° (c.m.) and second scattering at +73°, 
+ 100°, and +125° (c.m.) were detected by 50 ¢ Kodak NTA 
emulsions. The polarization was calculated from the ratio of 
the number of tracks on symmetrically placed plates using the 
formula: R= (14+P,P:)/(1—P,P:) where P; and P; are the 
polarizations in the first and second scatterings, respectively 
The resultant polarizations are compared below to those cal- 
culated from the single scattering phase shifts given by Critch- 
field and Dodder.' The two results are seen to be in agreement, 
with the error in the calculated polarizations being quite large 
due to the great sensitivity of the polarization to variations in 
the phase shifts 

PP: (calculated 

0.482011 


0.35200 
0.18+0.05 


PP: (observed 
0.37 +0.05 
0.32 40.05 
0.22 +0.05 


R (observed 
2.19200 
1.94200 
1.57 40.08 

Prelimipary data taken at an incident proton energy of 3.5 
Mev indicate similar results 

®Work performed under the auspices of the U. S. Atom 
Commission 

t On leave from Johns Hopkins University 

'C. L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 (1949 

E3. T-T Elastic Scattering from 1.6 to 2.0 Mev. Date M 
Hoi anv H. V. Arco, Los Alamos Scientific Laboratory.—A 
magnetically analyzed triton beam from an electrostatic gener- 
ator has been scattered from tritium in a 14-inch scattering 
chamber and the differential cross sections measured in 10° 
steps from 20° to 140° in the c.m. system for incident energies 


of 1.8 and 2.0 Mev. Two proportional counters with a fixed 
angular separation of 90° were used in coincidence to detect 
both the scattered and recoil tritons for the laboratory 
angular range from 45° to 70°, with an absolute probable 
error of +3%. A single counter was used for laboratory angles 
between 10° and 20°, with resultant probable errors of +5, 
--15%. Excitation functions in 100 kev steps from 1.6 to 2.0 
Mev for c.m. angles of 60° and 90° show no evidence for an 
excited state in this region. The c.m. angular distributions in 
barns per steradian are as follows: 1.800 Mev: 20°, 2.90; 30°, 
0.60; 40°, 0.1790; 50°, 0.1007; 70°, 0.0891; 80°, 0.0831; 90°, 
0.0824. 2.013 Mev: 30°, 0.41; 40°, 0.159; 50°, 0.1103; 70°, 
0.0815; 80°, 0.0881; 90°, 0.0795. 


E4. Elastic Scattering of 40-Mev Alpha Particles from 
Light Nuclei.* G. Ico, H. E. WEGNER, AND R. M. ErsBere,* 
Brookhaven National Laboratory.—Thin foils of light and inter- 
mediate weight elements have been bombarded with alpha 
particles of energy 41+0.3 Mev. The angular distributions of 
elastically scattered alpha particles have been measured. In 
qualitative distinction to the differential cross section for 
elastic scattering of alpha particles from heavy elements, the 
lightest elements investigated show strong maxima and 
minima. The ratio, (do/dQ)o./(do/dQ) cou, oscillates about a 
value approximately equal to one. The quantity, (do /dQ) cou, 
is the cross section in the field of a point charge. In Cu and Al, 
the maxima occur at approximately ten degree intervals from 
20° to 100°, the angular region investigated. The data for Cu 
and Al fit the diffraction formula: RRA(sin@/2)=x/2, where 
R=1.3At+1.5. In the intermediate weight elements such as 
Mo, the maxima and minima in (da/dQ).»./(do/dQ) cout are 
less prominent and are superimposed on an exponentially 
decreasing function. The exponential decrease in Mo is com- 
parable to the decrease' observed in elastic scattering from the 
heavier element, Ta, which shows no maxima or minima at 
this energy. A comparison will be made between these data 
and data taken at other energies 
the auspices of the U. S. Atomic Energy 


* Work performed under 


Commission 
t Now at the University of Minnesota 
t Wegner, Eisberg, and Igo, Phys. Rev 


99, 825 (1955 

ES. Absolute Cross Sections for the Coulomb Scattering 
of 1.00-, 1.75-, and 2.50-Mev Electrons.* V. SpieGe., JR.,f 
B. WaLpMAN, AND W. C. MILcer, University of Notre Dame.— 
Electrons from our electrostatic generator were scattered from 
thin foils of aluminum, nickel, silver, and gold. The scattered 
electrons were analyzed by means of a 90° magnetic spectrom- 
eter using a scintillation detector. The cross sections were 
measured at 30°, 60°, and 90° with an estimated error of 
+2% and at 120° and 150° with an estimated error of +5%. 
\ comparison of these results with the Mott theory as eval- 
uated by Curr shows deviations of 5% to 10%, the experi- 
mental results being low. Corrections for nuciear size and 
screening and the radiative correction of Schwinger seem to be 
needed to remove this discrepancy 


* Assisted by the j f the Office of Naval Research and the 
U. S. Atomic 


t Now at the Nat 


unt program 
Energy Commission 
ynal Bureau of Standards 


E6. Plural Scattering of Fast Electrons.* B. WaLpMAN, 
V. Sprecer, Jr..t anp W. C. Mricer, University of Notre 
Dame.—We have evaluated the effect of plural scattering in 
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our experiments on the Coulomb scattering of electrons. 
Electrons of energy 1.00, 1.75, and 2.50 Mev were scattered by 
aluminum, nickel, silver, and gold foils. The foils were in the 
transmission position for scattering angles of 30°, 60°, and 90°, 
and in reflection position for angles of 90°, 120°, and 150°. 
Data were taken as a function of foil thickness in the range 
0.3 to 3 mg/cm?*. As expected the effect of plural scattering 
increased with and increasing 
atomic number 


decreasing electron energy 


* Assisted by the joint progr # the Office of Naval Research and the 
U.S. Atomic Energy Comm 


t Now at the National Bure 


E7. Nuclear Gamma-Ray Scattering Techniques.* G. E 
PuGu, R. Gomez, D. H. Friscu, anp G. S. Janes, M. J. T. 
We have made further studies of an energy sensitive y-ray 
detection system previously reported for use with scattered 
The system consists 


gamma rays in the 50 to 150 Mev range.' 


conventional telescope for identification, 


followed by a large liquid scintillation counter to measure the 


ot a gamma-ray 
energy lost by an electron pair made in the lead converter by 


the gamma ray. A new telescope and large counter have been 
subjected to a more careful electron calibration using several 
converter thicknesses and many electron energies. This gives 


the telescope efficiency, somewhat lower at low energies than 
was previously assumed, as well as the pulse height response 
This data, together with the experi- 
allows us to predict the response to 


in the large counter 
mental pair cross sections 
a bremsstrah- 


an arbitrary gamma-ray Assuming 


lung distribution of gamma rays, the calculated response was in 


spectrum 


good agreement with the observed response when the counter 
was placed in the direct beam of the M. I. T. synchrotron 
Difficulties of the 


normalization and are 


order of 15% have arisen in our absolute 
not yet understood 
* This work was supported in p wy the foint ram of the Office of 
Naval Research ar ton I ay ission 

1 Pugh, Frisch, and mez, Rev i. Instr. 25, 1124 (1954 

E8. Gamma-Ray Scattering by Complex Nuclei.* RK 
Gomez, G. E. Pucu, D. H. Friscu, anp G. S. Janes, M. J. T 

Data is now available at 45 In the 
pulse height region corresponding to 80-Mev gamma rays and 
ahove, the counting rate is a factor of two to three below th it 


from several elements 


from a Thompson-type cross section. The cross 
section itself could dip to a considerably lower minimum and 


f the width of the « 


ex ner ted 
nos be observed because ounter response 
The low energy cross section at 45° is obscured by large num- 
iys for which the counting rate is 
Phese produce a counting rate whose 
and 
nt with a rough estimate of internal 
bremsstrahlung from pair creation. No theoretical calculation 
is available The data at 90° and 135 
indicate some excess in scattering at low energy which may be 
attributed to the giant resonance.' After form factor correction, 


bers of low-energy gamma r 


linear in target thickness 


magnitude and dependence on angle, energy, peak 


machine energy is consiste 


for comparison also 


the high-energy data are almost consistent with Thompson, 
excess of about 20 to 30% at 135 


. Our knowledge of the radius and our absolute 


but there appears to be an 
relative to 90 
normalization may not be good enough to say which is out of 
line. It is probable that a systematic error in our previous data 
may have caused us to over-estimate the excess at 135°.* 


* This work was supported in part by the joint program of the Office of 
Naval Research and the U.S. Atomic f gy Commission 

' E. Hayward, Proc. Phot 1 f., Case Institute of Technology, 
May 23, 1955, p. 23 

. h, Frisch, and Gomez, Phys. Rev. 95, 590 (1954 


ugh, Fr 


E9. Gamma-Ray Scattering by Hydrogen.* G. S. JANes, 
R. Gomez, G. E. PuGcu, ano D. H. Friscu, M. J. T.—Using 
a liquid hydrogen target which will be described, we have 
observed scattered gamma rays at 50°, 90°, and 135°. The high 
counting rates observed by Oxley and Telegdi’ at forward 
angles do not extend into our high energy channels at 50°. It 
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is probable that they observed low-energy gamma rays of an 
origin similar to those described in the preceding abstract. At 
90° and 135°, our low-energy data (50 to 90 Mev) is in agree- 
ment with Oxley and Telegdi, and with any reasonable theory. 
Our data above 90 Mev, at both 90° and 135°, suggests a 
somewhat lower cross section, but is not conclusive because of 
low counting rates. 

* This work was supported in part by the joint program of the Office of 


Naval Research and the U. S. Atomic Energy Commission 
1C. L. Oxley and V. L. Telegdi, Bull. Am. Phys. Soc. 30, No. 5, 16 


1955 
E10. Preliminary Mass Doublet Measurements with the 
Minnesota 16-Inch Mass Spectrometer.* T. T. Sco-man, 
K. S. QuiseNBERRY, AND A. O. Nrer, University of Minnesota. 
The 16-inch double-focusing mass spectrometer previously 
described'* has been modified to employ the peak matching 
method.* This method utilizes an oscilloscope presentation 
which facilitates focusing the spectrometer since the mass 
peaks are instantaneously displayed. The frequency employed 
is approximately 30 cps which removes the necessity of ob- 
taining long term stability of the electric and magnetic fields 
rhis results in a considerable simplification in the electronic 
circuits. Resolving powers of 30000 to 60000 are usually 
employed although values as high as 100 000 have been ob- 
A series of doublets have been measured to check the 
These doublets and their 
36.393149: C,H,—CO 
NH,—O = 23.8164 
12.57304-8; CH; 


tained 
ymeter 
tentative values are: CH,—O 
36.392648; CysH,—CO,=72.7871416 
+5; NH OH = 23.81594+6: CH N 
NH =12.5845413; CH,—NH,=12.580045; C;sH,—N;, 
25.15854+6; N-—CO=11.235626. From data, in 
addition to the measurement of the same doublet at various 


consistency of the spectr 


these 
masses, two mass triplet cycles can be constructed and 
checked for closure. 

* Supported by a grant from the National Science Foundation 

( s, Scolman, and Nier, Ff s. Rev, 95, 615 (1954 

 Ouisenberry, Scolman, and Collins, Phys. Rev. 96, 825 (1954 
* Clayton F. Giese and T. L. Collins, Phys. Rev. 96, 823 (1954 

Ell. The Atomic Masses of H', D*, C'*, and S*.* K. S 
QuISENBERRY, T. T. SCOLMAN, AND A. O. Nier, University of 
Minnesota The 16-inch double-focusing 
spectrometer has been used to determine the atomic masses of 
H', D*, ¢ and S® relative to O"* by the doublet method. A 
series of mass doublets sufficient to give the mass of C™ by four 
different cyck The doublets used and 
i 1.549841: CH,—O 
C,H,—A® =68.9344 
( A" = 324729420; HO— 4A" =26.793746; C, 
4C, HO—H,.S=25.4016412 O;-S 

i average of the four cycles gives the following 

tentative mass values H 1.008143945 [D)? = 2.0147380 
£10; C= 12,0038174418; S*® = 31.98224014-9. Comparison 


between these v al ies and those obt 1ined trom 


Minnesota mass 


has been measured 
are H D 
41.9390+413 


values 


thei tenta 
393145; D,O—4A* 


33.0269+13; 


99 +9. A 


nuc lear reaction 


studies will be presented with particular attention given to 


C2 


a grant from mndation 


E12. Nuclear Spin and Magnetic Moment of 50-Day In"'*". 
L. S. GoopMAN AND S. WEXLER, Argonne National Laboratory 

The nuclear spin, magnetic moment, and the sign of the 
magnetic moment of 50-day In'*" have been determined by 
the atomi 
found are J 
tions’ were observed in resonances of the inactive In'* used 
fields 
these transitions and the limitation in accuracy of the deter- 


beam magnetic resonance method.'* The values 


SA and w= +4.7 n. m. Multiple quantum transi- 
for the calibration of the magnetic Some properties of 
mination of the nuclear magnetic moment of In” introduced 
by their presence will be discussed 
* Work done under the auspices of the U. 8S. Atomic 
1]. R. Zacharias, Phys. Rev. 61, 270 (1942 


*L. Goodman and S. Wexler, Phys. Rev. 99, 192 
*P. Kusch, Phys. Rev. 93, {022 (1954) 
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Apparatus and Techniques, II 


Contributed Papers 


Monte Carlo Calculation* on Cerenkov Counters. 
RA YAMAGA A M uu YOSHIMI Un i 


95, 667(A) (1954 
Pp Rev. 98, 1538(A 


G4. Small Model FFAG Betatron. I. General Description.* 
.. M. TERWILLIGER AND NES, University of Michigan, 


G2. Cerenkov Counter as High-Energy Photons Spectrom- 


eter. |. I . l'y ” 


, ant eded { r ( 


G5. Small Model FFAG Betatron. II. Design Calculati 


ons.* 
| > 9 . ] . ) \\ kK RST fs 


I ver 
escribed in the 
e fraction of 


it lepe idence 


ive dev 
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G6. Small Model FFAG Betatron. III. Preliminary Experi- 
mental Results.* L. W. Jones AND K. M. TERWILLIGER, 
University of Michigan and Midwestern Universities Research 
Association The wavelengths of the radial and vertical 
betatron oscillations in the FFAG model have been measured 
The method used is to observe the position of two rays from a 
point electron source at similar points in successive sectors. 
Since an electron oscillation at similar points in successive 
sectors lies on a sine curve independent of its position else- 
where (by Floquet’s theorem), a measurement of the spacing 
of two rays at similar points readily determines the wavelength 
The source, an injector with a pinhole, is placed at the center 
of a radial focusing magnet. A screen with two pinholes for 
each oscillation mode is put at the center of the next radial 
focusing magnet, defining the electron beams which are then 
i fluorescent screen at the same point in the follow- 
The measured wavelengths agree well with the 
cal The betatron wavelengths can be tuned in 
this model by varying the relative strength of the positive and 


observed o i 
ing sector 


tlated values 


negative fields and by changing the field index, &. The tuning 
range is adequate to cross integral and half-integral resonances 
Ihy status of the electron 


acceleration program will be discussed 


radially and vertically. The current 


rted by the National Science Foundation 

G7. General Theory of Orbits in FFAG Accelerators. Keiru 
R. Symon, University of Vidwestern Unwver- 
1 ssociation magnetic field, and the 
character of betatror a fixed field alternating 


Wisconsin and 
*—The 


oscillations in 


ties Research 
accelerator are determined if the equilibrium orbits 
inction of particle momentum. A suitable 
specifying a set of equilibrium orbits 


gradient 
are specified as a f{ 
system of parameters [{ 
in a plane are introduced, and the equations for linear betatron 
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oscillations about these orbits are derived. Two kinds of al- 
ternating gradient focusing terms appear, which may be re- 
ferred to as “edge-type’’ and “gradient-type” focusing. 
Approximate formulas for betatron oscillation frequencies are 
derived relating them to momentum content, magnetic field 
flutter, and other machine parameters. The character of these 
relationships depends on whether the focusing is predomin- 
antly gradient-type or edge-type. An approximate treatment 
of nonlinear betatron oscillations can be given for machines 
whose equilibrium orbits are nearly circles 


* Supported by the National Science Foundation. 

G8. FFAG Electron Cyclotron.* Timmro Onkawa, Uni- 
versity of Illinoist (introduced by D. W. Kerst).—New types 
of FFAG! accelerators having the same orbit length for all 
momenta are proposed. In these types electrons, injected with 
an energy of a few Mev, are accelerated by a fixed frequency 
electric field until the radiation loss becomes serious, probably 
at a few Bev. The necessary cavity voltage is, for example, 
200 Kev with 3 Mev [wo types of guiding 
fields, similar to Mark I (alternate field type) and Mark V 
In both, the magnetic field 


injection energy 
(spirally ridged type) are used 
ncreases exponentially in the vertical direction so that as the 
The field 


and the azimuthal angle in such a 


partic le energy increases, its orbit rises vertically 


also depends on the radius 
way that the focusing properties are very similar, respectively, 
to Mark I and to Mark V. Other types of FFAG having the 


orbit surface not on a median plane are also proposed 


y tl wesen ithor at the meeting of the Physical Society 
Tokyo 
e meeting 


t al Society 
1 Phys. Re 98 


1955 


f the Physik 


1152(A) 


Invited Papers 


G9. Billion-Volt Injection into High-Energy Accelerators. L. C. 


tory (30 min.) 


enc, Argonne National Labora- 


G10. Cloud-Chamber Ionization Measurements and Applications. E. W. Friesen, University of 


Indiana 


(30 min.) 


FRIDAY AFTERNOON 


AT 2:15 


Mandel Hall 


E. P. WIGNER presiding) 


Invited Papers Derived from the Cosmic-Ray Congress 
at Guanejuato, Mexico 


H1. The Primary Radiation and the Origin of Its Changes with Time. J. A. Simpson, University 
Chicago. (45 min.) 
H2. Astrophysical Questions and the Galactic Origin of the Cosmic Rays. S. CHANDRASEKHAR, 
(45 min.) 


University of Chicago 


Contributed Paper 


H3. Time Variation of Primary Heavy Nuclei Flux in the 
Cosmic Radiation.t M. Kosuina anp Marcer Scuern, Unt- 
versity of Chicago.—In view of the apparently conflicting ex- 
perimental results on the subject thus far reported,' it is 
worthwhile to give the following new results. The sea-level data 
suggest a rather small variation, if any, of the high-energy 


heavy primaries.? However, we should note here that sea-level 
phenomena are appreciably affected by higher energy pri- 
maries only and that the lower energy region is where we 
might expect a sizeable time variation. As a consequence, the 
should be carried higher geomagnetic 
latitudes and at the maximum possible altitude. This experi- 


experiment out at 











ment was performed at 58 


13 hours at an elevation of 





determining the time of arriv 


same as that used by the Chicago gr 


thus far accumulated seem to sho 


that observed by V.H Yngve.* 











oon which floated for 
Phe technique of 
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progress at the present time, more complete data will be 
presented with improved statistics 


part by a joint program of the Office of Naval Research 
mi Energ ( mr n 
ys. Rev. 95, 783 (1954 
plon, Phys. Rev. 86, 569 (1952 
hys. Rev. 92, 428 (1953 
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Neutron Scattering and Absorption; Photoneutron Reactions 


Inelastic and Elastic Scattering of 1.7- 
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Slow Neutron Resonance Scattering of U? 


Is rook haven 
i [ss 
‘ { is 
_ 
‘ inge U it ¢ 


Neutron Transmission 
Le BLaN L.M.B 


' ed was } ‘ 
“TW sl ~ | ! 
hcat was made tor 


nal Br samples were 
Ived in CS,. Neutr 
102 134 190 205 240 


rmal Br. The resonances 


have e ergies ol 35.6 


ances assigned to Br* 


Transmission dips with energies 
found to be characteristic of B 
density in Br individual res 


letely resolved at energies 
p 


353. 669. and 1540 ev 


1 enriched Se”? 


Se™*, and Se® were measured in the energy interval up to about 


neutron transmissions of normal Se metal ¢ 








10 kev. The resonances whose isot pic issignments have been 
made are 211 77), 660 ev (77), 960 ev (77), 1830 ev (80), 
4100 ev (80 ind 5350 ev (80 [he parameters for several 
resonances in Br and Se will be giver 

* Work er the a ices Of the U.S. Atomic f Commission. 





I4. The Absorption Cross Section of Gold for Slow Neutrons 
Measured on a Single Crystal Spectrometer.* F. T. GouLp, 
r. I. TayLor, anp W. W. Havens, JR., Columbia University 


and Brookhaven National I utory.—Columbia University’s 
single crystal spectrometer, at the Brookhaven National 


Laboratory, has been idapted to work | the 4 to 8.75 A region. 
\ mica crystal is used as monochromator and combinations of 
| 
i 





s. The gold cross 


ring materia 











sectio is been measured | region 4.9 to 8.75 A and is in 
excellent agreement with results obtained by other methods. 
A least squares fit of forty-six points to a straight line gives a 
pe of 54.40 b/A+0.05. The wa gth calibration based 
the graphite, bismuth, beryllium, and beryllium oxide 
breaks is known to 0.2%. Within this accuracy, the gold cross 
“ f wsal/vlawintl easured wavelength interval. 
I tain the thermal abs rption cross section, we can make 
irate rrection (1.2%) for the departure from 1/v at 

E =0.025 ev, since 95% of the thermal cross section comes from 


the 4.9 ev level? The 2200 m/s« 


lev ibsorption cross section is 
then T abe 99 0+2.0 barns 


* Resear [m me ler tract wit the I S Atomi Energy 
ter, Palevsek Myers, ar Hughe I Rev. 92, 716 (1953 
* Wood, Lar a, and S r, Phys. Re 98, 639 (1955 


IS. Neutron Total Cross Section of »,U*™ in the ev Region.* 


V. E. Prccuer, J. A. Harvey, anp K. K. Setu,t Brookhaven 
; e.! 





National Laboratory The neutr total cross section of 
[ has been studied in the energy range 2 ev to 40 ev, using 
the Brookhaven fast chopper. The resonances in this isotope 
ure rather small and extremely closely spaced. The average 
level spa g of 1.3 ev spin state is the smallest yet reported i 
iny isotope. This spacing is based on the number of levels up to 
20 ¢ since above this « ergy t 3 t ilw ivs possible t 
separate lividual resonances with the present resolution. The 


’ 
Breit- Wigner parameters were computed for all of the observed 


resonances, making use of the area method of analysis. I: 


cases where it was not possible to obtain I from thick and thi: 


sample measurements, the quantity el. was computed from 
the thin sample data, making use of an average [ of 0.1 ev 
The ratio I,°/D is (0.9+0.2)x10~*. This is somewhat larger 














SESSION I 


than is predicted by the cloudy crystal-ball theory. The size 
distribution of the reduced neutron width has been deter- 
mined and compared with present theories. By combining the 
fission data with the total! cross-section data it was possible to 
obtain values of I’, for several of the low-energy resonances. 
The average value for ', was found to be 3046 mv. Making 
use of this value of I, the quantity I'y was calculated for those 
resonances in which I was known. 
* Work carried out under contract with U 


t Summer stu 
tory. 


S. Atomic Energy Commission, 
jent from the University of Pittsburgh Radiation Labora- 


16. Neutron Resonances in U*** and U**.* V. L. Sartor, 
Brookhaven National Laboratory.—The total cross sections of 
U* and U™* have been measured with a high resolution crystal 
spectrometer over the range of energies from 0.1 to >10 ev 
The highly complicated resonance structure has been analyzed 
Breit-Wigner for each resonance will be 
presented. Evidence has been found for interference between 
resonances in the fission component of the cross section. This 
and other special features of these cross sections will be dis- 
cussed, 


and parameters 


* Research supported by U. S. Atomic Energy Commission. 

17. Neutron Resonance Parameters and Total Cross Sec- 
tions in U**,* O. D. Simpson, R. G. Fiunarry, F. B. Simpson, 
anp R. M. BruGcer, Phillips Petroleam Company.—Total 
cross sections of U™* have been measured from 10 ev to 10 kev 
with a resolution of 0.05 to 0.07 usec /meter using the Materials 
Testing Reactor (MTR) Fast Chopper, and resonances have 
been studied below 60 ev. Breit-Wigner (BW) parameters for 
more than 50 resonances have been obtained from transmission 


data. New resonances have been found at 28.8 ev, 29.4 ev, and 
30.0 ev. The 25.7-ev and 35.3-ev resonances, reported by 
Brookhaven National Laboratories (BNL), have each been 
split into two components: (25.7, 26.1) and (35.0, 35.7), 


respectively. Other resonances reported by BNL show strong 
indications of being split: 13.3 ev (13.0, 13.3), 14.1 ev (13.9, 
14.1), 14.6 ev (14.5, 14.7), and 15.4 ev (15.3, 15.5). Some of the 
resonances above 35.7 ev for which oI values will be reported 

re: 38.8, 40.1, 42.6, 44.2, 45.4, 47.7, 49.2, 52.3, 56.1, 57.3, 59.2, 
and 61.4 ev. Values of oT? have been determined where “thick- 
thin” Although it is likely that 
many levels above 12 ev not been resolved, BW 
Parameter values for some of these 
iven great weight, and higher resolution 
t these 


sample data were obtained. 
have area 
analyses have been made 
resonances cannot be ¢ 
will be required a energies before good answers can be 
obtained for this important reactor fuel (the level spacing 


is one of the smallest so far observed). 


* Work performed under the auspices of the U. § 
Commission 


Atomic Energy 


I8. Measurement of I’,”/D Ratio by Average Cross Sec- 
tions.* D. J. HuGues anv V. E. Piccuer, Brookhaven National 
Laboratory.—The ratio of the average neutron width of slow 
neutron resonances to the level spacing, or ‘strength function,” 
This 
ratio can be obtained! from the widths and spacings measured 
for individual levels but the accuracy is limited by the small 
number of levels that can be analyzed. , if the aver- 
age total cross section in the region 1 to 5 kev is measured with 


is a quantity of importance to current nuclear models. 


However 


a sample so thin that no self-absorption is present, the result, 
after subtraction of potential scattering, gives [.°/D directly 
(in fact, at 1 kev is simply 12.9x10* [',°/D barns). This 
method has been tested, the Brookhaven fast chopper, 
for Ag, Th, U, and Ta. The potential scattering contribution 
to the cross section has been eliminated by measurement of 
transmission for a series of sample thicknesses. The results 


using 


1249 


obtained, in units of 10~ are Th, 0.940.2; U, 1.140.2; Ag, 
0.30+0.06, Ta, 1.940.2. These 1',"/D ratios are in good 
agreement with the results obtained! from individual reson- 
ances and are of higher accuracy. 


* Work carried out under contract with U. S. Atomic Energy Commission. 
1 Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 (1955). 


19, Photoneutron Angular Distribution from Carbon. B. P. 
FasricaNnp, B. ALLISON, AND J. HALPERN, University of 
Pennsyloania.—Previous measurements! of the photoproton 
angular distribution arising from the giant dipole resonance 
in the reaction C"(y,p)B" have yielded a distribution of the 
form 2+3 sin. This has been interpreted* as evidence for an 
independent particle description of the giant resonance and 
for the LS coupling scheme. In the hope of studying the 
process of the direct emission of photoneutrons, we have 
measured the angular distribution of neutrons from the giant 
dipole resonance in the reaction C"(y,n)C" using a zinc sulfide- 
paraffin-plastic scintillator as the neutron detector. In con- 
trast to the results for photoprotons from carbon, the photo- 
neutrons show a dip at 90° and a distribution that can be fitted 
by an expression of the form a+ cos. The results will be 
analyzed from the standpoint of distributions expected from 
the possible channel spins involved. 


1 Halpern, Mann, and Rothman, Phys. Rev 
2 Mann, Stephens, and Wilkinson, Phys. Rev 


87, 164 (1952). 
97, 1184 (1955) 


110. The Photoneutron Effect in Zr Very Near Threshold.* 
Joun D. Fox anp Peter Axe, University of Illinois. —The 
reactions Zr™(y,n)Zr™ and Zr™(y,n)Zr™" have been studied 
in detail near threshold. The threshold for the production of 
Zr™™ is 12.3740.09 Mev. The shapes of the activation func- 
tions are interpreted by using the neutron transmissions de- 
rived from the strong absorption model, the gamma ray and 
reduced neutron widths as measured by neutron scattering 
methods.' and by assuming that the compound nucleus is 
formed in the reactions. Analysis of the data leads to an 
estimate of the amount of each type of process by which the 
incident photon is absorbed — £2, Ei, or M1. If there is no 
M1 absorption, 60% of the absorption is of the E1 type; if 
M1 and £2 absorption occur equally, only about 10% of the 
absorption is £1. The familiar shape of photoneutron activa- 
Y (Eg) « (Eg 


ing that large amounts of E2 


tion functions: E,,)* can be explained by assum- 
or M1 absorption take place in 
the threshold region and that El absorption is much less 
important 
* Supported in part by the joint program of the Office of Nav 
and the U. S. Atomic Energy Commission 
1 Harvey, Hughes, Carter, and Pilcher, 


al Research 


Phys. Rev. 99, 10 (1955) 

Ill. Mg(y,n) Cross Section. Paut F. Yercin ann Burton 
P. FABRICAND, University of Pennsylvania.—The published 
data’? for natural Mg and for Mg** disagree somewhat in the 
energy region below 11 Mev where only Mg**(y,n) can con- 
tribute to the neutrons detected. Above the Mg**(y,n) thres- 
hold at 11.1 Mev, however, a more serious disagreement occurs 
If the measured Mg™ yield is subtracted from the published 
natural Mg yield, the resulting ‘‘Mg**(+,%)"’ cross section from 
its threshold to the Mg™(y,n) threshold at 16.6 Mev, is ex- 
tremely different from that of Mg** in the same region. We 
have investigated this by remeasuring the natural Mg(y,n) 
cross section, using a sample of MgO. Our yields disagree with 
the published values in the region in question. If the Mg™ 
yield is subtracted from our measured natural Mg yield, the 
resulting “Mg**(y,")"" yield resembles very closely that of 
Mg* in the same region. Spectroscopic analysis of our sample 
showed no significant impurities. 


' Katz, Haslam, Goldenberg, and Taylor, Can. J Foye. - 580 (1954). 
*R. Nathane and P. F. Vergin, Phys. Rev. 96, 1296 (1955) 
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Ki. A Torus Model of the Elementary Particles in which gravitational acceleration g (and not ao) for any value of 4 3 
Stability May Be Achieved by Gravitational Forces Resulting the constant 
from the Concentrated Electromagnetic Field.* Winston H _ =a) Sides ¥ ; 
Bostick,t L’ntwersity of California, Lwermore For a simple iF. J. ‘and I ( ‘Sw mart, N.S.F. research report, Purdue 
torus model of an elementary “particle” the total rest energy University, uber, 195 ” r 





v ibly 


be equates 


K3. Hartree-Fock Wave Functions for Mn*‘. W. W. Piper 























Invited Papers 


KS. Effective-Range Theory of Meson-Nucleon Scattering. Francis Low, Uni 


4) mir 


K6. Theory of Pion Photoproduction. Marc Ross, Jndiana Unn 


K7. Higher-Spin Particle Formalism. D. ( 
K8 





PEASLEE, Purdue Univer 


ersuy 


On the Relation of a Potential to the S-Matrix. R.G. Newron, Indiana 





tional energy F Get(inR /ro)8/83AR? AND J. S. PRENER, General Electric Research Laboratory. 
ip the r raditt of the tos and G is the era Hartree-Fock one-electron wave functions have been obtained 
tional cant. Entities where | F Ey! mav be expected for the ground state (**) of Mn*. Hartree’s interpolated 
to be table. It is suggested that these « ons awe Sue ed wave functions' for Mn** were used as initial estimates for 
with the mesons: e.g. InR/re2<180 for the x~ meson. Entities the filled shells. An approximate solution for the (3d) wave 
where | EF, I e., ma? =0, may possibly correspond te function was available from previous work. An IBM type 
photons and neutrinos. Entities where |E,|2!E,| represent © digit il computer was utilized to carry out the computa- 
the nnesthkk iy { highly dynamic stability and n tion. The differential equations were integrated by means of 
: em wanendl te alert — - wre Numerov’s difference equation? for second-order differential 
Ink /remes X10 . erul ' | ates” enceneaiia ¢ equations. Simpson's rule was used for all quadratures. A 
F P — . = nl on oh, : b total of fifteen iterations on various individual shells were 
whicd ons d ’ [ respondence ' lel irried out. This required approximately five hours of valid 
to th ec} lw» { ested machine time. The total charge belonging to any shell and 
er lel ly . ‘ A ' ncluded within a sphere of arbitrary radius is correct to less 
than 0.005 a The position of the maximum in the (3d) 
“mn : peg , ‘ oe “yooh wave function is 0.72 a.u. which is 0.10 A smaller than the 
7 dius reported by Hartree! for Mn**. Work is in progress on 
the lowest excited state (*P) 
K2. Bending of Light and Falling Rotators.* F. J. | 
PANTI Purdue Unive t Consider a linear theory f D. R. Hartree, Proc. Cambridge I Soc. 51, (Part 1) 126 (1955 
1B. Numer le Obese astrot : entral R 2, 188 (1933 
gravitat elding a bend ‘GM fl . g 
mass M (with f=4 for Einste \ particle travel K4. A Positional Correlation Study for a System of Two 
the « } field g the erence ur elera a Electrons.* ]. S. EvANs AND R. H. TreDGOLD, University of 
gLi+ t— I viveg Due to the ‘ wh Varyland (introduced by R. D. Myers) A system of two 
do not he eleme with fast nucle ‘ ‘ electrons harmonically bound to a mass much larger than 
fall faste han hydrogen? T! ccelerat f a charge ywwn is one of the few three-body problems which is 
the gr | field is a=a I . - E+v i to exact solutios a model provides a con- 
B I l l v(v-E/ I " eI venti che irious iations used to handle 
ere Mf Sod gx Negle rrelat roblems where re it has been necessary 
radiative t due et letern e ; | toa ypeal to expe ent. The ground-state eigenvalue and 
iccelerat a Coul field, fr acl ‘ tx eigenf have been calculated exactly and by several 
E rl gx 2 g-+a r/2 pr i ( xis. ( rison of the exact and approxi- 
4 a rt helical t Xe(f f particle ite wave | t s allow e to obtain a better insight 
he field } t ed fr he to the st f the r ite methods than is 
“ r t t x t ed t the il compa f eigenvalues 
i+ b—1)ge*/ 2c +a,f/2 l+h)r, on = oo ey ee ee 
a, ~ an =g that ‘ le falls with — Rese e Air Resear ( , 
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FRIDAY AFTERNOON AT 2:15 
Kent 106 


(JoHN BARDEEN presiding) 


Invited Paper 


Nl. Energy-Band Structure of Solids with ZnS-Type Lattices. G. Dresse_mavus, University of 


California, Berkeley. (30 min.) 


Semiconductors, I 


N2. Thermoelectric Power in a Semiconductor Showing 
High-Temperature Degeneracy. V. A. JouHNsON, Purdue 
University.—The narrowness of the forbidden energy band 
in intermetallic compounds makes it probable that the 
electron gas at room temperature and above will be suffi- 
ciently degenerate to require the use of Fermi-Dirac statistics 
in expressions for the electrical properties. The thermoelectric 
power of a semiconductor obeying Fermi-Dirac statistics, 
considering both holes and electrons, is 





2c2/8 J o( —¢* — Eg*) Jy (¢*) Ji (E*) 
k 2J,(—¢* — Ee*) J,(—-¢*- 
O= a iia . an a Se. —_ om 
. cs Jo(e*)J f* — E,*)J,(¢*) 
+Jo(t*)Jo( —¢* — Ee*)J,(—¢* — Ee") 
k c®/5e* J, (¢*) + (¢* + Eg") Jy(—f° — Eo") 
e cH 4 (¢*) +J4(—¢* — Ee*) 
if only lattice scattering by acoustical modes is present. 


J,(¢*) is a Fermi-Dirac integral, ¢* the reduced Fermi level, 
E,* the reduced value of the forbidden band width, and‘ the 
electron-to-hole mobility ratio. Fan and Spitzer’ have found 
optical evidence for the combination of acoustical and optical 
modes of scattering in indium antimonide. Hence the thermo- 
electric power for optical mode scattering and Fermi-Dirac 
statistics has also been calc\lated and found to differ consider- 
ably from the preceding case 


iW. G. Spitzer and H. Y. Fan, Phys. Rev. 99, 1893 (1955 

N3. Ionized Impurity Scattering in Semiconductors. FRANK 
S. Ham,* University of Illinois.—The Brooks-Herring analysis 
of the scattering of electrons or holes by ionized impurities 
has been generalized for ellipsoidal energy surfaces. From the 
effective mass approximation we find for ellipsoidal surfaces, 
as well as for spherical surfaces, that an electron is scattered 
from a state with propagation vector k to a state k’ of equal 
energy with a probability proportional to [(k —k’)*+1/A*}“', 
where d is the Debye screening length. However, for an ellip- 
soidal surface with an axis of symmetry the resulting relaxa- 
tion times appropriate to conductivity along and perpendicular 
to the axis may be quite different. For a mass ratio m,/m,=19 
appropriate to the conduction band of Ge, the relaxation 
time ratio r,/r; is about 12 if only small angle scattering is 
important and if lattice scattering can be neglected. The 
corresponding ratio for Si is 4 for m,/m,=5.1. Results for 
the contribution of large angle scattering will be presented, to- 
gether with those for combined lattice and impurity scattering. 

*NRC Fellow, 1954-1955. Now at the General Electric Research 
Laboratory. = 


N4. Infrared Properties of Selenium. R. S. CALDWELL AND 
H. Y. Fan, Purdue University.*—Optical properties of liquid, 
amorphous, and crystalline selenium were investigated. In 
agreement with previous measurements, the absorption edge 
varies continuously throughout the liquid and solid amorphous 
phases by 1.410-* ev/degree, between 140°K and 580°K. 
At the low absorption levels measured in the experiments, 


the absorption edge in the hexagonal phase is at about the 
same position as in the amorphous phase, and no significant 
difference was found by using radiation polarized parallel or 
perpendicular to the C-axis. The two absorption bands, at 
13.54 and 20.44, in amorphous selenium were observed also 
in the liquid phase at slightly longer wavelengths; this shift 
can be attributed to the temperature difference. The hexa- 
gonal phase shows a doublet band at 21.5s. At long wave- 
lengths, strong bands were observed around 35y and 80,y in 
amorphous, and around 274 and 70, in crystalline samples. 
lhe reflectivity of amorphous selenium is 17.5% correspond- 
ing to the known refractive index of 2.45. The refractive 
indices in hexagonal selenium are ny=2.78 and ny =3.58, 
constant in the range of measurement, 94 to 234. These were 
measured using interference effect in thin samples. 


* Supported by a Signal Corps Contract. 


N5. Mechanical Properties of Si, Ge, and ZnO Whiskers. 
G. L. Pearson, W. T. Reap, Jr., anp W. L. Fe_pMann, 
Bell Telephone Laboratories.—Silicon whiskers 20 in diameter 
and 2 mm long were supported at the two ends and bent by 
a concentrated load applied in the center through a quartz 
fiber hook. From 30°C to 600°C the behavior was elastic up 
to fracture at a maximum stress of about 2 10" dynes cm™. 
The yield stress varied from 210" at 600°C to 410° at 
800°C. During yielding in a hard machine, the force dropped 
to 0.3-0.5 times the yield force and thereafter remained con- 
stant during flow. For a given center deflection, maximum 
whisker curvature decreased and the length of the deformed 
region increased with temperature. Under constant load at 
800°C yielding occurred after incubation; the creep-time 
curve was S-shaped, reaching a constant deflection. Pure 
tension and bending gave the same room temperature fracture 
stress. In germanium, log yield stress varied linearly with 
temperature with a slope of one decade per 135°C for both 
whiskers and bulk specimens. The fracture stress of the 
whiskers was 1.210" dynes cm™* and the minimum tem- 
perature for plastic deformation, 350°C. ZnO whiskers frac- 
tured at 1.5% elastic strain. The interpretation of the results 
will be discussed. These Si, Ge, and ZnO whiskers were fur- 
nished by J. A. Ditzenberger, H. Christensen, and D. G. 
Thomas, respectively. 


N6. Hall Effect in Gray Tin Filaments.* E. E. Kounxet 
anp A. W. Ewan, Northwestern University.—-To supplement 
a previous study of the conductivity and magnetoresistance 
of filamentary gray tin specimens,’ a method for mounting 
the filaments to allow measurement of the Hall coefficient in 
the temperature range 70° to 270°K has been devised and 
results obtained for a number of n-type and p-type samples. 
It is shown that the mobility expressions yu, = 30.2 K10*T™, 
Mp = 21.8% 10'T~** cm*/volt sec and the impurity concentra- 
tion N=2.5 10" cm™* provide a very satisfactory fit to 
experimental data for the conductivity and Hall coefficient 
of a pure sample (n-type) down to 170°K. The indicated 
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by 12 mm with two sets of Hall leads attached 2 mm either 














aly , ite “A s ¢ . ao) 0.094 i 2 J € eneryg ‘ 
gap temperature de pendence leads to M,=M,=0.68 M. Ir side of its center. One-hundred-cycle alternating current 
contradictio p-ty pe ‘ how mobility ratios greater flows in the long direction of the bar. In a magnetic field two 
th t " e of 100-cycle Hall voltages are obtained. These voltages, which 
hig ep ire pr t il to the magnetic field strength at two points 
I f the Hi " ‘ of the field 4 mm apart, are subtracted to give an output 
fie aires ip il to the magnet field gradient The 
a _ : instrument v also measure field strengths and relative 
’ nae OF \keM . share. CA : gradients. The instrument was tested in a calculable magneti 
A xe, F Rev. 97, 607 (1955 field produced by step pole pieces. Gradients from 5 gauss/inch 
to 500 gauss/inch in magnetic fields below 5000 gauss were 
N7. Measurement of Magnetic Field Gradients by the  jpeasured rhe usefulness of the strument is still uncertair 
Hall Effect.* Kk. D. | IN AND G. ¢ Dani 5 lowa State owing to errors caused by exce e field lependence of the 
Coble ge \ magnet ‘ ‘ wi I t Itage 
es the H effect ‘ I et 1. Th 
, WW - the A I at e U. S. Ator 
c < . ‘ ‘ « . 


FRIDAY EVENING AT 7:00 
Quadrangle Club 
R. T. BrrGE presiding 


Banquet of the American Physical Society 


After ner speakers to be ar inced, 





SATURDAY MORNING AT 9:00 
Oriental 104 


R. G. HERB presiding 
Reactions of Transmutation and Nuclear Energy Levels, I 


Pi The Tid.n)He Reaction, 1-5 Mev. ¢ H J ! . yul ‘ er. Backgr id gar na rays from the high 


4 , r energy prot prod ed the He 1,~)He* reaction gave 
“ , “ 50 times that due to the deuteron capture gamma 
Vit polyethylene CH er tor tne target chamber 
‘ ense i was 4.43 Mev f 1 protons 
‘ ‘ cattere ( \ gold liner gave a con 
F g nha mum energ 
J c $43 M For tk e€aso i poly- 
100 5 ett ‘ the ¢ { the experiment 
My l | tr energetic 
| of everal Me witha cut 
PF l t M I ima ield to 
5M | | r ta constant 
MI a”? ‘ 
. “ gue i t b 06 023 1954 
f i S( + } 15 »20. 30 ) 1 UX ) 
MMe \ ‘ “ ‘ t ght att lower wile 
he harper with easing energy. At 5.79 Mev P3. Alpha Spectrum from Li’(p,y)Be**(@)He*t.* E. C. La- 
she me hy to valle 100 rous.eect rat S-1 the VIER S S) Hanna aN > Ww GC INAS lohn Hopkins 
Re 100 «4 ' r, Stat Re ¢ 4.1. § 5.7 Mev have bee 
, \+ , ep st - t | Be**(a)Het re 


im E 


P2. Gamma Rays from He’ Bombardment of Deuterium Mev with ignet ilysis at E 0.44 Mev. Thin Li’ 








V.E.K |. W. Betver, anp H. D. HoLMGreS , targets wer re ce reaction wae. me 
capt He?! was < tored with the ga na radiator I r exposures of 20-30 
gas targe with a H bea “ : h st wert } spectrum. The following 
mentees aith & & 3 in. Nal crystal and a 20 channel groups were observed: The broad structure corresponding t 
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the 2.9-Mev state in Be’, the alpha and He® groups in the 
Li*(~,a)He® reaction from the small amount of Li* in the 
target, and a weak alpha group attributed to O"(p,a)N™ 
from oxygen contamination of the target. In analyzing the 
alpha spectrum for possible structure which could be attri- 
buted to the existence of higher states in Be’, it is necessary 
to consider the recoil motion imparted to the Be* nucleus by 
the gamma emission. We estimate that a group at E =2.0,2.6, 
or 3.7 Mev would have been observed if its intensity was 
greater than 1.0, 0.7, or 0.5% of the total alpha spectrum. 


* Assisted by a contract with the U. S. Atomic Energy Commission. 
1 E. K. Inall and A. J. F. Boyle, Phil. Mag. 44, 1081 (1953). 


P4. Search for States in Li’ and Be*.* R. W. GELINAS AND 
S. S. HANNA, Johns Hopkins University.—Recently evidence 
has been reported for the existence of a state in Li’ at 5.5 Mev.' 
Using the Be*(d,a)Li’ reaction with magnetic analysis we have 
searched through a region up to E,. =6.0 Mev in Li’. Bom- 
barding energies were 0.50 and 0.70 Mev and the angle of 
observation was 70°. No particle group was observed which 
could not be attributed to previously well-established reac- 
tions. The Li’ state at E., = 4.62 Mev was resolved in several 
spectra. The Be*(d,!)Be* reaction was also investigated at 
angles from 23° to 90° and bombarding energies from 0.47 to 
1.15 Mev in order to look for a state in Be* at 4.0 to 4.3 Mev 
In this instance also a negative result was obtained. 

* Assisted by a contract with the U. S. Atomic Pacey Commission. 


! Erdos, Scherrer, Stoll, Wachter, and Wataghin, Nuovo cimento 12, 
639 (1954). 


PS. The Reactions Be’(d,d’) and Be*(a,a’).* D. W. MILLER, 
V. K. Rasmussen, M. B. Sampson, anp U. C. Gupta, Indiana 
University.—The existence of a level in Be*® at 3.0140.1 Mev 
has been verified by the inelastic scattering of 21.6-Mev alpha 
particles and 10.8-Mev deuterons. A broad continuum of in- 
elastic particles near 1.8-Mev excitation is found from both 
reactions. If one assumes that an uncorrelated three-body 
breakup of the compound nucleus causes the broad continuum, 
then the superimposed peak represents a level in Be’ at 1.744 
0.1 Mev. However, within the accuracy of the present data, 
the observed spectrum is consistent with a three-body break- 
up in which a final-state potential-scattering interaction! 
between the Be* and the neutron occurs (scattering length 
about 1.310~" cm. The existence of a state in Be*® around 
1.8 Mev is then allowed, but not required. 

* Supported by the joint program of the Office of Naval Research and 


the U. S. Atomic Energy Commission 
1K. M. Watson, Phys. Rev. 88, 1163 (1952). 


P6. Angular Distribution of Protons from Be*(He’,p)B" 
Reaction. H. D. Ho_mGren, W. E. Kunz, ano L. BULLOCK, 
Naval Research Laboratory.—He’® nuclei accelerated by the 
N.R.L. 2 Mev Van de Graaff generators have been used to 
investigate the angular distributions of the four highest 
energy proton groups from the Be*(He’,p)B" reaction.’ These 
measurements were made with a multiplate reaction camera 
having 200 micron C2 nuclear emulsions placed at 5° intervals 
over the angular region extending from 5° to 170°. All the 
angular distributions were observed to have an extreme in the 
neighborhood of 70° and exhibit a lack of symmetry about 90°. 


' Holmgren, Bullock, and Kunz, Phys. Rev. 100, 436 (1955). 


P7. Electrostatic Analysis of Nuclear Reaction Energies, 
IV. Ren Cara, R. A. Dovetas, J. W. Broer, D. F. Herrine, 
AND E. A. Sttverste1n, University of Wisconsin.*—Cylindri- 
cal and spherical electrostatic analyzers have been used to 
measure the energies of incident and outgoing charged 
particles as described earlier. Stable targets of deuterium and 
nitrogen were formed by gettering of these gases by titanium 
in an Evapor-ion pump. These targets (heated) were used for 
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the D(¢@)H' and D(d,He*)m reactions; N“(¢,p)N™* and 
N*(d,a)C™* reactions. Also measured was the B"(a,d)C® 
reaction. Preliminary calculations of Q values are in agree- 
ment with earlier measurements or mass values. Further 
calculations and error evaluations are underway. The 9.61- 
Mev C*® level had an experimental width of ~40 kev, indi- 
cating alpha emission. Therefore J and parity are restricted 
to O*, 1-, 2*, 3-. (For 4* the reduced width is approximately 
twice the Wigner limit.) 

* Work supported in part by the U. S. Atomic Energy Commission and 
the Wisconsin Alumni Research Foundation. 


P8. Analysis of C'*+d Reactions. M. T. McELListrem,* 
University of Wisconsin.t—Previously reported differential 
cross section for C%(d,d)C", C#(d,p)C¥ and C"(d,p)C™*, 
(E,(C) = 3.09 Mev) have been analyzed to display the strip- 
ping and compound nuclear contributions. Dispersion formal- 
ism has been used to fit the elastic scattering data at two 
“isolated” resonances. One at Ey = 2.502 Mev (E,{N") = 12.41 
Mev) is assigned spin and parity of 4~. Another at Ey = 2.735 
Mev (E,(N") = 12.60 Mev) is assigned 3*. These assignments 
also agree qualtitatively with the (d,p) data. C"(d,p) and 
(d,n) cross sections have been further analyzed by the method 
of Bowcock,' which separates the data into the stripping 
amplitude described by Butler and all nonstripping compon- 
ents. The reduced widths are extracted from the stripping 
amplitude. The widths of C" and N™ are found to be equal 
and have the value (0.09+0.035) (3h*/2ya). The width of the 
3.09-Mev level is found to be (0.27)(3A*/2ya). This value is 
in reasonable agreement with the width of the mirror level 
in N™, 

* Now at Indiana University. 

t Work supported in part by the U. S. Atomic Energy Commission and 


the Wisconsin Alumni Research Foundation. 
1 J. E. Bowcock, Proc. Phys. Soc. (London) 68A, 512 (1955). 


P9. C'*+d Reactions. R. A. DovGias, J. W. Brogr, anp 
Ren Curpa, University of Wisconsin.*—Uniform thin C™ 
targets on 2500 A nickel backings were prepared in a discharge 
tube containing acetylene (enriched to 28.8% C™). Monoergic 
(+0.05%) deuterons selected by a 90° cylindrical electro- 
static analyzer were used to bombard the targets. Reaction 
products at 135° were measured with the spherical electro- 
static analyzer (0.24% resolution). For C(d,a)B" a Q 
= +0.36, Mev was observed (preliminary calculation). No 
protons (<0.05 mb/sterad for Ey = 1.8, 1.9, and 2.1 Mev) from 
C™“(d,p)C* could be found corresponding to the reported 
Q=+0.12 Mev. However, an intense proton group corre- 
sponding to a Q= —0.96 Mev for C(d,p)C"™ was identified. 
The 2.4-sec C" activity was observed (Nal scintillator) to 
decrease sharply to near background as the deuteron energy 
decreased to 1.3 Mev. (For our Q = —0.96, Euyeos = ~1.1 Mev.) 
No appreciable intensity of high energy (~5—10 Mev) beta 
activity corresponding to the ground-state transition was 
observable. Aluminum absorbers of 2.5 cm thickness atten- 
uated the 2.4-sec activity only by 25% indicating the presence 
of high-energy gamma rays. Presumably most (if not all) of 
the beta transitions are to excited states of N*. 


* Work supported by the U. S. Atomic Energy Commission and the 
Wisconsin Alumni Research Foundation. 


P10. Isotopic Spin-Selection Rule Violation in O'* (dja) N***.t 
C. P. Browne, M.J.T.--A group of alpha particles from the 
O"'*(d,a)N™* reaction, leading to the first excited state, has 
been observed. Previous experiments indicate that this state 
has T=1.' Many attempts to observe the present reaction at 
various energies from 2 to 19 Mev have failed’ as they should 
if isotcpic spin is conserved. The yields of this forbidden alpha 
group and of the alpha groups leading to the ground state and 
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second excited state have bes ne red function of P13. The Pickup Reactions F'’(n,d)O"*.* F. L. Ripe, Los 





bombarding energy from 5.50 to 7.5 Mev in 250-kev steps Alam Scientific Laboratory Thin targets of Teflon were 
The angle of observat ’ 0) These groups have al bombarded with 14.1-Mev neutrons, and reaction deuterons 
been measured at r the ‘ t 7.0 Me \ r were detected w proportional counter-scintillator tele- 

served at shout 7:0 Ms At tt ergy, the intensity of | scope at various \ strong deuteron group correspond- 
the fort en gr es ewhat e the intensity of the to the ground yf O" and a weak group corresponding 


two allowed groups drops sharp The inte ty rat f the to an excited state at 1.9+0.1 Mev were observed, and their 











firet ¢ ted-state gr p t the gr 1-stat 1 Se ] differential cross sections were me isured for laboratory angles 
é tecl-state roups reach 14 48°... respectivel The between zero and 80 degrees. No further ex ited-state groups 
} ‘ [ f | g if 
M.1.T. broad-range spectrog h w ed to sep e the were observed for excitations up to three Mev. Above three , 
, . 
ha ¢ { ¢ t Ilat ter Mev the deuter were not resolved. The ground-state 
ane mand on, on the ; rl ; erential cross is well fitted by a Butler curve with 
ones hance are ti ht to be good t t 15%, while le kup structure is indicated for the 
, ‘ f* l to $¢ 1 xcited sing the Butler formula to extract " 
the inte f he ee ¢ ire ¢ y < a 
kinematical effect tains the following values and upper 
od i Naval R : oy : ; ; limits for the dimensionless reduced-width factors 6," for the 
ke I ¢ * , ' I K 92, 6 F¥—-O'* transitions: Ground state l 0: 6,7 =0.036. Rela- 
FA erg en, R Modern F 7 tive 6,?=1.00. 1.9-Mev level—/,=0, 1, 2: 6,?<0.0015 
F 27, ra , 
0.0068, 0.031. Relative 6,?<0.041, 0.19, 0.87. S-wave pickup 
‘ » the excited state thus appears to be forbidden. A separate 
Pll. Excited States of O'* from Proton Bombardment of : ‘ ate Seas ‘th 
‘ ' rch gave no indica f gr ] te protons from the 
Ni4,* | R. Cari “N AND S. BASHKIN , rsity t 
=» : r I np) 
4 ’ \ ‘ ent « hed 619 ‘ h * Work a ~ ergy Commission 
oh —_ " ‘ ‘AA , a fe thea ? P 2 . . 
le pro f 4.4-Mev g yi ; . . Pi4. A 5.3-Mev Energy Level in Mg*‘ Following the Decay 
react were detected wit Nal (Tl) cryst The re n of Na**, F. M. Tomnovec anxp C. S. Cook. U. S. Naval 
it 1660420 kev bombarding energy! was { to havea _ Rad 5 Dtenss Lnboreiers.—Cantie Gaian caine 
ene ‘ yu ) O00 be) ‘ ¢ p ¢ € 99 Me vy in Meg ‘ The spins and parities 
; ‘ : . : tent ‘ gne » this energy level make it appear that 
I ‘ ¢ rresp to ¢ tr tat 1U t 15.95 Na®™ sh ld be able to decay to this level. Observation on the 
4 i ‘ ‘ ul re ‘ € | 4 mre 4 ; ‘ 4 ‘ t ‘ 1 ; 4 
M 114.92 Mev és : high-energy gamma radiations of Na™ using a 4 in. diameter 
ft tat t 14.2 M ‘ } ‘ ' 
Cvicence Os tin ' um at is =v by 4in thick Nal(T1) crystal scintillation spectrometer has 
ru hown radiat t 3.9 and 5.3 Mev, confirming the existence 
° é t the ‘ f f tl level the dec f Na™. The 3.9-Mev radiation,’ 
04 ‘ , rd to tl cheme, follow tr t from the §.3-Mev 
leve e 1,38-Mev level Mg™ 
: ae | Newton, I Rev. 96, 241 (1954 
Pi2. The Inelastic Scattering of Protons from F”’.* B. | : , Ha i Rev. 83. 186 (1951 
| IH \ k ; A’ Ll). ft ) b r 
, ihe ¢ " : 
; P15. Lifetimes of First Excited States of A 
é é } 
1 1-Me f the BN] , CS ‘ ‘ S. S. HANNA ns Hopkin 
, ; ; u - . n ie Th leleg é ] ethod,' incor 
Mi . , et | Q e { t y has been used to determine 
ag nih , ' Fi P ¢ t tate ear 1 t is. In the reaction 
Mi Phe , 
Qt \ \ ‘ ev)Al I ving recoils are obtained 
¥ t ; " e . 
af - psery g col ce es betwee vamma rays and 
M t 1.4494 ) Mev emitted (appr itely) antiparallel to the deuteron 
- i The ¢ co er is at O° to the beam, at a distance 
ait ; ' 2 ans \N 1 346-4 ) prox tely 2d, where d is the dist e traveled by a recoil 
va i pit i vac ‘ . we . —— P » go “4 ¢ 
v/ o ‘ , 100 oon é ¢ r g lite \ et i : pi 1s place i between 
' , target a | ter a 1 the lence yield measured asa 
1 1.345440.010 Me g } : { ew } s 
7 , ‘ ‘ f t yer positi | etiect one measures the 
19 t In addit t 9 \ f Sy. : ; 
1 angle produced by mechanically controlling 
tol © Cue, taliein : ’ , 
+ the r ve f the recoils. The method provides a beam of 
A i +~ Vie rn ‘ t 
, ~ , ae ‘ ted ei produced ina é " rand with a known 
t 1.342+0.010 M 5 0 le $514 : : 
eer ee In the reaction Be’(d.n)B™*(+)B™® the 
0.010 Me I he erve ‘ a 
2 ~~" 86-Mev gar 1 was used to tag the 0.72-Mev gamma, the 
w ti }- \iev 1 q 
1 %4.M t share ¢} ' ut reco inguiar distribution be g obtained from the known 
i-M ' 1-M : 
- stribution The effect { target thickness was 
vestigated with targets of different thickness. Lifetimes of 
M t i 3/2 : ’.7+0.03) X10 and (9.542.010~" sec were obtained for 
MMe 5 } 
Al** and B®*, respectivel) The method gave a negative 
ate . ; 
t ti the 477-kev state in I 
*Work pe t : \ Fy 
eA “are ¢ with the S. Aton ergy Commissi 
g 5 V. L. Teleedi. } Rev. 92, 1253 (1953 
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SATURDAY MORNING aT 9:30 


Mandel Hall 


(R. T. BrrGeE presiding) 


Invited Papers on Bubble-Chamber Experiments 


Ql. Hydrogen Bubble-Chamber Design and Experiments. Luis W. Atvarez, University of 


California, Berkeley. (30 min.) 


Q2. Pion-Proton Scattering Observed with a Liquid-Hydrogen Bubble-Chamber. D. E. Nacte, 


University of Chicago. (30 min.) 


Mesons 


Q3. Meson Production in n-p Collisions by Cosmotron- 
Produced Neutrons with Energies up to 1.5 Bev.* W. A. 
WALLENMEYER, Purdue University (introduced by C. Y. 
CHANG).—This is a continuation at lower incident neutron 
energies of an experiment previously done by the Brookhaven 
Cloud Chamber Group.' 158 of about 210 three-prong events 
obtained from collisions between neutrons, with energies up 
to 1.5 Bev, and protons in a hydrogen-filled cloud chamber, 
have been analyzed. These events have been classifled as 
resulting from the reactionsn+p—>p+p+x°,—~p+pt+r +r, 
and +p+n+x*+2~ in the ratio 40:0:6 below 1 Bev and in 
the ratio 41:12:7: above 1 Bev. The observed ratio of double 
to single meson production is again more than 20 times higher 
than the ratio predicted from Fermi's statistical theory. In 
the center-of-mass system, in the reaction +p+p+a~, the 
protons are very strongly peaked in the forward and back- 
ward directions and tendencies toward 
opposite directions. In cms, in the reaction ~p+p+a* +x"; 
p and x*, m and x~, and also p and » all show a very definite 
tendency to be emitted in opposite directions to each other. 
The tendency of p and x* to be emitted backward and m and 
x~ to be emitted forward which was observed in the previous 
experiment does not show up here. 


have very strong 


* Performed under the auspices of the U. S. Atomic Energy Commission 
at Brookhaven National Laboratory and partially supported by the Purdue 
Research Foundation 

1 Fowler, Shutt, Thorndike, 





and Whittemore, Phys. Rev. 95, 1026 (1954). 
Q4. Photoproduction of =° Mesons in Helium.* E. L. 
GOLDWASSER AND L. J. Koester, JR., University of Illinois. 
An experiment has been performed to compare the energy 
dependence, from threshold to 300 Mev, of x* photoproduc- 
tion in helium with that in hydrogen. The neutral pions were 
detected by counting y rays emitted at a laboratory angle of 
84°. The photon difference method was used to show that a 
cross section maximum occurs in helium at a photon energy 
near 280 Mev. This is much lower than the 325-Mev energy 
of the hydrogen peak. The “elastic” process, hy +He*-r* + 
Het, has been shown to play an important role in the photo- 
production of #* mesons from helium.'? It seems probable 
that the neutral pions produced both in the elastic and 
inelastic processes stem basically from the strong single nu- 
cleon-pion interaction in the 3/2, 3/2 state. The observed 
shift in energy may be qualitatively explained under the 
assumption that the production process is predominantly 
elastic. The inelastic process, as a result of the 20-Mev He 
binding energy which must be supplied, should give to a 
shift in the opposite direction. Analysis to obtain absolute 
cross sections is in progress. 
* Supported in part by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission 
! Goldwasser, Koester, and Mille Phys. Kev. 95, 1692 (1955), 
1G. DeSaussure and L. S. Osborne, Phys. Rev. 99, 843 (1955 





Q5. Scattering of 38-Mev Positive Pions in Hydrogen.* 
A. M. Sacus, H. Wrnick, anp B. A. Wooren, Columbia 
University.— Measurements have been made of the differential 
cross sections of 387 Mev positive pions scattered in hydro- 
gen at several angles. In preliminary runs the 60-Mev external 
pion beam from the Nevis cyclotron, after being analyzed in 
a double-focusing magnet, was slowed down in LiH and 
defined by two scintillation counters. After scattering in a 
liquid hydrogen target,’ the pions were detected by two 3 in. 
x6 in. X} in. counters, the second of which was 144 in. from 
the target. In addition, the mass and energy of the scattered 
particles were identified by photographing the pulse heights 
in the detecting counters and a 4 in. X7 in. liquid counter 5 
inches thick, in which the pions were brought to rest. In the 
center-of-mass system, do/dQ =0,28+0.20 mb/sterad at 69 
deg, da/dQ2 =0.86+0.15 mb/sterad at 100 deg, and do/dQ = 
1.48+0.19 mb/sterad at 122 deg. More recently, a magnetic 
channel has made available lower energy external beams of 
positive pions. Experiments are now in progress with better 
energy resolution (3843 Mev) and improved pulse-height 
counters including a plastic scintillator 54 in. X84 in. x6 in. 
thick. 

* This research was supported by the joint program of the Office of 


Naval Research and the U. S. Atomic Energy Commission 
' Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 (1954), 


Q6. Positive Pion Scattering by Hydrogen at 260, 300, and 
400 Mev.* RK. S. MarGuiies, Brookhaven National Laboratory 

Che Brookhaven six-foot diffusion chamber has been used at 
the Cosmotron to study elastic r*—p scattering. With an 
assumed total cross section of 110 mb! at 260 Mev, analysis 
of 100 scatterings yields the least squares angular distribution 
da /dQ = *(0.680 +-0.540x+- 3.007x*), where x =cosé (c.m.). This 
can be fitted with the phase shifts o,;=—12°, as, = —11°, 
ax17116". At 300 Mev, assuming a total cross section of 
75 mb,' the angular distribution of 151 scatterings is do/dQ 

4*(0.662 +-0.792x 4+-2.101x*), which can be fitted with the 
17°, asi —4°, as3127°. At 400 Mev 
partially completed analysis, based on the 47 scattering angles 
so far measured, and a total cross section of 35 mb:,' yields 
the angular da /dQ = 4*( —0.03 —0.60x +2.78x* 
+3.07x*). If it is assumed that the large forward peak is par- 
tially due to D-waves, then the distribution can be fitted by the 
22 , aa = 158°, a(D, ;=- 22°, a(Dyjs) 
=0. However, other combinations of D-wave phase shifts are 
possible. 


phase shifts a;= 


distribution 


phase shifts ay = cg; = - 


* Work performed under the asupices of the U. & 
Commission 
S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 (1955). 


Atomic Energy 
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General Solid-State Physics 


R1. Angular Correlation of Annihilation Radiation in Super- 
conducting Lead. RK. Srump, lniversity of Kansa The 
angular correlation of annihilati radiation from positrons 
stopped in a solid gives a measurement of electron momentum 
in the solid. A measurement of the correlation in supercon- 
ducting lead was made to determine whether any change in 
momentum of the annihilating electrons occurs in the super- 
Angular ‘ 
made on radiation from positr 
77°K, and 4°K 
1200 vauss. Within the limits of acc 
the angular correlation is the same in each of the six cases 
with 
that predicted assuming four free electrons per atom in an 
ideal at 0°K, a high 
from oce annihilation with more tightly 


measurements were 
1s stopped in lead at 300°K, 
etic fields of 100 and 
iracv of the 


u 


conducting state orrelation 


in each case with m igt 
experiment 


The electron momentum distribution is in agreement 


Fermi gas plus velocity tail resulting 


asion a] bound elec - 


trons. Work with other superconductors is being continued 
R2. Hall Effect and Magnetoresistance of Bi Single 

Crystals at He Temperatures.* R. A. ConNeLL AND J. A 

MARCUS, N Measurements of the 

Hall istance have been 

single crystals grown from unpurified Cerro de Pasco bismuth 

Using a modified Schubni 


obtained 


rihwestern U'niwersity 


coefficient and magnetores made on 


kov technique, rods of 2 mm square 


cross section were Three appropriately seeded 
crystals of this geometry were sufficient for the examination of 
the six principal crystallographic oreintations. At 42°K the 
Hall pronounced de Haas-van Alphen 


oscillations, from 2.3*10-* gauss to 
9610-5 The osci ( irred about an 


coefiicient showed 


with periods 


Approxi- 


gauss 


zero mean value, corresponding more closely to the 


original work ' than to the recent findings 


1K 


mately 
of Gerritsen ? where 
the oscillations were superposed on a large negative term. This 
believed to be due 


residual 


difference is to impurities, the samples 


havir 


ig ratio ps 2 K/ PreK 
~& «10° 


(An attempt at zone refining is being made.) The 


ry average resistance 


magnetoresistance was f rund to be ro ighl, pr porti ynal to 


temperatures is now in progress 


with a small oscillating term superposed. Work at lower 


y the National Science Foundation 

Phys. Rev. 93, 935(A) (1954 

Overton and T. G. Berlincourt, Phys. Rev. 99, 1165 (1955 
R3. Thermal Diffusivity of Uranium from Room Tempera- 
ture to 1000°C.* P. H. Sipries, Jowa State College.—The 
thermal diffusivity of uranium has been measured in the 
temperature range 25-1000°C. In this range uranium trans- 
forms from an orthorhombic a phase to a complex 8 phase at 
668°C and toa cubic y phase at 770°C. The procedure followed 
eal and measure the thermal diffusivity in the a 
then 8-anneal and measure thermal diffu- 
sivity in the 8 region, transform back to the a phase, anneal 
and again measure the thermal diffusivity in the a region 
Small segments were periodically removed from the sample 
The 8 treatment caused a large 


was to a-a 
temperature range 


for grain size determinations 
increase in grain size and a 5—-10% decrease in the a region 
thermal diffusivity. The sample was then y-annealed and ther- 
mal diffusivity measurements made in all three phases. The 
+ phase grain size and thermal diffusivity after the 7 treatment 
were not appreciably different from those after 3 the treatment 
Thermal conductivity (K) can be calculated using the relation 
K =ked where k is thermal diffusivity, ¢ is specific heat, and 


d is density. The thermal conductivity of uranium, obtained 
in this manner, will be reported. 


* Work was performed in the Ames Laboratory of the U. S. Atomic 


Energy Commission 


R4. Electrical Conduction in Plexiglas.* Raymonp J 
Munick, Argonne National Laboratory.—The electric current 
from one-millimeter thick specimens of Plexiglas was studied 
as a function of time, temperature, and voltage. The time- 
dependent part, which contributes to the polarization of the 
dielectric, showed a slight but definite departure from the 
t-" time decay typical of solid insulators.’ Also, it showed a 
relatively small change with temperature compared to the 
exponential increase of the steady part, or conduction current. 
Thermal activation energies of 1.4 to 1.5 
electron volts were found for the conductivity, which compare 
reasonably well with the value of 1.6 ev reported for unplasti- 
cized Perspex,? which like Plexiglas is a polymer of methyl 
methacrylate. The temperature conductivities were 
found to be around 10~" mhos per cm. The conduction currents 
obtained at 60 and 75°C were approximately proportional to 
voltage for values from 315 to 3125. 


from 25 to 75°C 


room 


* Work 
Commission 

1M. F. Manning and M. FE. Bell 

2 J. F. Fowler and F. T 


performed under the auspices of the U. S. Atomic Energy 


Revs. Modern Phys 
Nature 175, 516 (1955) 


12, 215 (1940), 


armer, 


R5. Young’s Modulus of Gold-Nickel Alloys. J. SiveRTSEN 
ano C. Wert, University of illinois.—At high temperatures 
alloys of gold and nickel are solid solutions at all compositions, 
(over most of the 
composition range) is a mixture of a gold rich phase and a 
nickel rich phase. By quenching an alloy from the high- 
temperature region to room temperature, one can regain the 
solid solution characteristic of the high-temperature phase. 
Quenched solutions of intermediate composition decompose 
into a two-phase mixture when the material is annealed at 
slightly elevated temperatures. Changes in a number of 
physical properties electrical and micro- 
structure) have been observed to accompany this phase 
separation. Changes in internal friction of these alloys have 
also been observed during this annealing, but they precede the 
actual phase separation as it is observed by other means. The 


but at low temperatures, the stable alloy 


(e.g., resistance 


mechanism responsible for these changes in internal friction is 
not known. It seemed desirable to determine whether this 
effect might be correlated with changes in some other physical 
property as well. We have measured changes in Young's 
modulus during the annealing of a 30% Ni alloy, and we do 
find an increase in the modulus occurring concurrently with 


changes in the internal friction 


R6. Effect of V,O, on Spinel Formation.* D. M. Grimes 
AND J. W. Kurper.—Vanadium pentoxide has been found to 
act as a mineralizer in lowering the temperature necessary for 
densification and in some cases spinel formation. This has been 
observed for Fe,O; alone and for Fe,O, plus Ni**+, Zn**, Li'*, 
Cd**, Mn**, Co**, or Mg**. The necessary formation tempera- 
ture is increased for Fe,O, plus Cu**, Mn**, or Co, and is 
unaffected for Fe:O; plus Ca** or Ba**. This gives re- 
sulting magnetic properties somewhat different from the usual 


nearly 
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by eliminating the side effects of high firing temperature, such 
as ferrous iron. 
Chem, Phys. (to be 


* Grimes, Thomassen, Jefferson, and Kothary, J 


published). 


R7. A Neutron Diffraction Study of VD,. B. W. Roserts, 
General Electric Research Laboratory.—A sample of vanadium 
deuteride near the composition V,D,; has been studied by 
x-ray and neutron diffraction. At room temperature, x-rays 
disclose a swollen b.c.c. arrangement of the vanadium atoms 
(ao=3.14, A) with no evidence for the deuterium locations 
while neutron diffraction traces yield a single diffraction peak 
at the 110 position. No peaks are observed at the 200, 211, or 
220 positions, however, a very broad diffuse maximum is 
centered to a low angle of the 110 reflection. Due to the very 
low coherent cross section of vanadium and the favorable 
cross section of deuterium the neutron intensity observed in 
the peaks is almost entirely due to the deuterium. Neutron 
data taken at liquid nitrogen temperature show no evidence 
of a diffuse maximum. Twenty-two reflections are observed 
which index with a primitive cubic cell with ao equal 6.30 A, 
rhis cell edge is twice the edge of the b.c.c. vanadium lattice 
observed at liquid nitrogen temperature with x-rays and there- 
fore requires an ordering of the deuteriums in a cell eight 
times the volume of the required vanadium cell. The trans- 
formation from the “ordered’’ to “disordered"’ phases occurs 
at 207°+10°K. 


R8. On the Crystal Structure of the Solid Rare Gases.* 
R. U. Ayres anp R. H. Trepcoip, University of Maryland 
(Introduced by R. D. Myers).—All the rare gases with the 
exception of helium are observed to solidify in the face-cen- 
tered cubic structure. Previous theoretical work, however, has 
predic ted that the close pac ked hexagonal structure should 
be energetically favorable. A semiclassical model has been 
developed which allows one to take account of the overlapping 
of the electronic charge clouds of neighboring atoms, and this 
has been applied to both two-body and three-body interactions 
In the case of pure dipole interactions the results degenerate to 
those previously obtained by Axilrod.' When the additional 
effect of overlap is calculated for tripole-dipole interactions a 
new angular dependence is derived. When the third-order 
terms are summed for the two lattices a significant difference in 
the right direction is obtained. Indeed for reasonable values of 
the parameters of the model the difference more than counter- 
acts the unfavorable difference arising from the second-order 
terms previously obtained by other authors 

* Supported by the United States Air Force through the Office of Scientific 


Research of the Air Research and 1 


Deve 
1B. M. Axilrod, J. Chem. Phys. 19, 719 


pment Command 
1951 


R9. Soft X-Ray Emission Spectrum of Germanium.* D. E. 
Bepo anp D. H. Tompoutan, Cornell U'™‘versity.—The 
emission spectrum of a germanium target was investigated in 
the spectral region extending from 60 A to 600 A. The ger- 
manium surface was formed by evapoartion in the x-ray tube. 
The deposition was carried out with the target surface at 
room temperature and also at 400°C in an attempt to observe 
changes in the emission spectrum which could arise from differ- 
ences existing in the structure of the target layer. No such 
chapges were observed. Two bands whose edges lie at 102 A 
and 103.5 A have been detected. These are tentatively identi- 
fied as transitions from the valence levels to the M; and M, 
states, respectively.! The emission lines corresponding to the 
K-» M, 5 transitions have been observed previously,” indicating 
that the M, 5 levels fall below the valence band. Thus, in the 
wavelength range of the present investigation, one could ex- 
pect to find the M, s->valence emission band. Examination of 
the spectrograms does not reveal the presence of this band. 

* Supported by the Office of Ordnance Research, U. S. Army. 


1 J. C. Slater, Phys. Rev. 98, 1039 (1955). 
1 J. A. Bearden and C. H. Shaw, Phys. Rev. 48, 18 (1935). 
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R10. Brillouin Zone Studies. V. Thermoelectric Power of 
Dilute Magnesium Alloys. E. W. Kamoer, E. I. SatKxovrrz, 
ano A. I. Scurnpier, U. S. Naval Research Laboratery.——At 
room temperature the elements Li, Al, Ag, Cd, In, Sn, TI, and 
Pb form terminal substitutional solid solutions in Mg. Salkovitz 
and Schindler! have suggested that Brillouin zone overlap in 
these systems may be studied by observing various transport 
phenomena as a function of alloying additions. Such a study 
has now been made on the effect of these alloying additions 
upon the thermoelectric power. It is found that a reversal in 
electrical polarity occurs at low concentrations for additions 
of the tri- or tetra-valent additions near the region of overlap. 
The ratio of thermoelectric power to atomic percent impurity 
element is a cyclic function of atomic number. For concentra- 
tions greater than those characterized by initial overlap condi- 
tions these cycles are in phase with the valence series of the 
periodic table. Resistivity and Hall effect measurements'* 
on these alloys are compared for correlations of behavior at the 
Brillouin zone overlap concentrations. 


1 E. I. Salkovitz and A. I. Schindler, Phys. Rev. 91, 234, 1320 (1953) 
* Salkovitz, Pasternak, and Schindler, Phys. Rev. 98, 271 (1955). 


Ril. Perturbation Calculation of the Volume Exclusion 
Effect.* Ira Jacons, Bell Telephone Laboratories.—lIt is desired 
to determine the distribution of configurations of flexible 
long-chain molecules considering the fact that no two parts of 
the chain can occupy the same position in space. Experiments 
indicate that the mean-square chain extension increases more 
rapidly than the number of links in the chain N, which cannot 
be explained by any theory that takes account only of corre- 
lations between neighboring elements of the chain. It is shown 
that for N= 40 to 400, the first-order theory of James* predicts 
that the mean-square extension increases as N'** in good agree- 
ment with experimental' and Monte Carlo’ results. A second- 
order calculation gives significant corrections for large N, but 
there is an inherent limitation of the perturbation approach 
due to the fact that the relative number of allowable configura- 
tions decreases exponentially with N. Sufficient computation 
can extend the validity of the results to larger N, but no state- 
ments on limiting behavior can be made. 

* Taken from part of a dissertation submitted to Purdue University, 
bry Ha ood Cantow, and Meyerhoff, J. Polymer Sci. 10, 79 (1953) 

*H. M. James, J]. Chem. Phys. 21, 1628 (1953 


*M. N. Rosenbluth and A. W. Rosenbluth, J 
(1955 


Phys. 23, 356 


Chem 


R12. Time Dependence of Mechanical Breakdown Phe- 
nomena. BERNARD D. Coreman, E. J. du Pont de Nemours 
and Company.—A phenomenological theory of the time de- 
pendence of mechanical breakdown phenomena is presented 
which yields general expressions for the distribution of break- 
ing times in ensembles of filaments which have been subjected 
to arbitrary loading histories. The theory is applicable to dis- 
cussions of the creep failure of polymeric solids under uniaxial 
tensile stresses. Several articles have appeared in the litera- 
ture attempting to explain observed tensile strength distri- 
butions in terms of static models which can be treated by the 
methods of extreme value statistics. The present treatment 
differs from the extreme value theories, in that its a priori 
assumptions account for the time dependence of mechanical 
strength measurements. This permits a calculation of the 
dependence of the observed tensile strength on both the sample 
size and the rate of loading. The distribution of lifetimes of an 
ensemble of fibers is discussed for three special stress histories : 
dead loads, loads increasing linearly with time, and sinu- 
soidal loads. Experiments involving drawn 66 nylon monofila- 
ment yarn are cited to illustrate how the parameters which 
describe the average lifetime under dead ioad behavior of a 
yarn may be used to calculate its tensile strength distribution 
when measured with a constant rate of loading apparatus. 





manium.* W. M. | tf AN 
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Ri3. Use of the Field Emission Microscope for Investigat- onto the surface can be found. A maximum in the quantity of 
ing Surface Conditions on an Alloy.* L. A. D'Asaro,t Cornel] zirconium present on the surface as a function of heating time 
niversuy An all i a lew perc t of zirconium in molvb- is 1 rpre j n the basis of the Wagner-Johnson vacancy 
te ised as an emitter in a field emission microscope. theory of diffusion. Under certain conditions small parallelo- 
} th | | } i ram shaped patterns are seen on the 100 plane. The work 
of the sources of these patterns, the field at the surface 
rces, and the size of the sources are determined by a 
natching the Fowler-Nordheim equation to an 
ental plot of field emission current versus potential 
ugh the Off 
ment Command 


SATURDAY MORNING AT 9:30 


Cobb 110 


Invited Papers 


S1. Recent Developments in the Theory of Atomic Spectra. Fritz Rourwicu, State University of 


T (3 
* 4 
] ) 


S2. The Impact of Electronic Digital Computers on Molecular Quantum-Mechanical Calculations. 


C. C. J]. Roorwaan, Univer 


S3. The Measurement of Magnetic Moments of Excited Nuclear States. KR. M. Sterren, Purdue 


bay 


wr 


SATURDAY MORNING AT 9:15 
Kent 106 


G. C. DANIELSON presidit 


Semiconductors, II 


Tl. Magnetoresistance and 


the electron mobility is not 
loys. M. GLICKSMAN 


Mobility of Germanium-Silicon 25 ohm-cm. It is shown tk 
il ' r t dependent on ‘mperature (or on the energy of 
ger electron) the experim sults may be explained by 
based on an energy independent scattering time 

vetween these theoretical calculations 

t is not exact, the symmetry properties, which 

yn the band structure, are accurately matched 

lar attention is focused on the limits of 

ients for both high and low magnetic fields. These 

s may be most easily compared with theoretical calcula- 
s based on more complicated scattering times, for example 


» energy dependent scattering time r ‘ where / is inde- 


tly by the Arm 


setts Institute of 


ance Fuze Laboratories 


T3. Copper in Germanium: Recombination Center and 
Trapping Center. B. J]. Wy_upa anp R. G. Sautman, Bell 
l ne Laboratorte The time dependent photoconductiv- 
! pe germanium bridges has 

293°K. Temporary hole 


i it the lower tempera- 


T2. Hall Effect and Magnetoresistance in n-Type tra were { 1 in the n-tyy 


<5 , , t < no traps were observed in the p-type. Trap concen- 
Measureme fthe H i ‘ f trat wreed with the density of copper atoms to within a 
, I f two and were at least 100 times higher than in undoped 


trapping levels are 0.2 ev above the valence band 
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the capture cross section for holes, 7», is 10~"* cm* and inde- 
pendent of temperature while the capture cross section for 
electrons, o,, is temperature dependent with an activation 
energy greater than 0.1 ev.? As a result of this temperature 
dependence of ¢, the 0.2 ev copper level changes from a re- 
combination center® at room temperature to a hole trap at 
lower temperatures. 

1 J. R. Haynes and J. A. Hornbeck, Phys. Rev. 90, 152 (1953); H. Y 
ey i & Rev. 92, 1424 (1953 


M. Baum and J. F. Battey, Phys. Rev. 98, 923 
Phys. Chem., 57, 102 (1953 


1955). 
* Burton ef al., J 


T4. Measurement of Bulk and Surface Recombination by 
Photoconductance. H. M. Baru anp M. Curier, Hughes 
Aircraft Company.—A refinement has been made in the theory 
for photoconductivity, which takes into account both surface 
and bulk recombination. There are two interesting cases: 
wavelengths that are absorbed completely at the surface, and 
wavelengths absorbed nearly uniformly throughout the 
sample. The dependence of the conductance on the two types 
of recombination differs in the two cases, so that one can, under 
surface recombination 
Experi- 


proper circumstances, measure both 
velocity s and bulk lifetime r in the same sample 
mental procedures for making these measurements have been 
devised and the method was proved with germanium. A further 
advantage for the measurement with surface absorbed light is 
that one can measure accurately large values of s. This cannot 
be done with most other standard methods except the photo- 
electromagnetic method, which is based on the same physical 
situation. The effects of sandblasting and lapping germanium 
surfaces were former gave s of 1-2x105 
cm/sec, and the latter had values of s of 5-1010* cm/sex 
Lapped surfaces showed some evidence of healing. 


measured; the 


TS. Recombination Radiation from Silicon. J. R. Haynes 
Bell Telephone Laboratories —Radiation caused by the 
recombination of excess electrons and holes in silicon has been 
reported by Haynes and Briggs.’ Recent experiments indicate 
that this radiation is due to indirect transitions of electrons 
from the conduction band minima to the valence band with 
phonon cooperation (indirect intrinsic recombination radia- 
tion). Additional radiation is found at 77°K which is structure 
sensitive. This radiation is shown to be produced by the re- 
combination of excess carriers with unionized donor and ac- 
ceptor centers (extrinsic recombination radiation). Differences 
between the photon energies associated with the maximum 
photon emission of intrinsic and radiation are 
accord with accepted values of ionization 


extrinsic 
qualitatively in 
energies of the donor and acceptor impurities introduced in 


the silicon crystal gr 


wing process 


J. R Haynes and H. B. Briggs, P Rev. 86, 64 

T6. The Field Effect in Silicon. S. PENMAN anv W. L 
Brown, Bell Telephone Laboratorie Field effect 
were made on silicon using large ac electric 
~6§ *105 volt /cm The 
trogen atmosphere and then the field 


measure- 
fields 
samples were first dried by 


ments 

, 
(peak 
heating in a desiccated ni 


effect studied as a function of temperature and various gaseous 


ambients. Oxygen tends to change the surface potential in the 


negative direction and nitrogen in the positive direction. 
Effective mobilities were found to be about an order of magni- 
tude smaller than bulk carrier mobilities, in contrast to the 
results reported by Low.' The observation of the minimum of 
conductance permits the determination of the surface charge 
as a function of the position of the Fermi level at the surface." 
The surface state distribution is found to be more uniform 
an apparent density at the 
Water 
vapor is responsible for a substantial increase in the apparent 
surface state density, often to such an extent that the effective 


than in the germanium case with 
center of the energy gap of about 10" states/cm* volt 
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mobility is reduced below the limit of our observation (= 1 cm? 
volt sec). 


B68, 10 (1955). 


London 
1955 


>. G. C. Low, Proc. Phys. Sax 


1¢ 
1W. L. Brown, Phys. Rev. 98, 1565 


T7. Thermal Defects in Silicon. C. J. GALLAGHER, General 
Electric Research Laboratory.—Single crystals of p-type silicon 
quenched from high temperatures, show marked changes in 
room temperature resistivity. Quenched samples are less 
p-type, suggesting that quenching introduces donor states in 
the forbidden band. Measurements of resistivity vs tempera- 
ture give activation energies ranging from 0.35 to 0.40 ev 
above the valence band. Donor density (Np), as deduced 
from the activation energy, acceptor density, and position of 
the Fermi level, varies with quench temperature according to 
the relation Np = Noexp—E/kT, where No10" cm™ and 
E =1.7 ev. Quench temperatures ranged from 800°C to 1350°C 
The density of donors observed at 1350°C was about 10" cm=* 
Quenching was done by heating in an all quartz furnace in 
argon, and dropping the crystal into a silicone oil bath. 
Small cross-section samples were used to minimize inhomoge- 
neities. Rapid quenching is essential since annealing effects 
are observed at temperatures above 100°C, At 200°C, samples 
anneal back to their initial resistivities in two hours, with a 
time constant for the initial disappearance of donors of about 


10 minutes 


T8. Properties of Zn-Doped Germanium. H. H. Woop- 
BURY AND W. W. Ty Ler, General Electric Research Laboratory. 

In addition to the 0.03 ev level observed by Dunlap,' Zn 
introduces a deeper acceptor level 0.09 ev from the valence 
band of Ge. The presence of two acceptor levels in equal con- 
centrations is indicated by the temperature dependence of Hall 
coefficient in Zn-doped crystals containing no other impurities. 
The energy of the 0.09 ev level is most accurately obtained 
from the temperature dependence of Hall coefficient for 
samples in which the lower Zn levels have been compensated. 
No evidence for more than two Zn levels has been obtained in 
samples for which both the 0.03 ev and 0.09 ev levels have been 
Thus Zn is a double-acceptor impurity similar 
to other elements (Fe, Co, Ni, Mn) with a 4s? configuration 
The maximum Zn concentration obtained in single crystals of 
Ge is about 2 *10'* cm™. Appreciable evaporation of Zn from 
the Ge melt during crystal growth precludes accurate deter- 
mination of the distributior However, Hall 
measurements on samples which crystallized immediately 
ifter Zn doping of the melt give ky values of 442 10™ for a 
concentrations 


compensated 


coefficient. 


variety of growth rates and Zn 


1'W. C,. Dunlap, Jr., Phys. Rev. 96, 40 (1954) 

T9. Scattering of Carriers from Doubly Charged Impurity 
Sites in Germanium. W. W. Ty_er anp H. H. Woopavury, 
Electric Research Laboratory.—The effect of charged 
impurity sites on carrier mobility in Ge has been studied in 
both and photoconductivity 
At 300°K the relative magnitude of hole mobility in Zn-doped 
and Ga-doped crystals indicates that the scattering cross 
section for doubly charged Zn sites is four times that for Ga 
sites. On cooling, Zn-doped crystals show regions of increasing 


General 


equilibrium measurements 


mobility corresponding to the conversion of doubly to singly 
charged sites (0.09 ev freeze-out) and from singly charged to 
{0.03 ev 


samples containing double-acceptor impurity sites, intrinsic 


neutral sites freeze-out). For compensated n-type 
photoconductivity experiments indicate that an increase in 
free electron concentration is accompanied by an increase in 
electron mobility due to unit reduction of charge associated 
with hole trapping at the impurity sites. Changes in mobility 
are consistent with the Z* scattering law. In heavily doped Ge 
crystals (Mn,Zn), this mobility increase represents an appre- 
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12. Polarization of Impurities in Germanium.* F 

wy H. Y. Fan, Purdue University.—Attenuation 

and phase shift in transmission through 

rmanium measured a ., at which temperature the 

was orders of magnitude 

pure samples, the dielec- 
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T13. Surface States on Silicon. H. S A. pEMAkrs, 
Til. Precipitation of Cu in Plastically Deformed Ger- r)a 


vis, Jr., AND A. Apams, JR., Raytheon Manufacturing 
manium [ val I nee i j : 
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p-type silicon sample which had been previously irradiated 
with fast neutrons.’ After annealing at temperatures ranging 
150°C to 250°C the slopes of the Hall coefficient and resistivity 
vs 10°/T decreased suggesting the rearrangement of intro- 
duced defect levels accompanying annealing. During annealing 
the absorption peak at 1.754 gradually disappears and absorp- 
tion extending past 30u increases. 

* Supported by a Signal ¢ 

i Samples irradiated by 


? Becker, Fan, and Lark-Hor 
*R. W. Dreyfus, M.S. thesis, 


ps contract 
he Oak Ridge Solid State Group 
vitz, Phys. Rev. 85, 730(A) 
Purdue University, 1953 


1952). 


U2. Deuteron Irradiation of Germanium at 90°K.* D. 
KLEITMAN AND T. A. Lonco, Purdue University.—Layers of 
germanium single crystals 100g thick have been irradiated at 
90°K with 9.6-Mev deuterons from the Purdue cyclotron. The 
initial rate of carrier removel with flux, dn/d¢|»o depends upon 
the Fermi level Rate of 
carrier removal decreases with irradiation. For two n-type 
samples with np =9.9 X10" cm™* and 2.2 X10'* cm™ respec- 
tively, dn/dg|>» was —0.7 X10® cm™ and 3.5 10° cm; the 
samples were converted to p-type after fluxes of 710" 
deut./cm* and 3.5 X10" deut./cm* respectively. After warm- 
ing to 300°K converted samples remained p-type. Incremental 
conductivity, Ae, under white light illumination, increases 
with bombardment of material, (minority carrier 
trapping), then falls, passing through a minimum just after 


(or initial carrier concentration) 


n-type 


conversion to p-type. After conversion, Ao again rises then 
finally falls off after prolonged bombardment. A shoulder to 
the fundamental photoconductivity near 2.34, and a peak at 
3.54 appear in n-type samples before conversion. After con- 
version a negative Ac was observed near 2.14, due to electron 
excitation from a discrete level to the conduction band and 
The photoconductive 
observations are similar to those after electron bombardment 


subsequent carrier recombination 


* Supported by a Signal Corps contract 
and Lark-Horovitz, Phys. Rev. 98, 


1Stoeckmann, Kiontz, Fan, 


(1955). 
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U3. Thresholds for Electron Bombardment Induced Lattice 
Displacements in Si and Ge. Pau. RAPPAPORT AND JOSEPH 
J]. Lorersxi, RCA Laboratories In a recent letter' we pre- 
sented preliminary results of experiments designed to locate 
the threshold production of defects, probably 
vacancy-interstitial pairs, in Si and Ge, by high-energy elec- 
The method consisted of observing the 


energy tor 


tron bombardment 
properties of p-n junctions during bombardment as a function 
of the electrons (Vg). Because of limitations in 
the Van de Graaf machine, only upper limits to the thresholds 
were reported. However, recent improvements in the machine 


of the energy 


have made definitive experiments possible using the same 
technique. The significant results are that no radiation damage 
(at 300°K) was observed for electrons with Vg <145 kev in 


Si and Vg<325 kev in Ge. The maximum energy which can 


be imparted to an atom by an electron of threshold energy 


(which is interpreted as the minimum energy expended in 
generating a vacancy-interstitial pair, Ezmia) is found to be 
12.9 ev for both Si and Ge 
to (a) Exein=31 ev deduced by Klontz from bombardment 
induced resistivity changes at 90°K, (b) the Wigner energy, 
Exmin™25 ev, (c) and the speculation by Kohn,’ that Exmin 
<15 ev in Ge. 


Our results should be compared 


J. J. Loferski and P. Rappaport, Phys. Rev. 98, 1861 


t uy 1955) 
'W. Kohn, Phys. Rev. 04, 1409(A) (1954 


U4. Tracer Studies on Radiation Damaged Graphite. 
G. L. Montet, A. F. Kurs, anp G. R. HENNIG, Argonne 
National Laboratory.—A study of the distribution of displaced 
carbon atoms in radiation damaged graphite' has been made 
Radioactive carbon 
bombardment 


using a radioactive tracer technique 
(C") atoms produced by neutron or y-ray 


1261 


occupy interstitial positions and act as tracers for displaced 
atoms. After partial annealing the distribution of the radio- 
active atoms was determined by controlled oxidation of the 
graphite and counting of carbon dioxide gas samples. The 
experiments indicate that appreciable motion of the displaced 
atoms begins at 400°C and ceases at 800°C, although com- 
plete reintegration with the lattice is achieved only by 
heating to 1700°C. The behavior during annealing of the dis- 
placed atoms was found to be very sensitive to the amount of 
damage produced in graphite. Analysis of the data on the 
assumption that graphite consists of perfect regions surrounded 
by mosaic boundaries leads to an average linear extent of the 
“perfect regions’’ of about 2600 A. A bombardment of 10" 
neutrons-cm™ introduces enough traps within the “perfect 
region”’ so that only one-fifth of the displaced atoms can reach 
the boundaries. 


* Based on work performed under the auspices of the U. S. Atomic 


Energy Commission 
M. Burton, J. Phys. Colloid Chem. 51, 618 (1947), 


US. Excess Noise in Plastically Deformed Germanium. 
James J. Broruny, Armour Research Foundation.—The excess 
noise levels of several samples of plastically deformed ger- 
manium have been examined. Single crystal, n-type ger- 
manium specimens of five ohm-centimeter resistivity were 
plastically deformed by bending in air at 600°C, After de- 
formation, the samples were still n-type but the resistivity 
was increased by a factor of about two. These were sand- 
blasted into ‘bridges”’ similar to those used by Montgomery’ 
to eliminate effects due to noisy electrodes, The excess noise 
level is increased three or four orders of magnitude by de- 
formation and may be represented by (Av*)=A/*4f-'# 
volts?/cycle, where (Av*) is the mean square excess noise vol- 
tage, J is the sample current in milliamperes, f is the frequency, 
and K is a constant of the order of 10-“. The usual inverse 
frequency spectrum characteirstic of excess noise is observed, 
but the current dependence differs from the usual square law 
variation expected for a conductivity modulation phenomena. 


1H. C. Montgomery, Bell System Tech. J. 31, 950 (1952) 

U6. Electrical Properties of Mg,Sn at Low Temperatures. 
W. R. Hosier ano H. P. R. FreperiKkse, National Bureau of 
Standards.—Conductivity and Hall coefficient of 
n- and p-type single crystals were measured in the range from 
2 to 300°K. In most specimens both acceptors and donors are 


several 


present. The number of carriers at exhaustion lies between 
10"* and 10°’ cm~*. Maxima in the Hall coefficient were ob- 
served in all samples at low temperatures, while the slope of 
the conductivity becomes very small in this region. The 
the Hall maxima varies between 6 and 66°K; 
impurity activation energies (as calculated from the slope of 
RT‘ vs 1/T) range from 0.003 to 0.03 ev. Similar effects have 
been observed in Ge and InSb; this behavior has been attri- 
buted to impurity band conduction.' The Mg:Sn compound 
shows an additional feature: all samples approach about the 
same Hall coefficient (4500-6500 cm'*/coulomb) in the helium 
range independent of the value at exhaustion. The product 
Re of different samples lies between 15 and 30 cm*/volt-sec 
at very low temperatures. 


position of 


iHung and Gliessmann (1950); Hrostowski (1955); Fritzeche, Phys. 


Rev. 99, 400, 406 (1955). 


U7. Electrical Properties of the Semiconductors Mg,Si and 
Mg.Ge.* C. R. Wuitsett anp G. C. Danterson, lowa State 
College.—-The electrical resistivities and Hall coefficients of 
single crystals of MgSi and Mg*Ge have been measured in the 
temperature range 60°K to 1000°K. Since the Hall coeffi- 
cients were always negative, electron conduction always pre- 
dominated over hole conduction in these particular samples 
At 300°K the densities of electrons from impurity levels were 
10°? to 10° per cm* and the Hall mobilities were about 200 
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ative magnetoresistive effect is associated solely with the 
in the impurity band 

98, 1860 (1955). This 
Rev. 91, 215(A) (1953 

99, 400 (1955 
0 000 
U10. Plasma Resonance in Semiconductor Crystals. G 
F. Kip, anp C. Kitrer, University of 
Observations are reported of an elec- 
absorption line in a magnetic field in 
f InSb at 9000 and 24000 Mc and at 


0.000) 


he magnitude of the plasma frequency and its 


rf frequency and on the orientation of the 
specimen relative to the static magnetic field 


Us Reduction of Charge Carrier Concentration in ) InSb at ate agreement with the elementary theory of 
| | he plas resonance developed ‘ . y the authors 
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Heavy Mesons and Hyperons 


V2. Production of Hyperons and K-Mesons in the High 
Energy* x~ Beam of the Berkeley Bevatron. MARCEL SCHEIN 
AND D. M. Haskin, University of Chicago.—-Stacks of Ilford 
G-5 pellicles have been exposed to the 4.8 Bev and 3.0 Bev 
negative pion beams of the Berkeley Bevatron. A number of 
heavy unstable particles have been found and have been traced 
back to the star in which they originate. Of particular interest 
are cases of K~ production, since it can be assumed that they 
originate according to the reaction 

x” +P-—-+K*+K-+N. 

The observed K*/K~-ratio is roughly one in the s~ beam in 
contrast to 100 in the proton beam, which supports this hypo- 
thesis. In addition, one event has been located in which a 
x meson undergoes a nuclear collision resulting in a track 
of minimum ionization and a K*-meson. No other fragments 
are visible in the collision. This fact together with the approxi- 
mate validity of conservation laws in the elementary inter- 
action supports the above suggested interpretation. 


# the Office of Naval Research 


V3. Hyperfragments in Light Elements Produced by the 
Berkeley Bevatron.* Danie. Leenov, D. M. HASKIN, AND 
MARCEL SCHEIN, University of Chicago.—A number of hyper- 
fragments have been observed in exposures to the 3.0-Bev 
and 4.8-Bev x~ and the slow K~ beams of the Berkeley Beva- 
tron, including cases of H,** and H,**, in which one neutron is 
4 H,* was produced by the nuclear 
which was in turn produced by the 


replaced by a A® hyperon 
capture of a = 
interaction of a 3.0 Bev negative pion It is proposed that the 
produc tion of the A® results from the reaction =~ + P-—+A®+ N. 

SS long a ith ch re " 
a 255 uw long track with charge one 
stops and undergoes a colinear decay into a negative pion and 


hyperon 


In the case in question, 


a Hes‘ recoil. The pion was followed to the end of its range and 
the total energy release in the decay was found to be 50.8 
Mev, giving a binding energy for the A®° in H,** of 742 Mev 
Cases of tritium hyperfragments giving events with two 
protons and a # meson will be discussed. The binding energy 
of the A® hyperon in tritium was found to be 542 Mev 


* Supported rogram of the Office of Naval Research 


and the | S. At Energ mmission 

V4. Analysis of Capture Stars of K--Mesons from the 
Berkeley Bevatron.* D. M. Hasxkrx, D. B. WrittaMs, I 
GOODMAN, AND Marcet Scuein, University of Chicago 
K~-stars prod iced by 6.2 Bev 


magne tically analyzed channel 


protons have been found in a 
of the Berkeley Bevatron. All 
of the observed event ire 
Mann and 
+ (P.N,P,N)—(A°,5*,2°, 27) +2° 
+e; and K~+P-—-2-+2r"* 
the K 
quently escape from the absorbing nucleus 
have found with the un 
visible prongs. The energies of the emitted x mesons fall into 
it least two distinct groups 50-80 Mev; (b) 100-140 Mev. 
t with the abovementioned reactions. 


nsistent with the scheme of Gell- 
i possible: K 

4 (P, NV, P)—(2*,A°, 3°) 
[he average prong number for 
that 


Pais. The l ing reactions are 


3.3 indicating A° hyperons must fre- 


Iwo K 


large number of 10 


-stars is 
-stars 


been isually 


This is in good agreemer 
Pions in group (b) are much less frequent than those in (a), 
indicating a higher recapture probability of the x~ at higher 
. Several cases of positive and negative hyperons and 
been found and 


energy 
hy periragments have a few individual cases 
will be discussed. In one case, the capture of the K~ leads to 
the emission of two x mesons, one of them carrying an energy 
f 140 Mev and the other one 
possibly be interpreted as: K 


decays from an orbit inside the 


much lower. The 


event can 
V—>A° +e ng the A® 
nucleus 
part by a joint program of th 


Atomic Energy Commission 


* Supported in 
and the U.S 


V5. Nuclear Collisions of 5.7 Bev Protons and 3.0 Bev 
=” Mesons.* R. E. CavANAUGH, D. M. HASKIN, AND MARCEL 
ScHEIN, University of Chicago.—Stars produced by 5.7-Bev 
protons and 3.0-Bev x~ mesons from the Berkeley Bevatron 
have been found by the method of following along tracks in 
Ilford G-5 emulsion. The average prong number for the proton 
stars is 10.7 and for the pion stars 9.3. The maximum prong 
numbers observed are 30 and 20, respectively. The average 
number of visible shower tracks is 2.1 for the proton initiated 
stars, and 0.9 for the x~ initiated stars. The maximum number 
of shower tracks found amounted to 6 and 4 respectively. 
Among the proton events there are 3 cases where a pion is 
ejected into the backward hemisphere. No case of a similar 
kind has been found in the pion beam. From 50 events in 
each beam, the mean free path is found to be 37.645.3 cm 
and 35.5+5.0 cm. This should be compared with the geo- 
metrical mean free path for nuclear collisions in the emulsion, 
which is 25 cm. The relatively large difference has interesting 
theoretical implications. 


1 part by a joint program of the Office of Naval Research 
Atomic Energy Commission, 


V6. Disintegration of Hyperfragments. |]. Scuners, M. & 
Swami, AND W. F. Fry, University of Wisconsin.*—A system 
atic search for hyperfragments has been made in nuclear emu!l- 
sion exposed to 6 Bev protons and 3 Bev # mesons from the 
3evatron; to 3 Bev protons from the Cosmotron; and to cos 
mic rays. A total of eighty hyperfragments have been observed 
The average Z of these hyperfragments is about 5. In most 
cases the kinetic energy of the hyperfragments is low, i.e., 
less than 15 Mev. It was possible to measure the binding 
energy of the A® particle in 3 cases of ,H*, 4H‘, 2 cases of 
Het, 4He®, ,Be’, ,Be*® (or ,Be*), «Be® (or ,Be"), and ,C™. In 
general for Z <3 mesonic decay of hyperfragments is predom- 
inant while for Z>3 the nonmesonic decay is predominant 
However an example of the nonmesonic decay of helium and 
of the mesonic decay of carbon have been observed 
mate of the momentum of the bound A® hyperon can be ob- 
tained for the light nuclei 


ported in part by the Atomic Energy Commission and by the 


fuate School 


V7. Proton Nucleus Collisions at 6 Bev.* U. Haser-ScHaim, 
University of Illinois.—An analysis of stars produced by the 
proton beam of the Bevatron will be presented. The frequency 
distributions of heavy and light tracks and the angular distri- 
light tracks to the 


mechanism of the proton nucleus collision 


bution of will be discussed in relation 


* This r is supported by 


the joint program of the Office of Naval 
Researct Atomic r 


Energy Commission 


V8. The Spin of the ¢* Meson.* D. M. Ritson, A. Optan, 
B. T. Feip, anp A. Wattenpers, M. J. T.—~Measurements of 
the angular correlation and energy distribution of the r 
54 r* mesons have been studied in a large emulsion stack 
irradiated in the Berkeley K*-meson beam 
on the suggestions of Dalitz shows the z 
of these 54 events to be asvmmetric 


from 


An analysis based 
energy distribution 
ind favors a r meson with 
spin 1 and even parity 


hi rk has been supported in part by the joint program of the Office 


al Rese arch and the U.S. Atom Energy Commission 

V9. Effects of Angular Momentum on <-Decay Schemes.* 
Bernarp T. Feip, M. J. T.—The angular correlation and 
energy distribution in the decay r*-+r*+2r*+2~ can be de- 
according to the method of Dalitz, in terms of the 
angular momenta / and L of the odd- and the di-pi, respectively 


scribed 
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of V®-particles, each containing one 2-inch Pb plate and two 

thinner ones (§ and } inch). Up to now 138 V-events have 

been obtained from about 60% of the films taken. 66 events 

particles, different assum show clear association with the nuclear interactions in the 
ilts for the expected distri ion of first or second plate and have been analyzed according to the 

1 resul ill hov strate t ffe a-e projection procedure.? a-« plots were prepared beforehand 
respectively for the @ and A® particles of different momenta. 

For each event, a and « values were found from the measured 

ative to the V°-particle 


ingles of the two decay products rel 


With the help of the a-e plots, two alternative sets of ioniza- 
ms of the decay products were obtained and compared with 
heir measured ionizations. In this way, 31 events have been 
issified as & partic les, 30 as A® parti les, and 5 as neither. 
ity and isotropy of emission in the rest system are 


’ 
vestigated respectively from the distribution of the 


plane of the V-event and direction of the 
nts in the a-e plots 
V10. x -P Collisions at 1.0 Bev." 
: ot 


\\ ) SHEPHAR n 


i 
1.0 Bev. x 


V13. Double-Plate Cloud-Chamber Study of V°-Particles. 
II. Mean Decay Times of ® and A° Particles. A. SNypDER, 
CHANG, AND I. C. Gupta, Purdue University.—The 

1y times of the 31 @ particles and 30 A® particles 

ibstract) have been calculated according to the 

rocedure of Bartlett.' For each event, the decay 
“total potential’ decay length, and the “plate- 
lengths were n red from the same point 

he terminal point 

taken as re at 

i from the illumina- 

vents in the last gas 

was not extended to 

"*-narticle was calculated 

int to the foci of the a-e 

ths were converted into 

statistical procedure for T/r 

me for the 31 # partic les is 

Vil. Production of Heavy Unstable Particles in = nd for the 30 A° particle 
Collisions at 1.0 Bev.* W. D. SuernHarp anp W. D. WaLkr (3 ‘7 
fs fu . | } : 5.44 


) X10 sec. Methods of measurements have been 


0.49 


examined and will be discussed 


Mag. 44 


Vi4. K-Meson Lifetimes.* Luis W. ALvarez, Frank S 

CRAWFORD, ]R., Myron L. Goon, anp M. LYNN STEVENSON, 

University of California, Berkeley.—Since the various species 

-d at the Bevatron have masses equal 

small experimental , it becomes a 

see if the lifetimes he ‘~parate species 

nt. A cour nt to investigate 

irried ou K *-n ns, momentum- 

<erth and Stork, are 

ype and brought to 

inter telescope ot 

istinguishing 

-nt in which 

ay, preliminary 

! ve equal K | Kee, approximately 

Vi12. Double-Plate Cloud-Chamber Study of V°-Parti ing” @ reg ip ee , 
I. Classification. 1. C. Gupta, W. Y. CHANG, AND A wiias 7 


Purdue University. During the past 


lar cloud chambers' have been 
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SATURDAY AFTERNOON AT 1:30 
Eckhart 133 


(M. B. Sampson presiding) 


Reactions of Transmutation, II; Coulomb Excitation, Fission 


WI. (p,a) Reactions in Cl and K. E. Atmgvist, R. L 
CLARKE, AND E. B. Paut, Chalk River Laboratories.—The 
reactions Cl**(p,a)S®, Cl?"(p,a)S*", K®(p,a)A*, and K"(p,a)A™ 
have been observed using a magnetic spectrometer, and their 
excitation functions and Q-values measured. Targets that 
measured about 1 kev thick for 1.9-Mev protons were used. 
The energy scale of the Van de Graaff generator was estab- 
lished by observing the Li’(p,)Be’ threshold. The magnetic 
analyzer was calibrated using groups of a particles from 
reactions of precisely known Q-values. All measurements 
were made at 90° to the beam. The Q-values are 
Q =1.865+40.015 Mev 
Q =3.015+0.015 Mev 


O =1.267 +0.020 Mev 
Q =4.002 +0.015 Mev. 


Cl**(p,a)S" 


Eighteen well-defined resonances corresponding to levels in 
\** were observed in the Cl**(~,a) reaction between 1.30- and 
2.51-Mev proton energy. Twenty-two resonances correspond- 
ing to levels in A*®* were observed in the Cl*’(p,a) reaction 
between 1.0- and 2.5-Mev proton energy. There is published 
data! up to 1.8 Mev which agrees with the present results. 


1 Brostrom, Madsen, and Madsen, Phys. Rev. 83, 1265 (1951). 

W2. Excitation Functions for Alpha-Induced Reactions on 
Lead:* WALTER JOHN,ft University of California.—The excita- 
tion functions for alpha-induced reactions on several lead 
isotopes have been measured. A procedure has been developed 
for preparing enriched lead isotope targets by evaporation. 
Stacked foils were bombarded by the alpha-beam of the 60- 
inch cyclotron. The induced polonium alpha activities were 
separated by alpha pulse-height The measured 
excitation functions for Pb™*+a were compared to the 
excitation functions for Bi+. Since the compound nucleus 
formed is the same, the comparison gives a test of the pre- 
The ratios of 
corresponding cross sections are in agreement with the com- 


analysis. 


dictions of Bohr’s compound nucleus theory 


However, the excitation functions are 
not predicted by the theory 


pound nucleus theory 
displaced in energy by an amount 
The discrepancy, 0.8 Mev is slightly outside of the errors 

1 Cu*+ made by Ghoshal! 


t mass values and a dis- 


The comparison of Ni®+a an 
has been checked with more recen 
crepancy of 3.2 Mev is found. These discrepancies will be 
discussed. 


* This research was performed under the auspices of the U. S. Atomic 
Energy ( r j 


t Present 


1S.N 





nt of Physics, University of Illinois 


4 I . 
1950 


Ghoshal, Phys. Re 80, 939 


W3. The Photodisintegration of Lithium and Helium near 


200 Mev.* J. H. Smitu anp M. Q. Barton, University of 
Illinois.—We have made additional measurements of cor- 
related protons and neutrons ejected from lithium and 


helium by 285-Mev bremsstrahlung previously re- 
ported techniques.’ Protons of several energies from 55 Mev 
to 130 Mev were observed at 75° to the x-ray beam, and the 


ms of their correlated neutrons were mea- 


using 


angular distributi 
sured. In general the results are consistent with a deutron-like 
interaction between nucleons in the complex nucleus modified 
by a reasonable ground-state momentum wave function. 
However, deviations from this model will be discussed. 

ported in part by the joint program of the Office of 
Atomic Energy Commission 

Smith, Phys. Rev. 95, 573 (1954). 


* This work was sur 
Naval Research and the U. § 


M. Q. Barton and J. H 








W4. High-Energy Photoproton Emission at 175°.* C. A, 
Tatro AnD T. R. Patrrey, Jr., Purdue University.—The 
Z dependence of the cross section for emission of 50- to 75-Mev 
photoprotons at 175° in the laboratory has been measured. 
Targets of Be, C, Al, Cu, Cd, and Pb were bombarded by a 
280-Mev gamma-ray bremsstrahlung spectrum from the Pur- 
due electron synchrotron. A three-counter telescope placed 
behind a deflection magnet detected the emitted protons, 
which were identified by pulse-height analysis of photographs 
of the three counter pulses. Absolute cross sections have been 
obtained for two energy intervals, and Z dependences for 
three energy groups. Contrary to the results of previous 
experiments at more forward angles, where the cross section 
was found to be proportional to Z, the ratio #/Z at 175° 
increases by a factor of about 1.7 between Be and Pb, rising 
most rapidly between Be and Al. 


* Supported in part by the U. S. Atomic Energy Commission, 


WS. Coulomb Excitation of Energy Levels in Br and Re. 
E. A. Woxrck1, L. W. Face, anp E. H. Geer, Naval Research 
Laboratory.—I\sotopically enriched targets of KBr and metal- 
lic Re have been bombarded with protons and alpha particles. 
The following gamma rays have been observed as a result of 
Coulomb excitation: Br™ 219 kev; Br® 278 kev; Re'* 126, 
160, 286 kev; and Re'*’ 135, 168, 303 kev. Coincidences have 
been observed between the 126 and 160 and between the 135 
and 168 kev gamma rays. Reduced transition probabilities 
have been measured. In the case of the Re isotopes, cascade 
to crossover ratios have been obtained. Measurements on the 
Re nuclei are in agreement with the results of other workers.'* 


Mark, and Goodman, Phys. Rev. 97, 1191 (1955) 
Paulissen, Phys. Rev. 99, 1654(A) (1955). 


! McClelland, 
*H. Mark and G 


W6. Coulomb Excitation of In'*" by Alpha Particles.* 
R. R. McLeop, Purdue University.—The thick-target acti- 
vation curve for production of the isomer In"** (4.5 hours) by 
alpha particles in the energy range from 7 to 20 Mev has been 
The cyclotron was utilized as the source of alpha 
particles. The absolute isomeric yield was determined at each 
alpha-particle energy from measurements of the intensity of 
the 335-kev gamma radiation of In", using a well-type 
scintillation counter and a twenty-channel analyzer. The 
energy dependence of the cross section obtained from the 
thick-target yield is consistent with the excitation of one 
quadrupole level of approximately 1.5-Mev energy, from 
which the isomeric state is reached by spontaneous decay 


measured 


processes. The contribution from direct excitation of the 
isomeric state is negligible 
* Supported in part by the U. S. Atomic Energy Commission 


W7. Coulomb Excitation of Samarium.* B. E. Simmons,t 
K. F. FamuLARO, AnD G. D. Freier, University of Minnesota 

Equipment previously described' was used to detect gamma 
rays produced by proton bombardment of isotopically en- 
(thick Results below are 
gamma-ray energy ; isotopic origin; excitation function agree- 
ment with Coulomb excitation theory* for E-2 and for E-1 
interactions; and, at proton energy E,, angular distribution 
coefficients a;); in 140.3571a),:P2( cos#) +-1.1434,).P«{ cosd). 
The a,); agree with empirical E-2 results of McGowan and 


riched samarium oxide) targets 
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Stelson proba- 


bilities are | 


W8. Coulomb Excitation of Re, In, and Hg by Protons. 


H. Davi \ S. Divatia, R. D. Morra ANI 


W9. Coulomb Excitation of In 
S. Divatia, R 


\. Linn, [ 
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E2 curves to some extent; all the other gamma rays follow 


an E2 excitation function. 
Commission and 


ndat 


h Foun 
and F. K. McGowar 99, 112 (1955 


W10. Measurement of Energy Variation of the Neutron 
Multiplication, n, for U**, U?*, and Cu** in the Thermal 
Region.* H. Pacevsxy, R. L. Zimmerman, R. M. EIsBerG, 
anp D. J. HuGues, Brookhaven National Laboratory.—A new 
method has been developed that gives directly the variation 
of », the number of neutrons produced per neutron absorbed, 
with energy in the thermal region in a direct and unambiguous 

\ beam of thermal neutrons passes through a “thin” 
) counter and then falls on a thick foil of the material 
The fission neutrons from the foil are 
tillation counter. As essentially all the 
ns are absorbed by the thick foil the thin counter gives 

rption rate, whereas the emission rate of fission neu- 
the scintillation counter. In this way the 
the counting rates of the scintillator to the thin 
proportional to ». The energy of the 
ident neutrons is determined by time of flight method 
ng the Brookhaven slow chopper. The results are normal- 


way. 
ig investigated. 
detected by a sci 
is given by 

is directly 

ized to the known thermal value of » with no attempt at 
Measurements have been 


and Pu 


icate that in the region 


ibsolute calibration of the counters 
le by this method for U**, U™, 

ts made with U™5 and U™ ir 

m 0.01 to 0.10 ev » is constant within experimental error 


m 0.01 to 0.1 ev 


The measure- 


n Pu™, » decreases by about 15% 


Wil. Energy Dependence of n for U** in the Region 
Smita AND E. H. MaGesy, Phillips 
Measuren made of the 


number of fission 


0.04-1.0 ev.* J. R 


‘om pany 


etroleum snts have beer 
neutrons emitted 
ibsorbed, for U™* in the energy region 0.04-1.0 
Hornyak buttons on DuMont 6364 photo- 

lier tubes count fission neutrons from a target of U™* 
i between them in the Bragg beam of the MTR crystal 


\ sample changer moves the target into and 


dependence of n, the 


meter 
of the beam, enabling a single thin BF, counter behind 
is both flux monitor and transmission 


normalized to the Brookhaven slow 


to serve 
The data are 
Its, which were normalized to the thermal value 
Above 0.1 ev it 


then rises toa 


| resu 
2 08 Be 
lue of 1.9 for the 0.3- 


e 
peak of about 2.2 between 0.5 and 0 


low 0.1 ev 9 is essentially flat 
i Va resonance 
7 ev. In the neighborhood 


if 1 ev » decreases as the 1.12-ev resonance is approached 


e U. S. Atomic Energy 


W12. The $~ Energy Distribution from Thermal Fission 
of U**.* C. O. MueuLHause AND S. OLEKSA, Brookhaven 
Vational Laboratory.—The energy spectrum of 8~ ray 
measured from 0.67 Mev to 
id to be in good agreement with that pre- 
Way 
- | sity “ is ¢t ; in t 1 Te 


a therm al 


s from 
thern issi f U™* has beer 
d four 

Wigner and K The spectrum and its 

itrino spectrum 
compare relative rates 


8*, and Ci" (» w )A” 


reactor, ar 


Energy 


the I ymic 


1318 (1948 
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(R. A. SAWYER presiding) 


General Physics 


X1. Reduction of Optical Reflectivity of Glass by Positive 
Ion Bombardment. R. L. Hines, Ford Motor Company.— 
Bombardment of glass by krypton positive ions with an 
energy of 60 kev and a current density of 20 microamperes 
per cm? is known to reduce the optical reflectivity of glass.! 
lhe finite penetration of the positive ions produces a radiation 
damaged region whose index of refraction is intermediate 
between that of glass and air. The reflection coefficient will 
be a minimum, for a given wavelength of light, when the 
depth of the radiation damaged region is one quarter of a 
To investigate this phenomena, a polished plate 
SiO2, 14% NaO, 12% CaO) 
is bombarded by an ion hm. The reflection 
coefficient for tungsten light fo the bombarded glass surface 
is measured as a function of bombardment time, ion beam 
current density, and ion energy. For a argon ion beam 
and a current density of 100 microamperes per cm’, the reflec- 
tivity decreases rapidly as a function of bombardment time 
limiting value in approximately one minute 
The limiting value of reflectivity is independent of current 
density from 50 to 460 mi roamperes per cm? . The eres 
and passes through 





wavelength 
glass (composition by weight 72% 
argon positive 


33-kev 


and reaches a 


decreases with increasing ion energy 


minimum of 0.16 times the reflectivity of an untreated a 
surface for bombardment by 42-kev argon ions. 

!J. Koch, Nature 164, 19 (1949). 

X2. The Auger Effect in Iron, Nickel, Copper, Zinc.* 


Riverside.—The 
e yields were measured by a scintillation counter 
method,' which utilizes the emission of fluorescent 
x-rays. Collimated primary x-rays passed through a sample 
foil and were detected by a scintillation counter. By moving 
the foil one could vary the solid angle subtended by the counter 
from 1.97 to 0.02x. This « fectively, to turn the 
fluorescent radiation ‘‘on"’ and “off."’ The difference between 


) 
1 
marily due 


Cares E. Roos, Unit 


K fluorescenc 


ersity of California, 


isotropic 


bled one, ef 


these two readings is pri to fluorescence. From a 
ratio of this difference and the direct primary beam, the K 
fluorescence yield of the sample can be determined. The 
following preliminary values were obtained: Fe— (0.29); 
Ni— (0.35); Cu — (0.39); and Zn — (0.43). The probable error 


is approximately 3%. (¢ 


phosphorescence of the 


made for counter 
ll crystal and the 


were 


Nal 


orrections 


efhiciency, 


effects of scattering, and absorption. These new values are 
uniformly 10% lower than the average of the earlier measure- 
ments, which all used the ionization chamber method. The 


new results give better agreement with theory. 


* Expe mental measurements were made at the Johns Hopkins 
Ini 


1 ray Roos, Phys. Rev. 93, 401 (1954 


X3. Normal Coordinate Treatments and Thermodynamic 
Properties of PF Cl, and POF Cl». Epwarp A. PioTROwsK! 


AND JoserH S. ZiomeK, De Paul University.—The Raman 
spectral data for PF Cl, and POF Cl, were collected and 
examined for the best available values of the wave numbers 


und depolarization factors (p). The 
as follows: for PF Cl,: 200P, 
for POF Cl,: 207(0.55), 
1331P, 620(6/7), 
infrared 


(Ac), intensities (J) 
adopted for (Ae.p) are 
327P, 524P, 827P, 496D and 271D; 
300(0.6), 386(0.3), 547(0.05), 894(0.45), 
372(6/7), and 254(6/7) in kaysers. No 


substances were available. Next normal coordinate 


values 


data for 


these two 


treatments (FG matrix method) on the basis of the most 
probable model (Cg) were conducted for PF Cl, and POF Clb». 
Here the F matrix elements were estimated in such a manner 
that the potential constants for PF Cl, had nearly the same 
values as the corresponding constants in PF, and P Cl, and 
for POF the potential constants had nearly the same 
values as the corresponding ones in PO Cl;, POF;, and PF Cls. 
Finally the above spectral data were used to calculate the 
values of the thermodynamic properties for these substances 
up to a rigid rotator harmonic oscillator approximation for 
temperatures from 200°K to 1000°K. 


X4. Normal Coordinate Treatment for the Out-of-Plane 
Vibrations of Ethylene Type Molecules.* J]. M. DowLina, 
Illinois Institute of Technology.—Using the Wilson' FG matrix 
method the wave numbers corresponding to the out-of-plane 
fundamental frequencies for a number of ethylene type 
molecules were calculated. The ¢ energy) 
matrix elements were calculated from the s vectors derived 
in the papers of Malhiot and Ferigle.* All possible 
gree terms were included in the F matrix describing 
Numerical calculations were 
asymmetric C,H.F:, asymmetric 
and trans-isomers of C:HsClh, and all of 
their deuterated The 57 out-of-plane fundamentals 
were calculated for the above 19 molecules. Of these 57 
50 have been reported in the literature and 


2K (em™). 


(inverse kinetic 


oy 
second- -de 
the potential energy function 
carried out for CoH,, 
C.H.Brs, the cis- 


analogs 


fundamentals, 
are reproduced with an average deviation of 2 





* TI vestigation was supported in part by grants from the Research 
Corpo ynal Science Foundation 

I Phys. 7, 1047 (1939); 9, 76 (1941 

R rigle, J. Chem. Phys. 22, 717 (1954); 23, 30 
1955 


X5. Potential Constants for the CHDCIBr, CH.F., CD,PF,, 
and CHDF, Molecules.* A. G. Meister, J. M. DowLine 
A. N. Takata, ano A. J. Brececks, Jilinois Institute of 
Technology.—The potential constants for the most general 
quadratic potential function were calculated for these mole 
cules using the Wilson FG matrix method. For CHDCIBr, 
the potential constants were found to be the same as those 
used for CH,CIBr and CD,CIBr in previous investigations 
agreement between the observed and 
numbers of the fundamentals of CHDCIBr 
was to within 2.5%. For CH.F; the 
1%. No comparison could be made for CD.F, 
because no observed wave numbers of the 
could be found in the literature. 


in this laboratory. 1 he 
calculated wave 
agreement was to within 
and CHDF, 


fundamentals 


* This investigation was supported in part by grante from the Research 
Corporation and the National Sx lence Foundation 

! Weber, Meister, and Cleveland, J. Chem. Phys. 21, 930 (1953 

X6. Frequencies and Relative Intensities of R; and R, 
Bands in KCl.* Rosert Herman,t University of Maryland, 
AnD M. C. Watirs ann R. F. Wattiis, Applied Physics 
Laboratory, The Johns Hopkins University.—Measurements 
have been made of the intensities of the R; and R; bands in 
KCI as a function of duration of F-light irradiation. Both 
x-rayed and additively crystals used. The 


colored were 


x-raying and the F-light irradiation were done at room 
temperature. The optical absorption measurements were 
made at liquid nitrogen temperature. In both the x-rayed 


ratio of the R; and Ry 


and additively colored samples the 
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3.0, 23.0, 37.210 'y m He, Ne, Nz, O2, and 


) 
4 -snectivels 
\, respectively 


X8. Measurement of Electron Mobilities in Gases. JoserH 
C. Bowe, Argonne National Laboratory.—The drift velocity 
ctrons moving in collision equilibrium with a gas under 
action of a uniform electric field is determined by measur- 

the time required for them to cross the gap of a parallel 


e condenser. A flash tube capable of delivering intense, 


i 
mmersed short duration bursts of ultraviolet light is used to release 
" 


toelectrons from the cathode. The number of photo- 
electrons released with each burst of light is large enough to 
permit the use of a transient amplifier for the amplification 
f the sign he time of drift is obtained by displaying the 
illoscope. The parallel plate condenser is 

chamber 8 inches in diameter by 4 inches 

lium tight all metal system free from solder- 

h miohr 


materials which ight contaminate the 
encountered i: curing a tight, all 
Electron Loss Cross Section for | 1 sy m wil » discussed. Data obtai in the gases 


j 


m wg 


~ 7, Va , } | will ”, » presente 
" byes 


X9. Electroluminescence in Zinc Sulfide. W. A. THoRNTON, 
era Ele tr Rese ir h 1} ratory \ s l le the ry, based 


er 


ind low 

ifirmed 

temper- 

s predicte 

for both 

wing reported i 
«esses throughout 
ius § ipple mental 

j 1 


ce, and spectra 
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H. CRANE presiding 
The Brookhaven Electron Analog 


Y1. The Electron Analog.* G t ibilitv diagram. an trough the phase transition 
|. Haworts, anno H N rn. B hat "al shou peed = ra 


Y2. Electron Analog——Construction.* Jacosus, C. I 
Lp, J. J. Grisoit, AND I. J. PoL_k, Brookhaven National 
Phe lenses of the electron analog are fabricated 

less steel H yperboli s 


cutters. The electr 


f mickur 
pickup 

' 

i ul 


iminum 
lies were placed 
and micrometer 


The surrounding 




















vacuum chamber is farbicated of ferritic stainless steel, and 
is independently supported through expansion joints. The 


radial and vertical positions of the aperture, and all other 


critical dimensions, were calibrated on each assembled bend- 


ing lens. The average deviation was of the order of +0.002 in. 


Sixteen ten inch mercury diffusion pumps, each with cold 


wall type of liquid nitrogen trap and freon baffle, produce a 


pressure of 5 to 610-7 mm of Hg in the system. Convaseal 


is used as the gasket material. Refrigerated baffles prevent 


oil migration from a Kinney forepump to the mercury pumps. 
it 20 liters per hour of liquid 


The entire system uses ab 


nitroges 
* Work carried out under contract with U.S. Atom 


Energy Commission 


Y3. Electron Analog—Electrical System.* ]. G. Cortinc- 








Ham, N. C. CuristoriLos, M. Plotkin, E. C. RAKA, AND R. H. 
RHEAUME, Brookhaven National Laboratory.—Electrical equip- 
inal vy req i ~d the Ss yl ition ot several 





ms. The 20 | 


ial must 





inflector poten 








wit a frac vf the revolution period 





ynds) to allow the passage of the beam 


through the inflector on the second and successive revolutions 
The potential difference on the guide field electrodes is in- 
creased linearly to 60 kv in 5 milliseconds, balanced with 


held-correction 
! 


early ris ig potentials 


respect to gr yund The system ol elec trostatic 
nergized either with li: 


mbinations of steady potentials Beam 


x with numerous combinatior 
position, intensity, and revolution frequency are sensed by 
pickup electrodes and their associated amplifiers. Frequency 


nformation from the pi kup electrodes is processed through an 


electronic ph ise correction Cire tand feeds a power amplifier 


; , ' \ ! 
which apy the rf potential to the accelerating gap of the 


4 1 apples » 
ferrite | vaded ri avity | lectr means tor crossing the phase 
transition have been designed 

*W t j t At ergy Con sion 


CorT- 
oRhavENn 


Initial Setup.* |. Spiro, J. G 
anD R. R. Kassner, Br 


Y4. Electron Analog 
TINGHAM, E. E. Courant 





National Laboratory I prevent the accumulation of 
tolerances in the stacking of lenses, and the resultant pertur- 
bation on the electron be 1, a specified arrangement was 
devised. The gauge measurements of individual lens assem- 
blies were red ed t equ ilent horizontal and vertical 
displacement { the electrical field. The lenses were then 
sequenced so that low order azimuthal harmonics of the 
h wrizonta!l deviat were limized The r wresponding 
ertical devia ere then in random order. Computations 

licate that the re Iting equilibrium orbit excursion is 0.03 

ch radiall, i the extrem iett between lenses), and 
0.07 ch vertically twice the extreme between lenses) 


electron whit after pre 








magne heid varying 


to one uss. Some yt the techni es ised to reduce these 





SP1. Sr™s7., ye, Zr? 
"ERGIN AND Burton P 
*._We have 


y,n) Cross Sections. Paut F 
FABRICAND, University of Pennsyl- 


measured thes ns from thres- 





23 Mev. All show the sual giant resonance, at about 

The width of t re ces show systematic varia- 

t t attributable to nt wr ,pn) contributions They 
r le further evidence of the effect of the magic neutron 

imber, 50, on the giant resonance width. The lesser widths 

ire not associated with greater heights stead the integrated 
ross section decrease bstantiall } the peak becomes 
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fields to 20 milligauss will be presented. Focusing, steering, 
and observation of the injected beam are accomplished along 
the pipe connecting the Van de Graaff to the inflector tank. 
The timing system of the electron analog is synchronized 
with the 60-cycle line frequency. Stray magnetic fields from 
an unsynchronized alternator near the Van de Graaff electron 
the injected beam. 





ed an undesirable beat in 


A synchronizer reduced the beat, and careful adjustment of 


source prod 





the injection system reduced the jitter 


* Work done under mtract with U. S. Atomic Energy Commission. 
Y5. Electron Analog—Performance and Interpretation. I.* 
*E. C. Raka, E. D. Courant, R. R. Kassner, L. J. Lastett,f 
H.S. Snyper, AND J. Sprro, Brookhaven National Laboratory. 
The injected beam is allowed to circulate in a static guide 
field permitting an investigation of the nature of the equili- 
brium Various configurations of correction fields are 
applied and their effects on the betatron oscillations, usable 
aperture, and resonance bands are studied. Observation of 
accomplished both by visual and electrical 
m oscilloscope patterns it is possible to identify 


whit 


the beam ~ 
methods. Fr 


the class of resonance excited, although not the order. Appli- 
voltage has been carried out 





cation of t rf accelerating 
successfully, and preliminary results under dynamic operating 


conditions will be described 


*W t mut under ntract with U.S. Atomic Energy Commission 


to mmer leave from lowa State College 


Y6. Electron Analog—Performance and Interpretation. II.* 
E. D. Courant, R. R. Kassner, E. C. Raka, Ltoyp Sarra,t 
AND |. Sprro, Brookhaven Nat The quadru- 
pole correcting lenses in the elec tron an slog can be adjusted 
juencies », and », of the horizontal and 
According to the linear theory 


nal Laboratory 


to change the fre 
vertical betatron oscillation 
make the beam 


resonances should unstable if », or », are 


w half-integral, or if », +», is integral. The integral 
resonances always lead to complete loss of the beam over a 
it 100 volts This range 
can be narrowed by appropriate settings of “kicker” electrodes 
The half-ir 
plete loss of 


survives. If 


range of abo of quadrupole voltage 
tegral and sum resonances sometimes lead to com 


beam in narrow bands; sometimes the beam 
the quadratic 


thal Fourier harmonics of the order 3v (pro- 


component of the focusing field 


there is also loss when 





kickers or sex tu poles) 


v is 4 integral or if 2»,+», is integral. Partial losses at » =} 


integer can be induced by azimuthal variations in the cubic 
field. These nonlinear resonances can also be explained by 
theory. When the quadrupole voltages are varied with time 


to run through resonances, the beam is generally lost if 


i y if the corresponding resonance causes loss under 









ilso observe that the rise of the cross section 


almost exactly the 


into the peak, from 12.5 to 15.5 Mev. is 


ame shape and magnitude for all 5 isotopes, as well as 
for the previously measured’ Zr® and Zr. In agreement with 
the conjecture of Wapstra* we find the Sr*(y,") threshold to 
be at about 11.5 Mev, not at 9.5 Mev as previously reported 
*"To be given at the end of Session I if the chairman rules that tim 
R. Nathans a P. F. Vergin, Phys. Rev. 98, 1296 (1955 
A. H. Wapstra, Physica 21, 385 (1955 
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